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∇×E1 = −jωµ1H1 −M1
q�}EXSP>v

∇×H1 = jωε1E1 + J1
q�}EXkV<v

∇×E2 = −jωµ1H2 −M2
q�}EX }Nv

∇×H2 = jωε1E2 + J2.
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H2 · ∇ ×E1 = −jωµ1H2 ·H1 −H2 ·M1
q�}EXkj<v

E2 · ∇ ×H1 = jωε1E2 ·E1 + E2 · J1
q�}EX $Nv

H1 · ∇ ×E2 = −jωµ1H1 ·H2 −H1 ·M2
q�}EX &Hv

E1 · ∇ ×H2 = jωε1E1 ·E2 + E1 · J2.
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H2 · ∇ ×E1 −E1 · ∇ ×H2 + E2 · ∇ ×H1 −H1 · ∇ ×E2 =

− jωµ1H2 ·H1 −H2 ·M1 − jωε1E1 · E2 −E1 · J2

+ jωε1E2 ·E1 + E2 · J1 + jωµ1H1 ·H2 + H1 ·M2
q�}EX �Nv
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∇ · (E1 ×H2 −E2 ×H1) = E2 · J1 −H2 ·M1 −E1 · J2 + H1 ·M2.
q�}EXSP��Nv
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S

(E1 · (−n̂×H2)−H1 · (−E2 × n̂))
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J1 = ûδ(r− r′)
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û · E2|r =
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[E1 · (−n̂×H2)−H1 · (−E2 × n̂)]
B
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(E1 · J2 −H1 ·M2)
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q�}EXSP�$Nv

^������0�
E1

=#"DB
H1

=��0� 5!�����.�d7:B.� L����QBEA.$/�>B	=H5�7 �&$/=H5!(��#"
r′
(4"�=#"<(+"U�2"�(�50�����<I �NF#�3M

"����NA.���8LD=#$%�xO69=� �NA��0$%�-� (
J1,M1

) 7��&$/=H5!�dBf=W5
r
X 6����-�!���.�/7zB��@$d=7"fO2� �<OU5\=7(4"��dB=(+"

5!� �8IA� �H@b5!���3���NI �<F#�-"����NA.�6�CLD='$/�:$ �0�%�%"�� ��@aA�".$35!(��#"�OQ9�5!�.��@�N7K7��W^�(4"EFE���<A��0$%�3My�.�/7zB
�!�d7:=H5!(��#".�!��(:L.� N j�PWR

E1(r
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∇′∇′ ·+k2
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jωε1

(
û
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4π |r− r′|
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H1(r
′) = ∇′ ×
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û
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4π |r− r′|
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k1 = ω
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= −∇×

(
û
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ẑ

εN−3, µN−3

ε1, µ1

ε2, µ2

(E2,H2) = (0, 0)

(E1,H1)

J1

M1

JS1
= n̂×H1

MS1
= E1 × n̂

���	�


���������������������! #"$�!��%�'&	��(*)	��+�,-(.�-/0�'&213+3(415�'&6#�87����-(.�:9<;��!��9>=<9?�3;�;@�-���<�BAC�';�D�EGF0)H��I
���3/J�<;K�<�?=

εt

��&	7
µt

�-/J,?�:7�7%�?7L�'&M�8=!;N����;N� OP�?7Q/J�:7��'��/B�R�@,� SE$T<���'1���(U�-&V;W��X�;@�-�!��+��
)	��+�,-(.�-/J�

Y[Z.\2]V^H]�_ ��`��$aHb<c Zed!f?g `BhHi%jBi \ b<k2b<i%l g `%k2aScVbmkHb f:n `%�Ho.b f ` n:\ b fpZ o.oUl2j Z k2` f bmaS�rqs`
g i�l n?d b (

J1,M1

) ]�t b \�Z i�k
1
Z.g ` guf�n ` f:Z�v bma>jBb5a Z l2jw`�k2a n b \%Z i%k

2
Z.g$d h2` n ` d!f b n�Z.x b5a

�rq d i%k guf `%k f
εt = ε0εrt, µt = µ0µrt

] (
E1,H1

) `�k2a (
E2,H2

) ` n b f hHb v b<oea g
c n iraHl d b5a Z k n b \�Z i�k g

1
`%k2a

2
n b g cVb d!f:ZUy b<o.q ]{z b}| Z.g h f i~a�b v kHb f hHb}b5��l ZUy `�o.b<k f

d l n:n b<k f:g i�k f hHb g:d ` fuf b n b nWg l nu� ` d b f hV` f q Z bmo.a#b5�6l ZUy `%oUbmk f c n i��HoUbmj g�� i n �	i f h f hHb
i%l f?guZ a�b�`�kVa Z k g�Z aHb�i �[f hHb g:d ` f�f b n b nm]

� gpg hHi3|pk�` fpY�ZU\V]�^H]�_ ���	�!� f hHb�b<� f b n:Z i n bm�6l Z.y `%oUbmk f c n i%�2oUbmj Zeg$d i�k g�f:n l d!f b5a>�rq
cHoe` d-Z k \ bm�6l Z.y `�o.b<k f�g i�l n?d b g (

