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; �\=<B&(z=W50�-��(+"m5!����L��!�,���-".$/� �H@[50���B(4"����NI �<F#�-"��%(K5!(4�-�

=7"DBRL����UBUA2$/�-�l�.�/7zB�� (
E2,H2

) 5!�����<ADF#���NAU5
Γ1
X2�G" & �350���8� �'"UF	3 ��( XVN j�PWRY;<50���H���<A��0$%�

(
J2,M2

) ^$=#�6$��'".�!(:B&� �!�>B�7��;$d=W50�dBA(4"
Γ2
;Q^���()$8�m74�d=<B.�l5��J=wB&( �N���0�%"65��3oUL��0�-�0��(��#" �<@
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5!�����8A��8@�=#$%���d�6A�(:�{=<7+�-".$/��L��0(4".$/(:LE74�<X����x^�(:7K7�$��<IGLD=��!� �NA�� �!�,�CAD7�5 5��G5!���D���SB&� �!(:�#�>B
(+"6Nkj�P RD=H525!�����-"DB �<@D50��(4�����,$n5!(��#"�X16����$�.�d7:B.� �H@?O��H50�A� �NA��0$%�-� �Z=W5!()�C@a9�5!��� �\=<B&(z=W50( �'"
$��'"DB&(K5!(��#"�=W5@(4"U�."�(K5i9rq

S∞
vnX

6������NAEF#���<AU5
Γ1
;:T_=HoQ^6�/7:7 � ��$3A��87R�>�NA?=W5!(��#"2��$/=7"fO9�x^ �!(K5C50�%"

∇×E1 = −jωµ1H1 −M1
q�}EXSP>v

∇×H1 = jωε1E1 + J1
q�}EXkV<v

∇×E2 = −jωµ1H2 −M2
q�}EX }Nv

∇×H2 = jωε1E2 + J2.
q�}EX T6v

6������0�3@
���!�N;;(+"
Γ1
^6��$/=#"
$��#".�C5��ZA.$n5$50����@
�<7:7 �W^�(4"EF��d�6AD=H5!(��#".���

H2 · ∇ ×E1 = −jωµ1H2 ·H1 −H2 ·M1
q�}EXkj<v

E2 · ∇ ×H1 = jωε1E2 ·E1 + E2 · J1
q�}EX $Nv

H1 · ∇ ×E2 = −jωµ1H1 ·H2 −H1 ·M2
q�}EX &Hv

E1 · ∇ ×H2 = jωε1E1 ·E2 + E1 · J2.
q�}EX (Nv

��9 $��NIpO�(4"�(4"EFw5!���,�����>�NA?=W5!(��#"2�/;Q^6� �<OU5\=7(4"��

H2 · ∇ ×E1 −E1 · ∇ ×H2 + E2 · ∇ ×H1 −H1 · ∇ ×E2 =

− jωµ1H2 ·H1 −H2 ·M1 − jωε1E1 · E2 −E1 · J2

+ jωε1E2 ·E1 + E2 · J1 + jωµ1H1 ·H2 + H1 ·M2
q�}EX �Nv

^���()$8�
$d=7"�O2��@aA��C50�����@�!(KIGLE74(K�.�dB�=#�

∇ · (E1 ×H2 −E2 ×H1) = E2 · J1 −H2 ·M1 −E1 · J2 + H1 ·M2.
q�}EXSP��Nv

st� X�q�}DX P��Nv5(4�w50��� %BH�� F 2 3�� � F�
JE .0� H 
 E;3 � 3
��FMH�� F , N TN}�RYX �G"65!�/F��Z=H5!(4"EF`O��<5!� ��(zB&�-� �<@
q�}DX P��Nv��W�#� �

Γ1
=7"DB�=HLDLE7K9;(4"EFw5!���SB�(K�'���ZF#�%"2$/��5!��� ���0�/I
∫∫∫

Γ1

∇ ·Q B v =

∫∫

S

Q · n̂ B S +

∫∫

S∞

Q · n̂ B S q�}DX P�P>v
^������0� 5!����"����ZIG=<7��#�-$35����

n̂
L��'(+"650� �<AU58��(zB&�

Γ1
;EL����QBEA.$/�

∫∫

S

(E1 ×H2 −E2 ×H1) · n̂
B
S =

∫∫∫

Γ1

(E2 · J1 −H2 ·M1 −E1 · J2 + H1 ·M2)
B
v.

q�}DX P{V<v
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6��D=7"Dc;� 5��f5!�����'�-$n5����3(zB&�%"65!(K5i9
c · (a× b) = (c× a) · b = (−a× c) · b ;�q�}DX P{V<v

$/=#"	O9� �!�d^ �!(K5C50�%"�=#�
∫∫

S

(E1 · (−n̂×H2)−H1 · (−E2 × n̂))
B
S =

∫∫∫

Γ1

(E2 · J1 −H2 ·M1 −E1 · J2 + H1 ·M2)
B
v

q�}DX P>}Nv
^���()$8�K()� =	F#�-"����\=H74(:]%�dBL�C5Z=H5!�dIE�-"65 �<@ �0�-$/(:L����&$/(K5i9<X�� �W^x;[74�35�A.�3�CADLEL��D���J5!�?=W5 5!���
� �NA��8$/�-� (

J1,M1

) =��!�

J1 = ûδ(r− r′)
q�}EXSP/T6v

M1 = 0
q�}DX P{j<v

^������0�
r
B&�-"��H50�-��5!�.��� �NA��0$%�uL��#(4"65@(+" �!�dF#(��#"

1
;E=7"DB

r′
�0�/L��0�-�!�%"658�t50���3(+"650�/F��\=W50( �'"

�W=��0(:=<OE7+�H(4" q�}EXSPd}6vnX %����$5!���,�������<A��8$/�,�/;[q�}EXSPd}Nv6$d=7"fO2� �0�/^ �0(�585!�-"f='�

û · E2|r =

∫∫

S

[E1 · (−n̂×H2)−H1 · (−E2 × n̂)]
B
S′

+

∫∫∫

Γ1

(E1 · J2 −H1 ·M2)
B
v′

q�}EXSP�$Nv

^������0�
E1

=#"DB
H1

=��0� 5!�����.�d7:B.� L����QBEA.$/�>B	=H5�7 �&$/=H5!(��#"
r′
(4"�=#"<(+"U�2"�(�50�����<I �NF#�3M

"����NA.���8LD=#$%�xO69=� �NA��0$%�-� (
J1,M1

) 7��&$/=H5!�dBf=W5
r
X 6����-�!���.�/7zB��@$d=7"fO2� �<OU5\=7(4"��dB=(+"

5!� �8IA� �H@b5!���3���NI �<F#�-"����NA.�6�CLD='$/�:$ �0�%�%"�� ��@aA�".$35!(��#"�OQ9�5!�.��@
�N7K7��W^�(4"EFE���<A��0$%�3My�.�/7zB
�!�d7:=H5!(��#".�!��(:L.� N j�PWR

E1(r
′) =

∇′∇′ ·+k2
1

jωε1

(
û

e−jk1|r−r
′|

4π |r− r′|

) q�}EXSP�&Hv

H1(r
′) = ∇′ ×

(
û

e−jk1|r−r
′|

4π |r− r′|

) q�}EXSP�(Nv

^������0�
k1 = ω

√
ε1µ1

X�� �H5!�w50�D=W5�5!�.�GB����0(K�W=W50(K�'�-� =��0�p5\=Hc'�%"�^�(K5!� �0�-�8L2�,$n5 5��	5!���
L��0(KI���$�� ���ZB&(4"D=H5!�-�dXl~ �W^6�/�'���>;65!�D=#"Ec&�$5��G50�����C9QIGI��35��89 �H@|5!����$ �0�%�-" � ��@aA�".$n50( �'" ;
(�5@()���d='��(:7:9 �����W^�"m50�D=W5

∇′∇′ ·
(

û
e−jk1|r−r

′|
4π |r− r′|

)
= ∇∇ ·

(
û

e−jk1|r−r
′|

4π |r− r′|

) q�}EXSP��Nv

∇′ ×
(

û
e−jk1|r−r

′|
4π |r− r′|

)
= −∇×

(
û

e−jk1|r−r
′|

4π |r− r′|

)
.

q�}EXkV �Nv
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û · E2|r =

∫∫

S

[
∇∇ ·+k2

1

jωε1

(
û

e−jk1|r−r
′|

4π |r− r′|

)
· (−n̂×H2)

+∇×
(

û
e−jk1|r−r

′|
4π |r− r′|

)
· (−E2 × n̂)

] B
S′

+

∫∫∫

Γ1

[
∇∇ ·+k2

1

jωε1

(
û

e−jk1|r−r
′|

4π |r− r′|

)
· J2 +∇×

(
û

e−jk1|r−r
′|

4π |r− r′|

)
·M2

] B
v′.

q�}EXkV�P>v
6����lB&� �!(:�W=W5!(��#"2� =HLEL9�d=��!(4"EF�(4"�5!���1�8A��8@�=#$/� (4"65!�dF��\=H7 �H@[q�}DX V�P>v�=��!�|5Z=<c#�-" ^�(K5!� �0�-�8L9�-$n5
5���50���wA�"EL��0(KI��>BL$�� ���\B&(4"D=W50�-�d;D^���(:7+�p5!���E�CA��C@�='$/��(4"65!�/F��Z=H5!(��#"<()��5��RO2�JL2� �C@
���8I��>B
(+" L��!(:I��dBJ$�� ���\B&(+"?=W5!�,�/;|^�(K5!� (