JS1 ,MS1

) ` d<d i n a Z k \ oUq f iQ� ^H] ^%� ��i%k
S �

JS1 = n̂×H1

� ^2] �r� `6�

MS1 = E1 × n̂.
� ^2] �r� �V�

� d<d i n a Z k \�f i f hHb�b5��l ZUy `�o.b<k d b�c n:Z k d-Z cHoUb�� f h2b g b g i�l n:d b g � d i%j�� Z kHbmaS| ZUf h f hHb�i n�Z.\��
Z kV`�o g i%l n:d b g (

J1,M1

) ��c n i�a�l d b f hHb d i n:n b d!f�v bmo.a g i%l f:g�Z a�b�i �
S
`�kVa#k6l2oUo v b<oea g

Z k guZ a�b
S
]�� h2b Z k f b n:Z i n i �

S
jJ`�q f hHb n b � i n b��Vb n b<cHoe` d bmaB�rq f hHb g�f:n ` f�ZUv bma>j�b5a Z lHj

| Z�f hHi%l f�d h2`�k \%Z k \�f hHb v b<oea g i%l f:g�Z a�b�i �
S
��`%k2a f hrl g�f hHb�b<� f b n:Z i n bm�6l Z.y `�o.b<k f c n i%� �

oUbmj Z.gJd i%k guf�ZUf l f bma{�rq f hHb g i%l n?d b g (
J1,M1

) `�kVa (
JS1 ,MS1

) n `�a Z ` f�Z k \LZ k f hHb
g�f:n ` f�ZUv bma#jBb5a Z l2j Z k f h2bs`�� g bmk d bJi �pf hHb f ` n:\ b fm]Q� `�� Z k \ l g b>i � � ^H] ^r_ ��`�k2a#i �



��� ���B�B� 
 ����� ��
V����������� � ������ ����
�� 
 �:� � ����������
��	�������>�#"����� � �

q�}DX TQV<vF(+"eq�}EX }HT6vt9;(+�d7:B.�$5!����@�N7K7��W^�(4"EF5(4"65!�dF��\=H7 �!�dL��0�-�!�%"65Z=H5!(��#".���H@ (
E1,H1

) �

E1 = E
� ��� − jω

〈
KKKAJ ;JS

〉
S

+
1

jωε0
∇
〈
KΦ,∇′ · JS

〉
S

+
〈
GGGEM ;MS

〉
Sq�}DX T6}<=6v

H1 = H
� ��
− jω

〈
KKKFM ;MS

〉
S

+
1

jωµ0
∇
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n̂2,1

S2,1

εs, µs

R1
(
E1,H1

)

n̂3,1

�>E���� � F #	G�� ��% > �>H �MH ��E�FWI 
MH�2 3 ��E;2�F�� � E;3 ��E;2 I ��, F �?F9��E�H�2
R1

G
εs, µs

��� F ����� ����I
� F/.0� F IJF	243�E;2 � 3��F � � . ��� ��,/F 3 F �MI5H � 3��F I�� ��� H�� 2 ��E;2&� , � (�3�E;( ����F	�?F	� , F���E;� , G
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��

5����UBUA.$/�>B?(4".�!(:B&�
R1

q�=fIpAE7K5!(:7z={9#���0�dB_IE�>B&(:AEIRvnXG��FN=#(+"`B&�3�2"�(+"DFm50���R=HLEL����NL��!(z=W50�
�d�6A�(:�W=H74�%"65B$3A����0�%"650�u=7"DB B&� �!(:�;(+"DFG5!���5(+"65!�dF��\=H7 �0�/L��!�,���-"N5\=W50( �'".��@���

E
(4"L�d=#$8� �0�3M

F#(��#"f9;(+�d7:Bm5!���xs�T-&l��s����

n̂2,1 ×E
� ��

= −MS2,1 − n̂2,1 ×
{
− jω

〈
KKKAJ ;JS2,1

〉
S2,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS2,1

〉
S2,1

+
〈
GGGEM ;MS2,1

〉
S2,1

}
S+

2,1

− n̂2,1 ×
{
− jω

〈
KKKAJ ;JS3,1

〉
S3,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS3,1

〉
S3,1

+
〈
GGGEM ;MS3,1

〉
S3,1

}
S+

2,1q�}DX j	&W=6v
n̂3,1 ×E

� ��
= −MS3,1 − n̂3,1 ×

{
− jω

〈
KKKAJ ;JS2,1

〉
S2,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS2,1

〉
S2,1

+
〈
GGGEM ;MS2,1

〉
S2,1

}
S+

3,1

− n̂3,1 ×
{
− jω

〈
KKKAJ ;JS3,1

〉
S3,1

+
1

jωε0
∇
〈
KΦ,∇′ · JS3,1

〉
S3,1

+
〈
GGGEM ;MS3,1

〉
S3,1

}
S+

3,1q�}DX j	&{O?v
0 = MS2,1

q�}DX j	& $>v

− n̂2,1 ×
{∇∇ ·+k2

2

jωε2

〈
G2,JS2,1

〉
S2,1
−∇×

〈
G2,MS2,1

〉
S2,1

}

S−

2,1q�}DX j	&WBDv
0 = MS3,1

q�}DX j	& �{v

− n̂3,1 ×
{∇∇ ·+k2

3

jωε3

〈
G3,JS3,1

〉
S3,1
−∇×

〈
G3,MS3,1

〉
S3,1

}

S−

3,1

.

q�}DX j	&>@Zv

�Y@ �#"�� �H@P50���I(4"����NI �NF#�-"��%(K5i9=()� =�&ls � ;R(K50� =#�0� �&$%(:=H5!�dBfI�=HF'"��350(4$I�d�6A�(:�W=H74�%"65B$3A��CM
�!�-"650��=��!���d�6AD=H7<5���]-�����D;{=7"DBx5!���F"��%�>B�@���|=7"��d�6A�(:�W=H74�%"65�(4"65!� �!(���� L����NOE7+�dI*�W=#"�(4�!���,�/X
6���� T T-&t��s���=��0� �<OU5\=7(4"��dB	OQ9mBUAD=<7+(K5i9<X



��� ���6��
 �	������������������
 ��� �������6� � ��
 ���5� ��
 � ����������
���� ������ ���

- ��� � ��
�����54/���6�3���31�
 �b1 	(1�� � � *��
 �
	&1 �/
6*f1 	(1 �
.���
=�������/���

7�� �����
N

�Q;3D@9 �BC � � � � D@D � D � 9 � �@9 = � � � � � � ��9 � � � ��� �BD � ��'
D 9 � �

6����pF'�%"�� �Z=<7+(:]d=H5!(��#" �H@P50���I�>�NA?=W5!(��#"2�uB&� �!(:�#�>Bf=H5H�!�-$35!(��#"_}EX TDXkVJ5��	I ���0�x5!�D=#"�5i^��
O��UB&(4�-�T(4� �Z=H5!��� �B�C5��\=7(:F#�65C@���8^$=��\B[X>%�(��0�C5u74�35 A.�T$��#".�!(:B���� 50�D=W5 �!�dF#(��#"

1
;9�CAELDL��D���>B

5�� O9�m= IJAE7�50(K7z={9#� �!�>B�I��>B&(KADIf; $��#"65Z=#(+".�
N1
�8A��C@�='$/�,�/;|=H7:7F$37��'�!�dB`=7"?BeB&(+�d7+�,$n5��!()$HX

T ���0���W�'���>; $3A����0�%"650� (
J1,M1

) �Z=NB&(z=W5!�G�2�/7zB�� (
E

� ���
,H

� ��� ) (+" 50���m=<O.���-".$/� �<@$5!���
(+".���<I �<F'�%"��-(�50(+�,�/X2� BEB&(4"EFJ5��J5!���,���

N1
B&(4�/74�-$35��0(4$�O��UB&(4�-�

N2
$/7 �D���>B &ls � �CA��C@�='$/�-�

=7"DB
N3

�NL2�-"C&ls � �8A��8@�=#$/�,�/;Q^6� �<OU5\=7(4"
N = N1 + N2 + N3

s>T-&t��s��/;2�3oUL��0�-�0���>B
�#"�d='$8�fB&(4�/74�-$35��0(4$3�8A��8@�=#$/�

Si,1
=#���

n̂i,1 ×E
� ��

= −MSi,1 − n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

+
〈
GGGEM ;MSk,1

〉
Sk,1

}
S+

i,1

−n̂i,1×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{
−jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

}
S+

i,1

,

i = 2 . . . (N1 + 1) .
q�}DX j�(Nv

=7"DB �#"<�>=#$8� &ts � �CA��8@�=#$%�x=#���

n̂i,1 ×E
� ��

= −n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

+
〈
GGGEM ;MSk,1

〉
Sk,1

}
S+

i,1

−n̂i,1×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{
−jω

〈
KKKAJ ;JSk,1

〉
Sk,1

+
1

jωε0
∇
〈
KΦ,∇′ · JSk,1

〉
Sk,1

}
S+

i,1

,

i =
(
(N1 + 1) + 1

)
. . .
(
(N1 + 1) + (N2 + N3)