E2,H2

) @aA�"2$n5!(��#"2� �<@$5!���,���	L��!(:I��dBJ$�� ���\B&(+"?=W5!�,�/X
6������0�3@
���!�N;W5!�.� ���8�i5l50���ZI �<@ 50���T�8A��8@�=#$/��(4"65!�dF��\=H7&(4"_q�}EXkV�P{v $/=#"wO9��I �UB&(K�.�dBGA.�!(4"EF��

(−n̂×H2) · ∇∇ ·
(

û
e−jk1|r−r

′|
4π |r− r′|

)
=

3∑

i=1

x̂i · (−n̂×H2)
∂

∂xi

∂

∂u

(
e−jk1|r−r

′|
4π |r− r′|

)

=
∂

∂u

3∑

i=1

∂

∂xi

(
x̂i · (−n̂×H2)

e−jk1|r−r
′|

4π |r− r′|

)

= û · ∇∇ ·
(

(−n̂×H2)
e−jk1|r−r

′|
4π |r− r′|

)

q�}EXkV<V<v
^������0� {xi}

B&�%"��<5!�	5!���f50���!�-� � =��85!�-�!(z=7"g�W=��0(z=HOE74�-�w=7"DB
u
(4��=r�W=��0(:=<OE7+�fB&�3�2"��dB

=H7��#"EF
û
X1%DA��85!��� �8I ���0�<;650�������,$��'"DB�50���ZI �H@b5!�����8A��C@�='$/�3(4"N50�/F��Z=<72(4"`q�}EXkV�P{vF$d=7"	O2�

I �QB�(��.�>BfA.��(4"EFG�#�,$n5�����(:B��%"65!(K5!(4�-��=#"DB	5!��� @�='$n5 5!�?=W5
û
()� =�$��#"2�i5\=7"65��

∇×
(

û
e−jk1|r−r

′|
4π |r− r′|

)
· (−E2 × n̂) = ∇

(
e−jk1|r−r

′|
4π |r− r′|

)
× û · (−E2 × n̂)

= −û · ∇
(

e−jk1|r−r
′|

4π |r− r′|

)
× (−E2 × n̂)

= −û · ∇ ×
(

(−E2 × n̂)
e−jk1|r−r

′|
4π |r− r′|

)
.

q�}EXkVH}Nv
& ���;$%�%�>B&(+"DF?(+"g5!���
�8=<IE�m^�={9�@
���J5!���m5!���ZIA��(4"e5!�.�m���N7KADIE� (+"65!�dF��\=H7y;��8AEO.�C5!(K58AE5CM
(+"DF 5!���,�����!�,�CAE7K50��(+" q�}EXkV�P>v3;|=#"DB I �W�;(+"EF�50���mB&� �!(:�W=W50(K�'�-��5\=Hc#�-"e^�(�50� �!�,�CL9�-$35S5��
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A�"EL��0(:IE�>Bf�{=��!(z=HOD7+�,���NAU5 �H@|5!�����8A��8@�=#$%��=#"DB	���<7:AEI��3(+"650�/F��\=H7)��9;(+�d7:B �

û · E2|r = û · ∇∇ ·+k2
1

jωε1

∫∫

S

(−n̂×H2)
e−jk1|r−r

′|
4π |r− r′|

B
S′

−û·∇×
∫∫

S

(−E2 × n̂)
e−jk1|r−r

′|
4π |r− r′|

B
S′+û · ∇∇ ·+k2

1

jωε1

∫∫∫

Γ1

J2
e−jk1|r−r

′|
4π |r− r′|

B
v′

− û · ∇ ×
∫∫∫

Γ1

M2
e−jk1|r−r

′|
4π |r− r′|

B
v′.

q�}EXkVWT6v
�;(4".$/�

û
^$=#� =��8O�(K5��\=��Z9<;Q^6��$/=7"f^�(K5!�DB �\={^Q(K5 @
���<I q�}EXkVWT6vt5�� �NOU5Z=#(+" �

E2|r =
∇∇ ·+k2

1

jωε1
〈G1(r, r

′) ,−n̂×H2(r
′)〉S−∇×〈G1(r, r

′) ,−E2(r
′)× n̂〉S

+
∇∇ ·+k2

1

jωε1
〈G1(r, r

′) ,J2(r
′)〉Γ1

−∇× 〈G1(r, r
′) ,M2(r

′)〉Γ1

q�}EXkV<j<v
^������0�

G1(r, r
′) =

e−jk1|r−r
′|

4π |r− r′| .
q�}EXkV�$Nv

�G"eq�}EXkV<jNvl^6���D={�'�B(4"65����QBEA.$/�>BR50����@
�<7:7 �W^�(4"EFA$��NIGLD=#$35�"��H5Z=H5!(��#" N V	&�R �

〈G(r, r′) , F (r′)〉Γ ,

∫∫∫

Γ

F (r′) G(r, r′)
B
r′,

q�}EXkV�&Hv
^������0� 〈, 〉 B&�-"��H50�-�p=#"M(+"650�/F��\=H7 �H@ L����QBEA.$n5 �<@$5i^���@aA�"2$n5!(��#"2�

G(r, r′)
=7"DB

F (r′)
���dLD=��\=W50�dB�OQ9G50���H$��<IGI�= �W�'���t5!���-( ��$��NIGI �'"=�8LD=W50(:=<7R�CAELDL����C5

Γ
;Q^�(K5!��=JB �<5�����=

$����'�0� �W�#���|50����$��<IGI�=H(+"?B&(4$d=W50(+"EFx=�B �<5 ���P=3$����'�0�bL����UBUA.$35uqO(K@
F
=7"DB

G
=��0���'�-$n5����

�6AD=7"65!(K5!(4�-�\vnX %�(4�/7zB
H2

$/=#"_O2� �NOU5Z=#(+"��>B�@
���<I q�}DX VNj<v�O69 BUA?=H74(�5i9NXxst� X2q�}EXkV<jNv�()� =
�i5\=W50�/I��%"6525!�D=H5P5!�����.�d7:B.� (

E2,H2

) ;<L����UBUA.$/�>BpOQ9x50����� �NA��8$/�-� (
J2,M2

) �\=<B&(z=W50(+"DF
(+"mL��!�,���-".$/� �H@[50���B(4"����NI �<F#�-"��%(K5!(4�-�F$��'"N5\=7(4"��dBR^�(�50��(+"

S
;;$/=7"mO2�H�3oUL��0�-�0���>B�(+"R5!���

@
���ZI �<@�=7"M(4"N50�/F��Z=H5!(��#" �W�#� ��5Z=7"DF#�%"650(:=<7l�.�d7:B�� �#" 50���=�8A��8@�=#$/�
S

�<@ �!�dF#(��#"
2
;|5��

^���()$8��()��5�� O2�R=NBEB&�dBr50���mB&(��!�,$n5�$��'"65��0(KOEAE5!(��#" �H@�5!���:���<A��0$%�-�x=#�3(K@ �Z=NB&(z=W5!(4"EF
(+"
5!���B���<I �NF#�%".���<A2�1�CL?=#$/���D7K74�dBRO69

ε1, µ1
X ���B$/=#"A(+"?B&�%�>B �!�,$��NF#"�(:]%��(4"�5!�.�u���N7KADIE�

(+"650�/F��\=W50( �'"f5!���ZI#5!���J^F�d7K7KMYcD"��W^�"?� �NA��0$%���.�/7zB �0�/7z=W50( �'"�@
����50���E�/74�-$n5��!()$��.�d7:B?(+"�=
���<I �NF#�%".���<A2��I��>B&(KADI Nkj�PH;EL�X�& R �

E =
∇∇ ·A2 + k2

1A2

jωε1
−∇× F2

q�}EXkV�(Nv
^������0�

A2
;Q50����I�=<F#"��/5!()$��#�,$n5����tL��H50�%"65!(z=H7y;U=7"DB

F2
;65!�.�B�d7+�,$n5��0()$��#�,$n5�����L��<5!�%"650(:=<7�;

=��0��F#(:�#�%"	OQ9	=J5!���0�%�/MYB�(KI��%"2��(��#"D=<7R$��#"Q���<7:AU5!(��#"��
A2(r

′) = 〈G1(r, r
′) ,J2(r)〉

q�}DX V �<=Nv
F2(r

′) = 〈G1(r, r
′) ,M2(r)〉

q�}DX V �HO?v
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T ���0���W�'���>;'(K@|^6�SB&�/�."��
JS , −n̂×H2

q�}EX } �Nv
MS , −E2 × n̂,

q�}DX }:P>v
(�5�()��(:IGIE�>B&(z=W5!�d7K9�=<LELD=��0�%"65�@
���NI&50���B�!(:IE(:7z=��0(�5i9GO9�35i^6�%�%"R5!���3�CA��C@�='$/�u=#"DB����N7KADIE�
(+"650�/F��\=W50( �'" (4"eq�}EXkV<jNvt5!�D=H5

E2

∣∣
r

(4�$50�����CADI �H@|5!�.���.�/7zB��$L����UBUA.$/�>BmOQ9
• 50���
�8A��8@�=#$%� $3A����0�%"65wB&�-".�!(�50(+�,� (

JS ,MS

) ;P7��;$d=W50�dB �'"
S
;P^���()$8� �\=<B&(z=W50�:(+"

���NI �<F#�-"����NA.���CL?=#$/�3�D={�;(4"EF�$��#"2�i50(�5ZAU5!(:�#�xLD=��Z=<I��35!� �0�
ε1, µ1

• 50���H$/A����!�-"N5tB��%".�!(�50(+�,� (
J2,M2

) ;Q=H7)� � �\=<B�(:=H5!(4"EF�(+" ���<I �<F'�%"�� �<A.���CLD='$/�@�?={�NM
(4"EF:$��'".�C5!(K58AU50(K�'� L?=��\=HI��350���8�

ε1, µ1
X

�&7z=#�C5 �!�dI�=��Zc<$��#".$%���0".�u5!����B&� �!(:�W=W5!(��#"`B �#".�5(4" Nkj�P Ry; ^��.���0�p50���A� �NA��0$%� (
J2,

M2

) ^�='�@�8AELEL��'�!�dB	5��RO9�p7��&$/=H5!�dB
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∇
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εN−2, µN−2
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ẑ
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εt, µt

�����
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ẑ
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JS1
= n̂×H1
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) ]�t b \�Z i�k
1
Z.g ` guf�n ` f:Z�v bma>jBb5a Z l2jw`�k2a n b \%Z i%k

2
Z.g$d h2` n ` d!f b n�Z.x b5a
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jJ`�q f hHb n b � i n b��Vb n b<cHoe` d bmaB�rq f hHb g�f:n ` f�ZUv bma>j�b5a Z lHj
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E1 = E
� ��� − jω

〈
KKKAJ ;JS

〉
S

+
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jωε0
∇
〈
KΦ,∇′ · JS

〉
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〈
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0 = MS3,2 − n̂3,2 ×
{∇∇ ·+k2

3

jωε3

〈
G3,JS3,2

〉
S3,2
−∇×

〈
G3,MS3,2

〉
S3,2

}

S−

3,2q�}EXkjWT6v
& ���&$%�%�dB�(+"EFp5!���H�8=<I���@
���

H
; �#"��@�>=#�!(K7:9 �<OU5\=7(4".�P50����@
�N7K7��W^�(4"EFI$��NAELE74�dB�T T-&PM

��s����

n̂2,1 ×H
� ���

= JS2,1 − n̂2,1 ×
{
− jω

〈
KKKFM ;MS2,1

〉
S2,1

+
1

jωµ0
∇
〈
KΨ,∇′ ·MS2,1

〉
S2,1

+
〈
GGGHJ ;JS2,1

〉
S2,1

}
S+

2,1

q�}DX jNjH=6v

0 = −JS2,1 − n̂2,1 ×
{∇∇ ·+k2

2

jωµ2

〈
G2,MS2,1

〉
S2,1

+∇×
〈
G2,JS2,1

〉
S2,1

}

S−

2,1

+ n̂2,1 ×
{∇∇ ·+k2

2

jωµ2

〈
G2,MS3,2

〉
S3,2

+∇×
〈
G2,JS3,2

〉
S3,2

}

S−

2,1

q�}DX jNjWO?v

0 = −JS3,2 − n̂3,2 ×
{∇∇ ·+k2

2

jωµ2

〈
G2,MS2,1

〉
S2,1

+∇×
〈
G2,JS2,1

〉
S2,1

}

S+
3,2

+ n̂3,2 ×
{∇∇ ·+k2

2

jωµ2

〈
G2,MS3,2

〉
S3,2

+∇×
〈
G2,JS3,2

〉
S3,2

}

S+
3,2

q�}DX jNj7$>v

0 = −JS3,2 − n̂3,2 ×
{∇∇ ·+k2

3

jωµ3

〈
G3,MS3,2

〉
S3,2

+∇×
〈
G3,JS3,2

〉
S3,2

}

S−

3,2q�}DX jNjHBDv
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MS3,2 = 0

;t=7"DB 5!�.���0�
()�
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R3
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n̂2,1 ×E
� �
�

= −MS2,1 − n̂2,1 ×
{
− jω

〈
KKKAJ ;JS2,1

〉
S2,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS2,1

〉
S2,1

+
〈
GGGEM ;MS2,1

〉
S2,1

}
S+

2,1

q�}DX j�$<=6v

0 = MS2,1 − n̂2,1 ×
{∇∇ ·+k2

2

jωε2

〈
G2,JS2,1

〉
S2,1
−∇×

〈
G2,MS2,1

〉
S2,1

}

S−

2,1

+ n̂2,1 ×
{∇∇ ·+k2

2

jωε2

〈
G2,JS3,2

〉
S3,2

}

S−

2,1

q�}DX j�$HO?v
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0 = −n̂3,2 ×
{∇∇ ·+k2

2

jωε2

〈
G2,JS2,1

〉
S2,1
−∇×

〈
G2,MS2,1

〉
S2,1

}

S+
3,2

+ n̂3,2 ×
{∇∇ ·+k2

2

jωε2

〈
G2,JS3,2

〉
S3,2

}

S+
3,2

.
q�}DX j�$#$>v
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MS3,2 = 0
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R2

=7"?B
R3
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2
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2
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R3
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7���� � � ��� ; �Q;3D@9 �BC 
V;�= ��� 9<=	�BD 9<= � � � C ��� � � � �>9<;>=

ε3, µ3

J1
M1

R2

ε2, µ2

(
E2,H2

)
S3,1

R3
(
E3,H3

)
n̂2,1

S2,1

εs, µs

R1
(
E1,H1

)

n̂3,1

�>E���� � F #	G�� ��% > �>H �MH ��E�FWI 
MH�2 3 ��E;2�F�� � E;3 ��E;2 I ��, F �?F9��E�H�2
R1

G
εs, µs
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� F/.0� F IJF	243�E;2 � 3
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R1

q�=fIpAE7K5!(:7z={9#���0�dB_IE�>B&(:AEIRvnXG��FN=#(+"`B&�3�2"�(+"DFm50���R=HLEL����NL��!(z=W50�
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���

E
(4"L�d=#$8� �0�3M

F#(��#"f9;(+�d7:Bm5!���xs�T-&l��s����

n̂2,1 ×E
� �
�

= −MS2,1 − n̂2,1 ×
{
− jω

〈
KKKAJ ;JS2,1

〉
S2,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS2,1

〉
S2,1

+
〈
GGGEM ;MS2,1

〉
S2,1

}
S+

2,1

− n̂2,1 ×
{
− jω

〈
KKKAJ ;JS3,1

〉
S3,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS3,1

〉
S3,1

+
〈
GGGEM ;MS3,1

〉
S3,1

}
S+

2,1q�}DX j	&W=6v
n̂3,1 ×E

� �
�
= −MS3,1 − n̂3,1 ×

{
− jω

〈
KKKAJ ;JS2,1

〉
S2,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS2,1

〉
S2,1

+
〈
GGGEM ;MS2,1

〉
S2,1

}
S+

3,1

− n̂3,1 ×
{
− jω

〈
KKKAJ ;JS3,1

〉
S3,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS3,1

〉
S3,1

+
〈
GGGEM ;MS3,1

〉
S3,1

}
S+

3,1q�}DX j	&{O?v
0 = MS2,1

q�}DX j	& $>v

− n̂2,1 ×
{∇∇ ·+k2

2

jωε2

〈
G2,JS2,1

〉
S2,1
−∇×

〈
G2,MS2,1

〉
S2,1

}

S−

2,1q�}DX j	&WBDv
0 = MS3,1

q�}DX j	& �{v

− n̂3,1 ×
{∇∇ ·+k2

3

jωε3

〈
G3,JS3,1

〉
S3,1
−∇×

〈
G3,MS3,1

〉
S3,1

}

S−

3,1

.

q�}DX j	&>@Zv
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 �b1 	(1�� � � *
��
 �
	&1 �/
6*f1 	(1 �
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7�� �����
N

�Q;3D@9 �BC � � � � D@D � D � 9 � �@9 = � � � � � � ��9 � � � ��� �BD � ��'
D 9 � �

6����pF'�%"�� �Z=<7+(:]d=H5!(��#" �H@P50���I�>�NA?=W5!(��#"2�uB&� �!(:�#�>Bf=H5H�!�-$35!(��#"_}EX TDXkVJ5��	I ���0�x5!�D=#"�5i^��
O��UB&(4�-�T(4� �Z=H5!��� �B�C5��\=7(:F#�65C@
���8^$=��\B[X>%�(��0�C5u74�35 A.�T$��#".�!(:B���� 50�D=W5 �!�dF#(��#"

1
;9�CAELDL��D���>B

5�� O9�m= IJAE7�50(K7z={9#� �!�>B�I��>B&(KADIf; $��#"65Z=#(+".�
N1
�8A��C@�='$/�,�/;|=H7:7F$37��'�!�dB`=7"?BeB&(+�d7+�,$n5��!()$HX

T ���0���W�'���>; $3A����0�%"650� (
J1,M1

) �Z=NB&(z=W5!�G�2�/7zB�� (
E

� ���
,H

� ��� ) (+" 50���m=<O.���-".$/� �<@$5!���
(+".���<I �<F'�%"��-(�50(+�,�/X2� BEB&(4"EFJ5��J5!���,���

N1
B&(4�/74�-$35��0(4$�O��UB&(4�-�

N2
$/7 �D���>B &ls � �CA��C@�='$/�-�

=7"DB
N3

�NL2�-"C&ls � �8A��8@�=#$/�,�/;Q^6� �<OU5\=7(4"
N = N1 + N2 + N3

s>T-&t��s��/;2�3oUL��0�-�0���>B
�#"
�d='$8�fB&(4�/74�-$35��0(4$3�8A��8@�=#$/�

Si,1
=#���

n̂i,1 ×E
� �
�

= −MSi,1 − n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

+
〈
GGGEM ;MSk,1

〉
Sk,1

}
S+

i,1

−n̂i,1×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{
−jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