)
.
q�}EXkj �Nv

T ���0�?$/=��!��IpA2�i5RO9� 5Z=<c#�-" ^��.�%" $��'".��(zB&� �!(4"EF T T-&l��sF� ��(+"DB��%�dB ; �#"�� IJA.�i5
�!�,$/=<7K7[50�D=W5 =/T T-&l��s $/=7"."��H5�O9���%"E@���8$/�dB �'" �<L9�%"-&ls � �8A��8@�=#$%�-�dX � (K5!��50��(4�T(+"
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I�(+"DB ;U5!��� T T-&l��s�� �#"	5!���SB&(4�/74�-$35��0(4$3�8A��8@�=#$/�,� =��0�B�/oUL��!�,�!�!�dB	=#���

n̂i,1 ×H
� ���

= JSi,1 − n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKFM ;MSk,1

〉
Sk,1

+
1

jωµ0
∇
〈
KΨ,∇′ ·MSk,1

〉
Sk,1

+
〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

− n̂i,1 ×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

,

i = 2 . . . (N1 + 1) .
q�}DX $ �Nv

=7"DB �#"<�>=#$8� 
 ( H�I F��%&ls � �8A��8@�=#$/�x='� �

n̂i,1 ×H
� ���

= JSi,1 − n̂i,1 ×
N1+1∑

k=2

{
− jω

〈
KKKFM ;MSk,1

〉
Sk,1

+
1

jωµ0
∇
〈
KΨ,∇′ ·MSk,1

〉
Sk,1

+
〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

− n̂i,1 ×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{〈
GGGHJ ;JSk,1

〉
Sk,1

}
S+

i,1

,

i =
(
(N1 + 1) + 1

)
. . .
(
(N1 + 1) + N2

)
.
q�}EX $�P>v

7�� ��� �
N

�Q;3D@9 �BC ��� � �BD@D	�BD � 9 � � 9<= � D@9 � � � 
 ����9 
 �Q;3D �

6���()�bF'�%"�� �Z=<7+(:]d=H5!(��#"�()� �#"��6�i50�/LS@aA��C50�����|5!�?=7"S50����L��!�d�;( �NA.���!�-$35!(��#" X�%�����50����$37z=��0(�5i9
�H@�5!����B&� �!(:�W=W5!(��#"�;[^F�G^�(:7K7 �'".$/�G=HF6=7(4"rB&� �!(:�#�J5!����(4"65!�/F��Z=<7 �0�/L��!�,���-"N5\=W50( �'" �H@�5!���
�/74�-$35��0(4$��.�/7zB��d;6^��.(4$8�R^�(:7:7?O9��A2���>BA(+"m5!���B�d�6A�(:�W=H74�%"656$/A����0�%"658�tB&�/�."�(K5!(��#".�6(4"!���\B&���
5��GF#�/5 5!���xs�T-&l��s��dX

6����mL����<OD7+�dI ()�I�!���W^�"g=W55%�(:FDXb}DX P{VU;|^������0��50�����0�R=��0�
N1

B&(+�d7+�,$n5��!()$�O��QB�(+�,�/;
N2
$/7 �D���>B &ls � �CA��8@�=#$%�-�x=#"DB

N3
�<L9�%" &ls � �8A��8@�=#$%�-��7��;$d=W50�dB`^�(�50��(4"

R1
; (K50�!�/7K@

= B&(+�d7+�,$n5��!()$mO��UBU9<X 6����f5��H5Z=<7�"QAEIpO9��� �H@ O��UB&(4�-�:�/IpO9�dBDB&�dB (+"2��(zB&�
R1
()�

N =

N1 + N2 + N3
X � �#" ]%�������.�d7:B�� (

Ei,Hi

) �3o&()�i55(+" �0�/F'( �'"
i
(K@@(�5E(4�w=_B&(4�/74�-$35��0(4$

�!�dF#(��#" X16����F�>�6A�(K�W=<7+�-"N52L����<OE74�/I�@���
R0
�?=#�|=H7��!�>=<BU9�O9�%�%"wB �#".��(4"5�!�/�#� �Z=<7'�!�-$35!(��#".�

O2�/@���0�u=7"?BA(4�F�i5��Z=#(KF'�65C@���Z^$=��\BS5��pB&���0(:�#��OQ9wA.��(4"EF ���!(:F#(4"D=<7.$3A����0�%"650� (
J0,M0

) =7"?B
�d�6A�(:�W=H74�%"65@$3A����!�-"650� B&�/�."��dB �#"

S1,0
OQ9 (

JS1,0 ,MS1,0

)
= n̂1,0 ×

(
H0,−E0

) X
�C�35wA.�5"��W^*$��#"2�i5��8A.$35S5!�.� �d�6A�(:�W=H74�%"65pL����<OD7+�dI @���

R1
X ���mc;"��W^ @���<I�5!���

O��NA�"DBE=��89A$��#"DB&(K5!(��#" q�}DX T�&HvP5!�D=H5 �'"
S1,0

^F�H�D={�#�u5��wLEAU5 (− JS1,0 ,−MS1,0

) X ���



��� ���6��
 �	������������������
 ��� �������6� � ��
 ���5� ��
 � ����������
���� ������ ���

Ri

εi, µi

RN1+1

εN1+1, µN1+1R2

ε2, µ2

R1

ε1, µ1

R0

S2,1

Si,1

n̂2,1

n̂i,1

n̂N1+1,1

n̂n,1

n̂m,1 ���������
	��

�� ���������
	��

Sm,1

n̂1,0

S1,0n̂N1+1+N2,1

Sn,1

n̂N+1,1

SN+1,1

M0

J0

SN1+1,1

SN1+1+N2,1

�>E���� � F #�G���!&%
N

�MH ��E�F I 
MH�2 3 ��E;2VF�� � E;3��E;2 ��E�F ( F�
	39�WE 
 �?H � �
R1

G

=H7)� �GB&�/�."����d�6A�(:�W=H74�%"65@$3A����0�%"650� (
JSi,1 ,MSi,1

) �#" =H7:7
Si,1

�CA.$8�	5!�?=W5��
MSi,1 = E1 × n̂i,1

q�}DX $6VH=6v
JSi,1 = n̂i,1 ×H1, i = 2 . . . (N1 + 1)

q�}DX $6VWO?v
=7"DB

MSi,1 = 0
q�}DX $N}<=Nv

JSi,1 = n̂i,1 ×H1, i =
(
(N1 + 1) + 1

)
. . . (N + 1) .

q�}DX $N}HO?v
5!����$��<IpO.(+"D=H5!(��#"!�<@ 5!�.���2�/7zB����Z=NB&(:=H5!�>BROQ9 (− JS1,0 ,−MS1,0

) =7"DB	=H7:7 5!��� (
JSi,1 ,

MSi,1

) ^�(:7K72L����UBUA.$%��"QAE7K7b�.�d7:B�� �<AE50�!(:B&�
R1

=7"?B�5!��� ���0(KF'(+"?=H7 �2�/7zB�� (
E1,H1

) (4"UM
��(zB&�NX ���	I�={9`5!�.���0�3@���0�!�0�/LE7z=#$%�	=<7K7�I�=W5C50��� �<AU58��(zB&�

R1
OQ9

ε1, µ1
=7"DBeA2���m5!���

���<I �NF#�%".���<A2�F�8LD=#$%��� �NA��0$%�3My�.�/7zB!�0�/7z=W50( �'".�!��(KL2� q�}EXkV�(6vP5�� �<OU5\=7(4"m50���3(+"65!�dF��\=H7 �0�/LUM
�!�,���-"65Z=W50( �'"R@���

E1
�

E1 =
∇∇ ·+k2

1

jωε1

〈
G1,−JS1,0

〉
S1,0
−∇×

〈
G1,−MS1,0

〉
S1,0

+

N1+1∑

k=2

[∇∇ ·+k2
1

jωε1

〈
G1,JSk,1

〉
Sk,1
−∇×

〈
G1,MSk,1

〉
Sk,1

]

+

(N1+1)+(N2+N3)∑

k=(N1+1)+1

∇∇ ·+k2
1

jωε1

〈
G1,JSk,1

〉
Sk,1

q�}EX $HT6v
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6���()�F�>�6AD=W50( �'" ()�t50�����8=<I�� ='� q�}EX T6jNvn;Q^������0�3$��#"65��!(:OEAU50( �'".� �<@ 5!�.�H�>�6A�(K�W=<7+�-"N5�$3A��CM
�!�-"650� (−JS1,0 ,−MS1,0

) =#"DB�=H7:7 (
JSi,1 ,MSi,1

) �D={�#�1�!(:IwLD7K9 O2�-�%"S=NBEB&�dB XH&l7:AEF<F'(+"EF
OD=#$\c�50���-�!�G5i^���>�6AD=W50( �'".�H(+"65��f50���A�d�6A�(:�W=H74�%"65�$3A����!�-"650�xB&�/�."�(K5!(��#".� �'"

S1,0
=7"?B

Si,1
9D(4�/7zB�� �0�-�8L2�,$n50(K�'�/7:9

1
=7"DB

N
s>T-&l��s����

0 = MS1,0 − n̂1,0 ×
{∇∇ ·+k2

1

jωε1

〈
G1,JS1,0

〉
S1,0
−∇×

〈
G1,MS1,0

〉
S1,0

}

S−

1,0

+ n̂1,0 ×
N1+1∑

k=2

{∇∇ ·+k2
1

jωε1

〈
G1,JSk,1

〉
Sk,1
−∇×

〈
G1,MSk,1

〉
Sk,1

}

S−

1,0

+ n̂1,0 ×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{∇∇ ·+k2
1

jωε1

〈
G1,JSk,1

〉
Sk,1

}

S−

1,0

q�}DX $6jH=6v

0 = MSi,1 − n̂i,1 ×
{∇∇ ·+k2

1

jωε1

〈
G1,JS1,0

〉
S1,0
−∇×

〈
G1,MS1,0

〉
S1,0

}

S+
i,1

+ n̂i,1 ×
N1+1∑

k=2

{∇∇ ·+k2
1

jωε1

〈
G1,JSk,1

〉
Sk,1
−∇×

〈
G1,MSk,1

〉
Sk,1

}

S+
i,1

+ n̂i,1 ×
(N1+1)+(N2+N3)∑

k=(N1+1)+1

{∇∇ ·+k2
1

jωε1

〈
G1,JSk,1

〉
Sk,1

}

S+
i,1

,

i = 2 . . . (N1 + 1) q�}DX $6jWO?v
6����ws>T-&l��s��3�-"U@���8$/�>B �#"�5!��� &ls � O��UB&(4�-�d;�5!�?=W53(4�d;�@���

i =
(
(N1 + 1) + 1

)
. . .(

(N1 + 1) + (N2 + N3)
) ; =��0���3oE=#$3587:9R5!�.�5�Z=HI��S=#�$@���

i = 2 . . .
(
(N1 + 1) + 1

) ;
OEAU5�^�(K5!�

MSi,1 = 0
XP�T��A.�CA?=H7y;Q5!��� T T &l��s��T$d=7"fO2� �NOU5Z=#(+".�dB	O69	BUAD=H74(K5i9<X