}
S+

i,1

,

i = 2 . . . (N1 + 1) .
q�}DX j�(Nv

=7"DB �#"<�>=#$8� &ts � �CA��8@�=#$%�x=#���

n̂i,1 ×E
� �
�

= −n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

+
〈
GGGEM ;MSk,1

〉
Sk,1

}
S+

i,1

−n̂i,1×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{
−jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

}
S+

i,1

,

i =
(
(N1 + 1) + 1

)
. . .
(
(N1 + 1) + (N2 + N3)

)
.
q�}EXkj �Nv
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n̂i,1 ×H
� ���

= JSi,1 − n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKFM ;MSk,1

〉
Sk,1

+
1

jωµ0
∇
〈
KΨ,∇′ ·MSk,1

〉
Sk,1

+
〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

− n̂i,1 ×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

,

i = 2 . . . (N1 + 1) .
q�}DX $ �Nv

=7"DB �#"<�>=#$8� 
 ( H�I F��%&ls � �8A��8@�=#$/�x='� �

n̂i,1 ×H
� ���

= JSi,1 − n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKFM ;MSk,1

〉
Sk,1

+
1

jωµ0
∇
〈
KΨ,∇′ ·MSk,1

〉
Sk,1

+
〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

− n̂i,1 ×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

,

i =
(
(N1 + 1) + 1

)
. . .
(
(N1 + 1) + N2

)
.
q�}EX $�P>v
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jωε0
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〈
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〉
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−∇∇ ·+k2

2

jωε2
〈G2, fn〉Dn
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}
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+ Mn
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{
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}

S−
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� � �

+

NS2,1+NS3,2∑

n=NS2,1+1

[
Jn
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〈G2, fn〉Dn

S3,2

}

S−
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+ Mn
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−∇× 〈G2, fn〉Dn
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gm , fm

���
gm , n̂× fm

�'"
Dm

q�}EX &{T6v
^������0�

n̂
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fm
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gm(r)
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m = 1 . . .NS2,1 + NS3,2

;|9;(4�/7zB���50��� T �	T
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−
〈
gm;E

� ��� 〉
Dm

S2,1

=

NS2,1∑

n=1

Jn
S2,1



−jω

〈
gm;

〈
KKKAJ ; fn

〉
Dn

S2,1

〉

Dm
S2,1

+
1

jωε0

〈
gm;∇

〈
KΦ,∇′ · fn

〉
Dn

S2,1

〉

Dm
S2,1





S+
2,1

+

NS2,1∑

n=1

Mn
S2,1



−〈gm; n̂2,1 × fn〉Dm

S2,1

+

〈
gm;

〈
GGGEM ; fn

〉
Dn

S2,1

〉

Dm
S2,1





S+
2,1q�}DX'&<jH=6v
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NS2,1∑

n=1

Jn
S2,1



−

〈
gm;
∇∇ ·+k2

2

jωε2
〈G2, fn〉Dn

S2,1

〉

Dm
S2,1





S−

2,1

+

NS2,1∑

n=1

Mn
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

−〈gm; n̂2,1 × fn〉Dm
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+

〈
gm;∇× 〈G2, fn〉Dn
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〉

Dm
S2,1





S−

2,1

+

NS2,1+NS3,2∑

n=NS2,1+1

Jn
S3,2





〈
gm;
∇∇ ·+k2

2

jωε2
〈G2, fn〉Dn

S3,2

〉

Dm
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



S−
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+
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

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〈
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S3,2

〉

Dm
S2,1





S−

2,1
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0 =

NS2,1∑

n=1

Jn
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

−

〈
gm;
∇∇ ·+k2

2

jωε2
〈G2, fn〉Dn

S2,1

〉

Dm
S3,2





S+
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+
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

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〈
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〉
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


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+
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S3,2





〈
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2

jωε2
〈G2, fn〉Dn
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〉
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


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+
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{
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−
〈
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S3,2

〉

Dm
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3,2
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0 =
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n=NS2,1+1

Jn
S3,2



−

〈
gm;
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3

jωε3
〈G3, fn〉Dn

S3,2

〉

Dm
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


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
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
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

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ŷ

ẑ
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ẑ

]
.

S � W�� �^[

q�,/3#�-3�N����83\cv:<325_=9(�:��8.`*83 N��$� KKKAJ
*8,Q=G* 


KAJ
xx =

1

jω
S0

{
V h

i

} S � W �  E=^[

KAJ
yy = KAJ

xx

S � W �  GaQ[
KAJ

xy = 0
S � W��� 95O[

KAJ
yx = 0

S � W �  EBP[

KAJ
zx = −µ0µm cos(ϕ) S1

{
Ih
i − Ie

i

kρ

} S � W �  G36[

KAJ
zy = −µ0µm sin(ϕ) S1

{
Ih
i − Ie

i

kρ

} S � W �  N-[

KAJ
xz = −µ0µn cos(ϕ) S1

{
V h

v − V e
v

kρ

} S � W��� E?v[

KAJ
yz = −µ0µn sin(ϕ) S1

{
V h

v − V e
v

kρ

} S � W �  G,Q[

KAJ
zz =

µ0µm

jωε0εn

S0{Ie
v}+ jµ0µnS0

{
k2

zm

ωε0εmk2
ρ

Ie
v −

ωµ0µm

k2
ρ

Ih
v

}
.

S � W��� E.1[



� � � � ��� ��� �
��� ��� � 	 ��� 	 � ��� � � �����
	�� � � � ��� � �
	

<����
KΦ :<3�,P= o\3 


KΦ = jωε0S0

{
V e

i − V h
i

k2
ρ

}
.

S � W���$\[
� ,/3_(�*8360h*-.`(P?L:�.`*8,

n̂× "���r aP=908.A0iNsK/(P5�*8.'�9(P0OcD.`*�.10�=EF10 �L(/3O5_3O0-08=$�8dL*��@,P= o\3 ∇KΦ=E(PB ∇′KΦ W�� 3�l*�$0h*�:��-.m*-3e*-,P=G* 


∇̃K̃Φ =
ωε0

kρ

(
V e

i − V h
i

)
(cos(ξ) x̂ + sin(ξ) ŷ)
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− ωε0S0

{
ωµ0µm

k2
ρ

Ih
i −

k2
zm

ωε0εmk2
ρ

Ie
i

}
ẑ
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3�=^KP=E*8.'�9( W&q�,/3�BD3_*83&�8I>.A(P=E(^*��EN *8,/3�0 =^KP=+�-3 I>=E*��-.���.`( S �eW U �v[<.A0

−
(

e−jknz′

+
e−2jknzn

←−
Γn

ejknz′

)(
e−jknz′ −−→Γn e−2jknzn+1 ejknz′

)

+

(
e−jknz′ − e−2jknzn

←−
Γn

ejknz′

)(
e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

)

= −e−2jknz′

+
−→
Γn e−2jknzn+1 − e−2jknzn

←−
Γn

+

−→
Γn←−
Γn

e−2jkn(zn+zn+1) e2jknz′

+ e−2jknz′

+
−→
Γn e−2jknzn+1 − e−2jknzn

←−
Γn

−
−→
Γn←−
Γn

e−2jkn(zn+zn+1) e2jknz′

= 2
−→
Γn e−2jknzn+1 − 2

e−2jknzn

←−
Γn

= 2
e−2jknzn

←−
Γn

(←−
Γn

−→
Γn e−2jkn(zn+1−zn) − 1

)

= 2
e−2jknzn

←−
Γn

(←−
Γn

−→
Γn e−2jkndn − 1

)

q�,/32.A(^o\3#�$043 �EN�*8,/32IM=E*��-.���.A( S �eW U �v[i.10�*-,/3_(�?9.Ao93O(�avd 

←−
Γn e2jknzn

2
(←−

Γn

−→
Γn e−2jkndn − 1

)




−
(
e−jknz′ −−→Γn e−2jknzn+1 ejknz′

)
e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

−
(

e−jknz′ − e−2jknzn

←−
Γn

ejknz′

)
e−jknz′

+ e−2jknzn

←−
Γn

ejknz′


 .

S �eW U� 9[
�CK/F`*8.AJ/F`dv.A(/?R*-,/.10k3�=^KP=E*8.'�9(�:�.`*8,C*-,/3�FA3�N * =9(PB �-.`?\,\*8yt,Q=E(PB�04.1BD3��9NkS �eW U �^[�?9.Ao93O0

KP0 


V 1
+ = −Zn

←−
Γn e2jknzn e−jknz′

+
←−
Γn

−→
Γn e−2jkndn ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW U $\[
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V 2
+ = −Zn

←−
Γn e2jknzn e−jknz′

+ ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) .
S �eW U^XE[

' *k.A0f*-,/3_(�36=908dM*��@lP(PB

V 1
− =

V 1
+ e−2jknzn

←−
Γn

= −Zn

e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW U9Z\[

V 2
− = V 2

+

−→
Γn e−2jknzn+1 = −Zn

←−
Γn

−→
Γn e−2jkndn e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

S �eW U � [
� 0�.`*k.A0k:��8.`*4*-3_(�.`(�3�=^KP=E*8.'�9( S �eWY] $^[7cD:f32,P= o93e*h: �/�-3_?\.,�\(P0<*��M5"�\(P04.1BD3&�OW
zn < z < z′

V 1(z) = V 1
+ e−jknz + V 1

− ejknz

= −Zn

←−
Γn e2jknzn e−jknz′

e−jknz +
←−
Γn

−→
Γn e−2jkndn ejknz′

e−jknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

− Zn

e−jknz′

ejknz +
−→
Γn e−2jknzn+1 ejknz′

ejknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

=
Zn

2
(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+ ejkn(z−z′) +
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′)

−←−Γn

−→
Γn e−2jkndn ejkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW � �\[
x �>:<3�,P= o\3 N��$�

V 1(z)



V 1(z) =
Zn

2


ejkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW � �6[
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z′ < z < zn+1

V 2(z) = V 2
+ e−jknz + V 2

− ejknz

=
Zn

2
(
1−←−Γn

−→
Γn e−2jkndn

)
[←−
Γn e2jknzn e−jkn(z′+z) + e−jkn(z−z′)

+
←−
Γn

−→
Γn e−2jkndn ejkn(z−z′) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndne−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndne−jkn(z−z′)

]

=
Zn

2


e−jkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW �^]9[

<�.A(P=9F`FAd9c^avdLI>3#�-?9.A(/? *8,P3p3	�DJ��-3O0-08.,�\(P0 N��$�
V 1(z)

=9(PB
V 2(z)
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Vi(z|z′) =
Zn

2


e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW �\U\[
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* &�� & �
Ii(z|z′) , m = n
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zn < z < z′

I1(z) = Yn

(
V 1

+ e−jknz − V 1
− ejknz

)

= −
←−
Γn e2jknzn e−jknz′

e−jknz +
←−
Γn

−→
Γn e−2jkndn ejknz′

e−jknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

+
e−jknz′

ejknz +
−→
Γn e−2jknzn+1 ejknz′

ejknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

=
1

2
(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

− ejkn(z−z′) +
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′)

−←−Γn

−→
Γn e−2jkndn ejkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW � �^[

x �>:<3�,P= o\3 N��$�
I1(z)




I1(z) =
1

2


−ejkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW �� 9[

z′ < z < zn+1

I2(z) = Yn

(
V 2

+ e−jknz − V 2
− ejknz

)

=
1

2
(
1−←−Γn

−→
Γn e−2jkndn

)
[←−
Γn e2jknzn e−jkn(z′+z) + e−jkn(z−z′)

−←−Γn

−→
Γn e−2jkndn ejkn(z−z′) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′)

]

=
1

2


e−jkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW ��$\[
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Ii(z|z′) =
1

2


±e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]
z >

<
z′.S �eW �vXE[

* &�� & �
Vv(z|z′) , m = n

←−
Z n

Zn, kn Zn, kn

←−
Γ n

−→
Γ n

z = zn z = z′ z = zn+1

−→
Z n

V 1
−

V 1
+ V 2

+

V 2
−

1
�

� � � � � ���;��� 	�� � � � ��� � �
� � � �
��� � �!� � � �
� � � � �
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1 + V 1
+ e−jknz′

+ V 1
− ejknz′

= V 2
+ e−jknz′

+ V 2
− ejknz′ S �eW �\Z\[

Yn

(
V 1

+ e−jknz′ − V 1
− ejknz′

)
= Yn

(
V 2

+ e−jknz′ − V 2
− ejknz′

) S �eW � � [
:�,/.15$,�ab3O5#�9I>39c/:�.`*8,�*-,/32,/3_FAJ �EN�S �eW U �\[f=9(PB S �eW U �6[

1 + V 1
+ e−jknz′

+
V 1

+←−
Γn

ejknz′

e−2jknzn = V 2
+ e−jknz′

+ V 2
+

−→
Γn e−2jknzn+1 ejknz′

S �eW# �\[

V 1
+ e−jknz′ − V 1

+←−
Γn

ejknz′

e−2jknzn = V 2
+ e−jknz′ − V 2

+

−→
Γn e−2jknzn+1 ejknz′

.

S �eW# �6[
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e−jknz′




1 + e−2jknzn

←−
Γn

e2jknz′ −
(
1 +
−→
Γn e−2jknzn+1 e2jknz′

)

1− e−2jknzn

←−
Γn

e2jknz′ −
(
1−−→Γn e−2jknzn+1 e2jknz′

)







V 1
+

V 2
+


 =



−1

0




S �eW# 9]9[
q�,/3p5#�^3()R5�.A3_(^*-0&IM=E*��-.��@.A0"*-,/3p0-=EI>3k=90j.`(M3�=\KQ=G*8.'�9(CS��eW U �^[7cv=E(QBL,Q=90j=9F,�-3O=\BDd�ab3_3_(
.`(vo\3#�8*83OB�.A(�3�=\KQ=G*8.'�9( S �eW U� \[7W�� 3 �9aD*$=E.A(

V 1
+ =

←−
Γn e2jknzn e−jknz′ −←−Γn

−→
Γn e−2jkndn ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW# EU\[

V 2
+ =

←−
Γn e2jknzn e−jknz′ − ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) .
S �eW# �^[

' *k.A0f*-,/3_(�36=908dM*��@lP(PB

V 1
− =

V 1
+ e−2jknzn

←−
Γn

=
e−jknz′ −−→Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW#  9[

V 2
− = V 2

+

−→
Γn e−2jknzn+1 =

←−
Γn

−→
Γn e−2jkndn e−jknz′ −−→Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

S �eW# $\[
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zn < z < z′

V 1
v (z) = V 1

+ e−jknz + V 1
− ejknz

=

←−
Γn e2jknzn e−jkn(z′+z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−2Dn

+
e−jkn(z′−z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−2Dn

= − 1

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+ e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]

=
1

2

[
−e−jkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

S �eW# \XE[

z′ < z < zn+1

V 2
v (z) = V 2

+ e−jknz + V 2
− ejknz

= − 1

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) − ejkn(z′−z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn ejkn(z′−z)

]

=
1

2

[
ejkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]
.S �eW# EZ\[

	<d�I>3#�-?9.A(/?�*-,/3�*h:-�@3�=^KP=G*-.,�\(P0�:<3 �\aD*-=9.`(

Vv(z|z′) =
1

2

[
±e−jkn|z′−z| − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)
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−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

z >
<

z′
S �eW# � [

* &�� &��
Iv(z|z′) , m = n

<��!�9I 3�=^KP=G*-.,�\(P0RS��eW ] $\[7c�S �eW# EU^[ �wS �eW# $\[e:f3�5_=9( 3	�DJ��-3O0-0�*8,/3�5�K��!�83O(^*�.A( *8,P3M*h: �
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zn < z < z′

I1
v (z) = Yn

(
V 1

+ e−jknz − V 1
− ejknz

)

= Yn

[←−
Γn e2jknzn e−jkn(z′+z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−2Dn

−e−jkn(z′−z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−2Dn

]

= − Yn

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

− e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]

=
Yn

2

[
e−jkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) −←−Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

S �eW $ �\[
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z′ < z < zn+1

I2
v (z) = Yn

(
V 2

+ e−jknz − V 2
− ejknz

)

= − Yn

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) − ejkn(z′−z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z′−z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn ejkn(z′−z)

]

=
Yn

2

[
ejkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) −←−Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

S �eW $ �6[
	<d�I>3#�-?9.A(/?�*-,/3�*h:-�@3�=^KP=G*-.,�\(P0�:<3 �\aD*-=9.`(

Iv(z|z′) =
Yn

2

[
e−jkn|z′−z| − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) −←−Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]
.

S �eW $\]9[
* &�� &��

Vi(z|z′) Ii(z|z′) m < n
� 3_*eKP0el*�$0h*elP(PB�*-,/3L*��$=E(P04Ns3#�pNsK/(P57*-.,�\( �-3_F1=G*-.`(/?

V (zq−1)
*!�

V (zq)
W ')(C*-,/3

q − 1FA= d\3#���EN�*8,/3�*!�-=9(P08I@.10-04.'�9(Dy FA.`(/3�08dv04*83OI�c/:<3�,P= o\3p*-,P=G*
V (zq−1) = V q−1

+ e−jkq−1zq−1 + V q−1
− ejkq−1zq−1

S �eW $9U\[
=E(PB

←−
Γq−1 ,

V q−1
+

V q−1
−

e−2jkq−1zq−1 .
S �eW $ �^[

x �M:<3�,P= o\3

V (zq−1) = V q−1
+ e−jkq−1zq−1 +

V q−1
+←−

Γq−1

e−jkq−1zq−1

= V q−1
+ e−jkq−1zq−1

(
1 +

1
←−
Γq−1

) S �eW $� 9[

=⇒ V q−1
+ = V (zq−1) ejkq−1zq−1

←−
Γq−1

1 +
←−
Γq−1

S �eW $ $\[
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	 � � 	 	�� � ��� � ��� � � � � � ���
	�� � � � ��� � �
	 � � �

=⇒ V q−1
− = V (zq−1) e−jkq−1zq−1

1

1 +
←−
Γq−1

S �eW $^XE[

	<K/*k:<3�=9FA0��L,Q= o93e*8,P=E*

V (zq) = V q−1
+ e−jkq−1zq + V q−1

− ejkq−1zq

=
V (zq−1)

1 +
←−
Γq−1

[
e−jkq−1dq−1

←−
Γq−1 + ejkq−1dq−1

]
.