6���� �!�>=#���#"�(4"EF �#"`5!����"QAEIJO2� � �H@6�d�6AD=W50( �'".��=7"DB`A�"DcD"��W^�".� A.���>B =W5����,$n50( �'"
}EX TDXSPF$d=7"I�>=#�!(K7:9�O2�$=HLDLE7+(4�dBp5���5!�.(4�|F#�-"����\=H7;�89;�C5!�dI�X16�����5��<5Z=H7;"QAEIJO2� � �<@Ds>T-&t��s��
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(ET ×HR −ER ×HT ) · n̂ � S = [(aT + bT ) (aR − bR)
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et × ht · n̂
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= −2K (aRbT − aT bR)
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(
A −BDC

)−1
= A−1 + A−1B

(
D−1 − CA−1B

)−1
CA−1.
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(
I −BC

)−1
= I + B

(
I − CB

)−1
C.
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(
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)−1
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)−1
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)−1
C
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F TZ] Xs\����
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J � U'W XZY ���� ,M � U'W XZY ���� ) '
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F TZ] Xs\���� = F T_^ � \���� +F T_^ � \� U�W XZY ���� ' Y  ��OL?�cL�	'GML,L��%NdIaNfL�	!�������QP�G��=��-��&)OG 	�R,G�I��ON/�O4B�
���,N.T	'N'�OL��
�*G�S��,N/)&���bG�L�	zP����!�'GML�	�I (
JAS ,MAS

) �cL�� (
J � U'W XZY ��� [ ,M � U'W XZY ��� [ ) �:�QI�	Z-gG �����*G6��'G�I��GMP�	'N/)OG��%�(�JLG	�R,G@�cL�	'GML,L����cL��
NbLG	�R,G�I �JN%� '.i%R,GmP"�qG*)0P�NfGML�	eI��� (
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	'R,G�P$���!�'GML�	!-��JIBNdI+�+��G

I TZ] Xs\AS
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H TZ] Xs\

f
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I Tf] X \AS = H Tf] X \
f F Tf] X \���� .
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J � U�W X_Y ���� ,M � U�W XZY ���� ) +(

J � U�W XZY �	� [ ,M � U�W XZY �	� [ ) 4�0�R,NdPeR9*�������QP�G=	'R,G3<QG��/�QI

F T_^ � \���� Y ^ � = F T_^ � \���� + F T_^ � \� U�W X_Y ���� + F TZ^ � \� U'W XZY ��� [
= F TZ] Xs\���� + F T_^ � \� U�W XZY �	� [ .
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f F T_^ � \���� Y ^ � .
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H T_^ � \
f
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F Tf] X \���� + F T_^ � \� U'W XZY ��� [
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= H TZ] Xs\

f F TZ] Xs\���� .
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f = H TZ] Xs\

f
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I TZ] XZYM[$\AT =

((
I −HfG T � U�W Xs\

)−1

HfG T [$\
)−1

I TZ] Xs\AT

=

((
I −HfG T � U�W Xs\

)−1 (
I −HfG T � U'W XZY�[ \

))−1

I TZ] Xs\AT

=
(
I −HfG T � U�W X_Y�[$\

)−1

IAT
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I TZ^ � Y T � U'W XZYM[$\V\AT = I TZ] XZYM[$\AT
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Γ( � U'W X ) + Γ( [ ) = IT
AT RF G T � U�W Xs\ I TZ] Xs\AT +

(
I TZ] Xs\AT

)T

RF G T [$\ I TZ] XZY�[$\AT

=
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I TZ] Xs\AT
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RF G T � U'W Xs\ IAT + RF G T [$\ I TZ] XZYM[$\AT

]
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Γ( � U�W X ) + Γ( [ ) =
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I TZ] Xs\AT
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RF G T � U�W Xs\

(
I −HfG T � U'W XZYM[$\

)
+ RF G T [$\
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I TZ] XZYM[$\AT
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+ e−jknz′ − V 1

+←−
Γn

ejknz′

e−2jknzn = V 2
+ e−jknz′ − V 2

+

−→
Γn e−2jknzn+1 ejknz′

.