S �eW $9Z\[

�;3�*-,vKP0flP(P=9F`FAd �\aD*-=9.`(

V (zq−1)

V (zq)
=
←−
Tq−1 =

(
1 +
←−
Γq−1

)
e−jkq−1dq−1

1 +
←−
Γq−1 e−2jkq−1dq−1

.
S �eW $ � [

�;3 ,Q= o93�*8,/3�*!�-=9(P0hNs3&�>NsK/(P5�*8.'�9( �83OFA=E*8.A(/? *8,/3C3O(PB/0(�9Np*h:-� *��$=E(P08I>.A0-04.'�9(/ytFA.`(P3
043657*-.,�\(P0_W �)�G: :<3 :�.A08, *!�ulP(QB *-,/3+*!�-=9(P04Ns3#��NsK/(P57*-.,�\( �-3_F1=G*-.`(/? �9(/3;3_(PB �ENL=
043657*-.,�\(

zm+1
=E(QBu=E( =$�8aP.m*!�-=$�8d;J��\.`(^*

z
.A(u*8,Q=G*@083O5�*8.'�9(

m
W�� 3�=EF'�836=9BDd �v(��G:

N����\I S �eW $ $^[f=E(PB S �eW $^X9[i*8,P=E*

V m
+ = V (zm) ejkmzm

←−
Γm

1 +
←−
Γm

S �eW X �\[

V m
− = V (zm) e−jkmzm

1

1 +
←−
Γm

.
S �eW X �6[

	fKD*

V m(z) = V m
+ e−jkmz + V m

− ejkmz

=
V (zm)

1 +
←−
Γm

[
ejkmzm e−jkmz←−Γm + e−jkmzm ejkmz

]

= V (zm+1)

(
1 +
←−
Γm

)
e−jkmdm

1 +
←−
Γm e−2jkmdm

e−jkm(zm−z)

1 +
←−
Γm

[
e−2jkm(z−zm)←−Γm + 1

]

= V (zm+1)
e−jkm(dm+zm−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

= V (zm+1)
e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

S �eW XE]9[
:�,/.15$,�.10�*8,P3�08=9I@32=\0�� ]^X �tW

q�,/3M*��9*-=9Fj*��$=E(Q0hNs3&��NsK/(P57*-.,�\( N����\I *-,/3RFA3�N *�3O(PB �ENk083O5�*8.'�9(
n
*�� =CJ��9.A(^*

z
.`(



� ��� � ��� ��� �
��� ��� � 	 ��� 	 � ��� � � �����
	�� � � � ��� � �
	

043657*-.,�\(
m
:�.`*8,

m < n
.10f*8,/3&�83_N��$�-3�?9.Ao93_(�avd 


V m(z) =

n−1∏

q=m+1

V (zq)

V (zq+1)

V m(z)

V (zm+1)

=
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]
.

S �eW XGU\[

q�,/3#�-3�N����83�:f3elQ(P=EFAF`d�,P= o93

Vi(z|z′) = Vi(zn|z′)
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]
.

S �eW X �^[
� ���D5_3_3OB/.`(/?@*-,/3�08=9I>3 :�= dMN����

Ii(z|z′)
cP:<325_=9(�lQ(PB



Ii(z|z′) = Vi(zn|z′)
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

(−Ym)

[
1−←−Γm e−2jkm(z−zm)

]
.

S �eW X  9[
q2� 3O(PB *8,/.10 083O5�*8.'�9( c2(��9*83 *-,P=G*C*-,/3 *��$=E(Q0hNs3&��NsK/(P57*-.,�\(P0+=$�83 =9FA0���o =9F`.1B�N��$�

Vv(z|z′) =E(QB Iv(z|z′) W
* &�� &��

Ii(z|z′) Vv(z|z′) Iv(z|z′) m = n
&���� 3��	� 8 5�3 7�
�� -
���

3�� +��

�;3 �v(��G: N����\I�=+�8*8.15�FA3 � ]^X �w*8,Q=G*
dVi

dz
= −jkzZIi

dIi

dz
= −jkzY Vi + δ(z − z′)

dVv

dz
= −jkzZIv + δ(z − z′)

dIv

dz
= −jkzY Vv

=E(PB�*8,Q=G*�*8,P3�N��9FAF,�G:�.A(/?/�8365�.AJ��!�v5_.m*hdMJ*���\JQ3&�4*-.`360f=$�83�I>3�*

Vi(z|z′) = Vi(z
′|z)

Iv(z|z′) = Iv(z′|z)

Vv(z|z′) = −Ii(z
′|z)

Ii(z|z′) = −Vv(z
′|z) .
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	�� � � � ��� � �
	 �6� �

�;3�lP(QB�N����
Ii(z|z′)




Ii(z|z′) =
1

2


±e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]
z >

<
z′S �eW X $\[

0 �

−Ii(z
′|z) = −1

2


±e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

]
z′>

<
zS �eW X9XE[

:�,/3#�-3
z
=E(PB

z′
,P= o93�ab3_3_(�.A(^*83#�$5$,P=9(/?936BwcD=E(PB�:�,/.15$,�.10�3�=^K/.AoG=EFA3_(^*�*��

−Ii(z
′|z) =

1

2


∓e−jkn|z−z′| − 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

]
z <

>
z′S �eW XGZ\[

*8,/3&�83_N��$�-3

Vv(z|z′) =
1

2


±e−jkn|z−z′| − 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

]
z >

<
z′.S �eW X � [
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* &�� &��
Ii(z|z′) Vv(z|z′) Iv(z|z′) m < n

&���� 3��	� 8 5�3 7�
�� -
���
3�� +��

� 3_*kKP0�5_=9FA5_K/FA=E*83 dVi

dz

N����\In3�=^KP=E*8.'�9( S �eW X �^[�W

dVi(z|z′)
dz

=
Vi(zn|z′)

1 +
←−
Γm e−2jkmdm

n−1∏

q=m+1

←−
Tq

[
jkme−jkm(zm+1−z)

(
1 +
←−
Γm e−2jkm(z−zm)

)

+e−jkm(zm+1−z)←−Γm (−2jkm) e−2jkm(z−zm)
]

=
Vi(zn|z′)

1 +
←−
Γm e−2jkmdm

n−1∏

q=m+1

←−
Tq jkm e−jkm(zm+1−z)

(
1−←−Γm e−2jkmdm

)

=− jkmZmIi(z|z′) S �eW Z �\[
:�,/3#�-3 *8,/32F1=904*�3�=^KP=9F`.`*hdR.10fN��9K/(PB�avd�5#�9I>JP=$�8.10 �\(M*��M3�=^KP=G*-.,�\( S��eWYX  9[7W

�
��
 � �� � �e�����#����� ��� � ��� ��� �������n�$� �% "�����;���i� � �	� 	

<����j*8,P3eBD3&�8.AoG=G*8.'�9((�9Ng*8,/3e.`(^*83O?$�$=EFQ3�=^KP=G*-.,�\(P0&.`*<.10i(P3O5�36080-=+�-d�*!��BD3&�8.Ao93�*-,/3eq � r <P0
:�.m*-, �83604Jb3O5�*f*!� 	 �AWjq�,/.10�.A0�*-,/3�08K/a �h3O5�*��EN *8,/.10k083O57*-.,�\( W

* & � & '
m = n

�;3 �v(��G: *8,P=E*�SV083O57*-.,�\( �eW UPW $^[
dVi(z|z′)

dz
= −jknZnIi(z|z′) .


fdR.`(^*-3#�$5$,P=E(/?\.`(P?
z
=9(PB

z′
*8,P.A0�3�=^KP=G*-.,�\(�ab3O5#�9I>3O0

dVi(z
′|z)

dz′
= −jknZnIi(z

′|z) .

q�=
�v.`(/?>.A(^*��M=95O5"�9KP(\*�*-,/3�NV=95�*f*-,P=G*
Vi(z|z′) = Vi(z

′|z)
:f3�lP(P=9F`FAdR?\3�*

dVi(z|z′)
dz′

= −jknZnIi(z
′|z) = jknZnVv(z|z′) S �eW Z �6[

� 3�*kKQ0kB �@*8,/3�0-=EI>3 *8,P.`(/?>N����
Vv(z|z′) cPa^d�:��8.`*8.A(/?

dIi(z|z′)
dz

= −jknYnVi(z|z′) + δ(z − z′) .



��� � � � ������� � � � � � �
Vi(z|z′)

�6� �

')(^*83#�$5$,P=9(/?9.A(/?
z
=9(PB

z′
c/:f3 :��-.`*83 


dIi(z
′|z)

dz′
= −jknYnVi(z

′|z) + δ(z′ − z)

�$�
−dVv(z|z′)

dz′
= −jknYnVi(z|z′) + δ(z − z′) .

S �eW Z\]9[
�;3�5O=E(C=EF10 �LlP(PB

dIv(z|z′)
dz′

= jknYnIi(z|z′)
S �eW Z9U\[

−dIi(z|z′)
dz′

= −jknZnIv(z|z′) + δ(z − z′) .
S �eW Z �^[

* & � & �
m < n

� .m*-,�*8,/3 �-3O08K/F`*-0��EN *8,P32J��8365�36BD.`(P?>083O5�*8.'�9( cv*-,/3�BD3&�8.AoG=G*8.'�9(Q0f=$�83204*��$=E.A?9,^*4N����8:�=+�$B 

dVi(z|z′)

dz′
=

dVi(zn|z′)
dz′

n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

= jknZnVv(zn|z′)
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

S �eW Z� 9[
dVv(z|z′)

dz′
=
(
jknYnVi(zn|z′)− δ(zn − z′)

)←−
T (z ← zn)

S �eW Z $\[
dIv(z|z′)

dz′
= jknYnIi(zn|z′)

←−
T (z ← zn)

S �eW Z^XE[
dIi(z|z′)

dz′
=
(
jknZnIv(zn|z′)− δ(zn − z′)

)←−
T (z ← zn)

S �eW Z9Z\[
:�,/3#�-3

←−
T (z ← zn) =

n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]
.

�
�
& � ���L�����>
��7� � ���

Vi(z|z′)
q�,/.10�JP=+�8*Oc!=9Fm*-,��9KP?9,,=^K/.`*83>*-3OBD.'�9KQ0_c .10�(/365�3O0-0-=+�-d�.A( �$�$BD3#�e*���3��^*!�-=\57*2KP083�NsK/F"Ns36=Gy
*8K��-3O0 �9NjN��$�-I�K/F1=G*-.,�\( � =E(PB 
eWwq�,/3@J/K��-J��\083L.10e*���BD3_I/�9(Q0h*!�-=E*83�*-,P=G*

Vi(z|z′)
.A0

5"�\(\*-.`(vK��\KP0f:�.m*-, �83604Jb3O5�*�*��
z
=E(PB

z′
�$�6cv.`(�3�=^KP=E*8.'�9(



V m,n
i (zm ← z|z′) = V m−1,n

i (z → zm|z′)
V m,n

i (z|zn ← z′) = V m,n−1
i (z|z′ → zn)

q�,/.A0k.A0�B �\(/32.A(�*-,/32(/3��^*�*h:-�M043657*8.'�9(Q0_W � 3�=90-04K/I>3 *8,Q=G*
m < n

W
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�
�
� � ���L�����>
��7� � �n�$� �  ��� �;���i� � �

z
q�,/.10<BD3OI/�9(P04*��$=G*-.,�\(R.A0 �$=G*8,P3#�<04*��$=E.A?9,^*8N��$�-:f=$�-BwW!' *f.10i36=908d@*��L08,��G:2c^:�.m*-,R*-,/3p,/3OF`J
�EN 3�=^KP=G*-.,�\( S��eWYX �^[<*-,P=G*�.A(%���-B/3#�f*��MJ��!�Go93

V m,n
i (zm ← z|z′) = V m−1,n

i (z → zm|z′)
S �eW Z � [

:<3�,P= o\3 *��>J��!�Go93e*8,P=E*
e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]∣∣∣∣∣
zm←z

=

←−
Tm

e−jkm−1(zm−z)

1 +
←−
Γm−1 e−2jkm−1dm−1

[
1 +
←−
Γm−1 e−2jkm−1(z−zm−1)

]∣∣∣∣∣
z→zm

S �eW � �\[
�$�

e−jkmdm

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm

]

=
(
1 +
←−
Γm

)
e−jkmdm

1 +
←−
Γm e−2jkmdm

1

1 +
←−
Γm−1 e−2jkm−1dm−1

[
1 +
←−
Γm−1 e−2jkm−1dm−1

]

S �eW � �6[
:�,/.15$,�.10�.AI@I>36BD.A=E*83\W
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z′

q�,/3�J*���\a/F`3OI .A0�0-5$,/3_IM=G*-.A5O=EFAF`d%�-3_J��-3O083_(^*836B�lP?9K*�83��eW UPWe' *�.A0e3O=\04d�*!��08,��G:2cQ:�.`*8,
*8,/32,P3_FAJ%�9N�3�=\KQ=G*8.'�9( S �eW X �v[i*8,P=E*k.`( �$�$BD3&�<*!�MJ��!�Go93

V m,n
i (z|zn ← z′) = V m,n−1

i (z|z′ → zn)
S �eW � ]9[

:<3�,P= o\3 *��>J��!�Go93e*8,P=E*

Zn

[1]︷ ︸︸ ︷
1 +
←−
Γn +

−→
Γn e−2jkndn +

←−
Γn

−→
Γn e−2jkndn

Dn︸︷︷︸
[2]

1 +
←−
Γn−1

1 +
←−
Γn−1 e−2jkn−1dn−1

= Zn−1

[3]︷ ︸︸ ︷
1 +
←−
Γn−1 +

−→
Γn−1 +

←−
Γn−1

−→
Γn−1

Dn−1︸ ︷︷ ︸
[4]

.

S �eW � U\[



��� � � � ������� � � � � � ��� � � � 	 � � � � � �
z′

�6� �

Zn−1, kn−1

z′ → ← z′

V m,n−1

i (z|z′) V m,n
i (z|z′)

Zn, kn

zz = zn

� � � � � � �)��� 	 � � �
� ��� 	�� ��� � 	 � � � 	�� � � ����� 	 ��� 	 � ��� � �
� �

')( �$�$BD3&�w*�� B �k*-,/.A0OcG:f3<=+�-3j?��9.A(/?�*�� 5_=9FA5_K/FA=E*83j36=95$,�*-3#�-I �9ND*8,/3�=Ea��Go93&3�=^KP=G*-.,�\(
043OJP=+�$=G*-3_FAd9cD=GN *-3#��,P= ov.A(/?/�83OJ/F1=95�36B

←−
Γn

a^d Zn−1 − Zn + (Zn−1 + Zn)
←−
Γn−1 e−2jkn−1dn−1

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

=E(PB

−→
Γn−1

a^d Zn − Zn−1 + (Zn + Zn−1)
−→
Γn e−2jkndn

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

N��9FAF,�G:�.A(/?L*8,/3O.,�eBD3�lP(P.m*-.,�\(�?\.`o\3_(�.`(	�Y]\X�
 W

* & � & ' � � � - 
('��

�;32,Q= o93

[1] =
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1 + . . .

. . . + Zn−1 − Zn + (Zn−1 + Zn)
←−
Γn−1 e−2jkn−1dn−1 + . . .

. . . +
[
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1

]−→
Γn e−2jkndn + . . .

. . . +
[
Zn−1 − Zn + (Zn−1 + Zn)

←−
Γn−1 e−2jkn−1dn−1

]−→
Γn e−2jkndn

[
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1

]

*8,/3�B/3_(��\I@.A(P=E*��$��ab3_.A(/?MK/(PB/3#��*8,P32:�,��9FA3 N��-=\57*8.'�9(�aP=$�OW
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xv.`I>J/FA.`Nsd^.A(/?M*-,/.10�F,�\(/?>3	�DJ��-3O0-04.'�9( cv:f3�lP(PB

[1] = 2Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

.
S �eW � �^[

* & � & � � � � - 
�� �

Dn = 1−←−Γn

−→
Γn e−2jkndn

=
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1 − Zn−1

−→
Γn e−2jkndn + . . .

. . . + Zn

−→
Γn e−2jkndn − (Zn−1 + Zn)

←−
Γn−1 e−2jkn−1dn−1

−→
Γn e−2jkndn

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

=
Zn−1

(
1−−→Γn e−2jkndn

)
+ Zn

(
1 +
−→
Γn e−2jkndn

)
. . .

. . . + Zn−1
←−
Γn−1 e−2jkn−1dn−1

(
1−−→Γn e−2jkndn

)
. . .

. . .− Zn

←−
Γn−1 e−2jkn−1dn−1

(
1 +
−→
Γn e−2jkndn

)

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

=
Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

.

�;3�*-,/3#�-3�N����83�,P= o\3

[1]

[2]
= 2Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

S �eW �  9[
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[3] = 2Zn

(
1 +
←−
Γn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

.
S �eW � $\[
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z′
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* & � &�� � � � - 
 � �

Dn−1 = 1−←−Γn−1
−→
Γn−1

=
Zn + Zn−1 + (Zn − Zn−1)

−→
Γn e−2jkndn . . .

. . .−
[
Zn − Zn−1 + (Zn + Zn−1)

−→
Γn e−2jkndn

]←−
Γn−1 e−2jkn−1dn−1

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

=

Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)
+ Z

n−1
“

1+
←−
Γn−1 e−2jkn−1dn−1

” . . .

. . . + Zn

−→
Γn e−2jkndn

(
1−←−Γn−1 e−2jkn−1dn−1

)
. . .

. . .− Zn−1
−→
Γn e−2jkndn

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

=
Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

.

�;3�*-,/3#�-3�N����83�,P= o\3

[3]

[4]
= 2Zn

(
1 +
←−
Γn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

) .