S �eW U9U\[
q�,/3 *h:-� FA=\0h*�3�=^KP=G*-.,�\(P0MN����8I�= FA.`(P3O=+��04dD04*83_I �EN2*h:-� 3�=^KP=E*8.'�9(P0�:�.m*-,�*h: �

K/( �v(��G:�(P0
V 1

+

=E(PB
V 2

+

W&')(C=LIM=E*��-.��RN����8I�cD:f3�,P= o93



e−jknz′

+ e−2jknzn

←−
Γn

ejknz′ −
(
e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

)

e−jknz′ − e−2jknzn

←−
Γn

ejknz′ −
(
e−jknz′ −−→Γn e−2jknzn+1 ejknz′

)







V 1
+

V 2
+






� � � � ��� ��� �
��� ��� � 	 ��� 	 � ��� � � �����
	�� � � � ��� � �	

=




0

−Zn


 .

S �eW U �^[

')(��$�$BD3#�@*�� lQ(PB
V 1

+

=9(PB
V 2

+

c�:f3C,P= o93�*!� .`(vo93&�4*>*-,/3 IM=G*!�8. � .A(�*8,/3 =9a��Go\3
3�=^KP=E*8.'�9( W&q�,/3�BD3_*83&�8I>.A(P=E(^*��EN *8,/3�0 =^KP=+�-3 I>=E*��-.���.`( S �eW U �v[<.A0

−
(

e−jknz′

+
e−2jknzn

←−
Γn

ejknz′

)(
e−jknz′ −−→Γn e−2jknzn+1 ejknz′

)

+

(
e−jknz′ − e−2jknzn

←−
Γn

ejknz′

)(
e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

)

= −e−2jknz′

+
−→
Γn e−2jknzn+1 − e−2jknzn

←−
Γn

+

−→
Γn←−
Γn

e−2jkn(zn+zn+1) e2jknz′

+ e−2jknz′

+
−→
Γn e−2jknzn+1 − e−2jknzn

←−
Γn

−
−→
Γn←−
Γn

e−2jkn(zn+zn+1) e2jknz′

= 2
−→
Γn e−2jknzn+1 − 2

e−2jknzn

←−
Γn

= 2
e−2jknzn

←−
Γn

(←−
Γn

−→
Γn e−2jkn(zn+1−zn) − 1

)

= 2
e−2jknzn

←−
Γn

(←−
Γn

−→
Γn e−2jkndn − 1

)

q�,/32.A(^o\3#�$043 �EN�*8,/32IM=E*��-.���.A( S �eW U �v[i.10�*-,/3_(�?9.Ao93O(�avd 
←−
Γn e2jknzn

2
(←−

Γn

−→
Γn e−2jkndn − 1

)




−
(
e−jknz′ −−→Γn e−2jknzn+1 ejknz′

)
e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

−
(

e−jknz′ − e−2jknzn

←−
Γn

ejknz′

)
e−jknz′

+ e−2jknzn

←−
Γn

ejknz′


 .

S �eW U� 9[
�CK/F`*8.AJ/F`dv.A(/?R*-,/.10k3�=^KP=E*8.'�9(�:�.`*8,C*-,/3�FA3�N * =9(PB �-.`?\,\*8yt,Q=E(PB�04.1BD3��9NkS �eW U �^[�?9.Ao93O0

KP0 

V 1
+ = −Zn

←−
Γn e2jknzn e−jknz′

+
←−
Γn

−→
Γn e−2jkndn ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW U $\[



��� � 
 � � �	 � � 	 	�� � ��� � ��� � � � � � ���
	�� � � � ��� � �	 � � �

V 2
+ = −Zn

←−
Γn e2jknzn e−jknz′

+ ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) .
S �eW U^XE[

' *k.A0f*-,/3_(�36=908dM*��@lP(PB

V 1
− =

V 1
+ e−2jknzn

←−
Γn

= −Zn

e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW U9Z\[

V 2
− = V 2

+

−→
Γn e−2jknzn+1 = −Zn

←−
Γn

−→
Γn e−2jkndn e−jknz′

+
−→
Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

S �eW U � [
� 0�.`*k.A0k:��8.`*4*-3_(�.`(�3�=^KP=E*8.'�9( S �eWY] $^[7cD:f32,P= o93e*h: �/�-3_?\.,�\(P0<*��M5"�\(P04.1BD3&�OW
zn < z < z′

V 1(z) = V 1
+ e−jknz + V 1

− ejknz

= −Zn

←−
Γn e2jknzn e−jknz′

e−jknz +
←−
Γn

−→
Γn e−2jkndn ejknz′

e−jknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

− Zn

e−jknz′

ejknz +
−→
Γn e−2jknzn+1 ejknz′

ejknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

=
Zn

2
(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+ ejkn(z−z′) +
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′)

−←−Γn

−→
Γn e−2jkndn ejkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW � �\[
x �>:<3�,P= o\3 N��$�

V 1(z)


V 1(z) =
Zn

2


ejkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW � �6[



� � � � ��� ��� �
��� ��� � 	 ��� 	 � ��� � � �����
	�� � � � ��� � �	

z′ < z < zn+1

V 2(z) = V 2
+ e−jknz + V 2

− ejknz

=
Zn

2
(
1−←−Γn

−→
Γn e−2jkndn

)
[←−
Γn e2jknzn e−jkn(z′+z) + e−jkn(z−z′)