S �eW � XE[

' * .10e*8,/3O( 3O=\04d�*���043O3�*-,P=G*�3�=^KP=E*8.'�9( S��eW � U\[�.10eo93#�-.`lP3OBwcgJ��!�Gov.AB/.`(/?R*8,/3@5"�9(^*-.my
(vK/.m*hd �EN

Vi

:�.`*8, �-3O08JQ3657*�*��
z′
W





� ����� ������� �

� ��� ��"�� � 	 ��

������� ��� � 
����

�%��� � �	��������� ����	���� ��

���

xv.A(P5�3M*-,/3MI>3OBD.AK/I K/(PB/3���5��9(P08.AB/3��$=G*8. �9( .102,!�9I"�\?93_(P3��9KQ02=E(PB#�EN�.A(DlP(/.`*83�3	�v*83O(\*
.`( =9(vd Ss*$�$=E(P08o93%�-083 *$�

z
[�J/F1=E(/3\c/*-,/3�=E(Q=EFAdv08.10�.A0kNV=95_.`FA.m*$=G*-3OB�avd�*-,/3 <&�9K!�-.A3���*'�-=9(P0hy

N(�)�-IM=G*8. �9(*�EN =9F`FflP3OFABP0L:�.`*8,+�-3O08JQ3657*@*$�;*8,/3�*$�$=E(Q04o\3��$043�5��,�)�$BD.`(Q=G*83\W �k3_(Q5�39c<:<3
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f(r) ≡ f(ρ, z)
:�,/3%�83

ρ = x x̂+y ŷ
.10&*-,/3

J!�'� �h3O5�*8. �9(0�EN
r

�9(�*8,P3
x, y

J/FA=9(/39W � 32.`(^*'�$�DBDKP5_3�*8,/3 <&�9K!�-.A3��f*$�$=E(P04N(�)�-I JP=9.1�

F {f(r)} ≡ f̃(kρ, z)

=

+∞∫∫

−∞

f(r) ejkρ·ρ dx dy

S32�W��6[

F−1
{
f̃(kρ, z)

}
≡ f(r)

=
1

(2π)
2

+∞∫∫

−∞

f̃(kρ, z) e−jkρ·ρ dkx dky.

S32�WY]9[

�4�G: F`3_*�KQ0�*$�$=E(P04N(�)�-InBD3_lP(/.`*8. �9( S52LW ]\[7W �+= �v.`(P?�*-,/3�04KPaP0h*-.m*-KD*8. �9(Q0

x = ρ cosϕ kx = kρ cos ξ

y = ρ sinϕ ky = kρ sin ξ

:f3�,P= o93



� ��� � �!� � ����� � � � � 	 � � � � 	 � � 	�� ����� ��� � � ��	 ������� � � � � 	

1

(2π)
2

+∞∫∫

−∞

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)
1

2π

∫ 2π

0

dξ e−jρkρ cos(ξ−ϕ).
S32�W �\[

� 3_*kKP0�043_*
ω = ξ − ϕ

W��;3�*-,/3_(�,P= o\3

f(r) =
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)
1

2π

∫ 2π−ϕ

−ϕ

dω e−jρkρ cos(ω)

︸ ︷︷ ︸���	�
�
� ��� ��
�� � � ��
 � � ���
� � ����� J0(kρρ)

.
S32�W �^[

�k3	�v*�:f3e5_=9FA5_K/F1=G*83 BD.��b3%�83O(\*f*$�$=E(Q0hN(� �8IM0&*-,P=G*�=-�-3p(P3_3OB/3OBR.A(R*-,/3 I>=9.`(�a �DBDd �9N
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F−1

{
kx

kρ

f̃(kρ, z)

}
=

1

(2π)2

+∞∫∫

−∞

kx

kρ

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)
1

2π

∫ 2π

0

cos ξ e−jρkρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

ejξ + e−jξ

2
e−jρkρ cos(ξ−ϕ) dξ

︸ ︷︷ ︸
X

.

S32�W# 9[
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��=G*
X
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ω = ξ − ϕ



X =
1

2π

∫ 2π−ϕ

−ϕ

ej(ω+ϕ) + e−j(ω+ϕ)

2
e−jkρρ cos ω dω

=
1

2

[
1

2π

∫ 2π−ϕ

−ϕ

ejϕ ejω e−jkρρ cos ω dω

+
1

2π

∫ 2π−ϕ

−ϕ

e−jϕ e−jω e−jkρρ cos ω dω

]

=
1

2

[
1

2π
ejϕ ej π

2

∫ 2π−ϕ

−ϕ

ej(ω−π
2 ) e−jkρρ cos ω dω

+
1

2π
e−jϕ e−j π

2

∫ 2π−ϕ

−ϕ

e−j(ω−π
2 ) e−jkρρ cos ω dω

]

=
1

2

[
ejϕ ej π

2 J−1(kρρ) + e−jϕ e−j π
2 J1(kρρ)

]

=
1

2

[
−ejϕ ej π

2 + e−jϕ e−j π
2

]

= −j cosϕJ1(kρρ) .

q�,vKP0�:f3�,P= o93

F−1

{
kx

kρ

f̃(kρ, z)

}
= −j cosϕ

1

2π

∫ ∞

0

f̃(kρ, z)J1(kρρ) kρ dkρ.
S32�W $\[

<!�9FAF �G:�.`(/?@*-,/3�08=9I>3 I>3_*8,!�DB�:<3 lP(QB

F−1

{
ky

kρ

f̃(kρ, z)

}
= −j sin ϕ

1

2π

∫ ∞

0

f̃(kρ, z)J1(kρρ) kρ dkρ.
S32�W XE[

�;3�5O=E(C=EF10 �>5_=9FA5_K/F1=G*83

F−1

{(
kx

kρ

)2

f̃(kρ, z)

}
=

1

(2π)2

+∞∫∫

−∞

(
kx

kρ

)2

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

cos2ξ e−jkρρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

(1 + cos 2ξ)

2
e−jkρρ cos(ξ−ϕ) dξ.

S32�W �\[
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avd�= 1
2

NV=95�*$�)�6W � 3_*kKP0�IM= �93 *-,/3�5$,P=E(P?93

1

4π

∫ 2π

0

cos 2ξ e−jkρρ cos(ξ−ϕ) dξ =
1

4π

∫ 2π−ϕ

−ϕ

cos 2 (ω + ϕ) e−jkρρ cos ω dω

*8,/3O(

1

4π

∫ 2π−ϕ

−ϕ

ej2(ω+ϕ) + e−j2(ω+ϕ)

2
e−jkρρ cos ω dω

=
1

4

[
1

2π

∫ 2π−ϕ

−ϕ

ej2ϕ ej2ω e−jkρρ cos ω dω

+
1

2π

∫ 2π−ϕ

−ϕ

e−j2ϕ e−j2ω e−jkρρ cos ω dω

]

=
1

4

[
1

2π
ej2ϕ ej2 π

2

∫ 2π−ϕ

−ϕ

ej2(ω−π
2 ) e−jkρρ cos ω dω

+
1

2π
e−j2ϕ e−j2 π

2

∫ 2π−ϕ

−ϕ

e−j2(ω−π
2 ) e−jkρρ cos ω dω

]

=
1

4

[
ej2ϕ ej2 π

2 J−2(kρρ) + e−j2ϕ e−j2 π
2 J2(kρρ)

]

= −1

2
cos 2ϕJ2(kρρ)

aQ365_=9KP043
J−n(x) = (−1)

n
Jn(x)

� X � 
tW�� 3 lP(P=EFAFAd�?93_*

F−1

{(
kx

kρ

)2

f̃(kρ, z)

}
=

1

4π

∫ ∞

0

f̃(kρ, z) J0(kρρ) kρ dkρ

− cos 2ϕ
1

4π

∫ ∞

0

f̃(kρ, z) J2(kρρ) kρ dkρ.
S32�W � [

')(�*-,/3�0-=EI>3�:f= dM:f3�5_=9(0�\aD*-=9.`( Ssab3O5O=EKP083
sin2ξ = 1−cos 2ξ

2

[

F−1

{(
ky

kρ

)2

f̃(kρ, z)

}
=

1

4π

∫ ∞

0

f̃(kρ, z)J0(kρρ) kρ dkρ

+ cos 2ϕ
1

4π

∫ ∞

0

f̃(kρ, z)J2(kρρ) kρ dkρ.
S52LW�� �\[
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q�,/32FA=\0h*�*-,/.`(P?M:<3�(/3O3OB�*$�>3	�/=9I@.A(/3�.10

F−1

{
kxky

k2
ρ

f̃(kρ, z)

}
=

1

(2π)
2

+∞∫∫

−∞

kxky

k2
ρ

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

cos ξ sin ξ e−jkρρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

sin 2ξ

2
e−jkρρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

ej2ξ − e−j2ξ

4j
e−jkρρ cos(ξ−ϕ) dξ

︸ ︷︷ ︸
X

.

S52LW�� �6[
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ω = ξ − ϕ




X =
1

2π

∫ 2π−ϕ

−ϕ

ej2(ω+ϕ) − e−j2(ω+ϕ)

4j
e−jkρρ cos ω dω

=
1

4j

[
1

2π

∫ 2π−ϕ

−ϕ

ej2ϕ ej2ω e−jkρρ cos ω dω

− 1

2π

∫ 2π−ϕ

−ϕ

e−jϕ e−jω e−jkρρ cos ω dω

]

=
1

4j

[
1

2π
ej2ϕ ej2 π

2

∫ 2π−ϕ

−ϕ

ej2(ω−π
2 ) e−jkρρ cos ω dω

− 1

2π
e−j2ϕ e−j2 π

2

∫ 2π−ϕ

−ϕ

e−j2(ω−π
2 ) e−jkρρ cos ω dω

]

=
1

4j

[
ej2ϕ ej2 π

2 J−2(kρρ)− e−j2ϕ e−j2 π
2 J2(kρρ)

]

=
1

4j

[
ej2ϕ ej2 π

2 − e−j2ϕ e−j2 π
2

]
J2(kρρ)

= −1

2
sin 2ϕJ2(kρρ)

S52LW��6]9[

0 �
F−1

{
kxky

k2
ρ

f̃(kρ, z)

}
= − sin 2ϕ

1

4π

∫ ∞

0

f̃(kρ, z)J2(kρρ) kρ dkρ.
S52LW�� �\[
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