+
←−
Γn

−→
Γn e−2jkndn ejkn(z−z′) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndne−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndne−jkn(z−z′)

]

=
Zn

2


e−jkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW �^]9[

<�.A(P=9F`FAd9c^avdLI>3#�-?9.A(/? *8,P3p3	�DJ��-3O0-08.,�\(P0 N��$�
V 1(z)

=9(PB
V 2(z)

c9:f3 �\aD*-=9.`( �C.15$,P=9Fmy
0 �v. � 0�3��DJ��8360808.'�9( 

Vi(z|z′) =
Zn

2


e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW �\U\[

:�,/3#�-3�*8,P32l*�$0h*k*-3#�-I �\(�*8,/3��-.A?9,^*4y ,P=E(QB�08.1BD3 �EN"*8,P3�3�=^KP=E*8.'�9(�.A0k*8,/3LBD.,�-3O5�*k*83&�8I�c
=E(PB�*8,P3 �E*8,P3#�$0��83604K/F`*�N����\I *8,P32JP=+�8*8.1=EF �-3��P3657*-.,�\(P0�=G*�*8,P32FA= d\3#��a��\K/(PB/=$�8.A3O0��Y]\X �tW

* &�� & �
Ii(z|z′) , m = n

<��!�9I 3�=^KP=E*8.'�9(P0�S �eWY] $\[�ckS �eW U $^[ y7S �eW U � [2:<3�5O=E(u3��DJ��836080�*8,/3�5�K��!�-3_(^*�.A( *8,/3�*h: �
�83O?9.'�9(P0
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 � � �	 � � 	 	�� � ��� � ��� � � � � � ���
	�� � � � ��� � �	 � ���

zn < z < z′

I1(z) = Yn

(
V 1

+ e−jknz − V 1
− ejknz

)

= −
←−
Γn e2jknzn e−jknz′

e−jknz +
←−
Γn

−→
Γn e−2jkndn ejknz′

e−jknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

+
e−jknz′

ejknz +
−→
Γn e−2jknzn+1 ejknz′

ejknz

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

=
1

2
(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

− ejkn(z−z′) +
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′)

−←−Γn

−→
Γn e−2jkndn ejkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW � �^[

x �>:<3�,P= o\3 N��$�
I1(z)



I1(z) =
1

2


−ejkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW �� 9[

z′ < z < zn+1

I2(z) = Yn

(
V 2

+ e−jknz − V 2
− ejknz

)

=
1

2
(
1−←−Γn

−→
Γn e−2jkndn

)
[←−
Γn e2jknzn e−jkn(z′+z) + e−jkn(z−z′)

−←−Γn

−→
Γn e−2jkndn ejkn(z−z′) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z−z′) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′)

]

=
1

2


e−jkn(z−z′) +

1(
1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]

S �eW ��$\[



� � � � ��� ��� �
��� ��� � 	 ��� 	 � ��� � � �����
	�� � � � ��� � �	

	<d�I>3#�-?9.A(/?�*-,/3�*h:-�@3��DJ��8360808.'�9(P0f:f3 �\aD*-=9.`(


Ii(z|z′) =
1

2


±e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]
z >

<
z′.S �eW �vXE[

* &�� & �
Vv(z|z′) , m = n

←−
Z n

Zn, kn Zn, kn

←−
Γ n

−→
Γ n

z = zn z = z′ z = zn+1

−→
Z n

V 1
−

V 1
+ V 2

+

V 2
−

1
�

� � � � � ���;��� 	�� � � � ��� � �
� � � ���� � �!� � � �
� � � � �
q�,/3;3�=^KP=G*-.,�\(P0;S��eW ] $\[�=E(PB�BD3�lQ(/.m*-.,�\(P0 S �eWY]\X9[(�-3_IM=E.A( *-,/3 0-=EI>3�� �9(/FAd *8,/3

a��\K/(PB/=$�8d�5"�9(QBD.m*-.,�\(P02S �eWY]EZ^[f=E(PB S �eWY] � [�5$,P=E(/?\3e.A(^*�� 

1 + V 1
+ e−jknz′

+ V 1
− ejknz′

= V 2
+ e−jknz′

+ V 2
− ejknz′ S �eW �\Z\[

Yn

(
V 1

+ e−jknz′ − V 1
− ejknz′

)
= Yn

(
V 2

+ e−jknz′ − V 2
− ejknz′

) S �eW � � [
:�,/.15$,�ab3O5#�9I>39c/:�.`*8,�*-,/32,/3_FAJ �EN�S �eW U �\[f=9(PB S �eW U �6[

1 + V 1
+ e−jknz′

+
V 1

+←−
Γn

ejknz′

e−2jknzn = V 2
+ e−jknz′

+ V 2
+

−→
Γn e−2jknzn+1 ejknz′

S �eW# �\[

V 1
+ e−jknz′ − V 1

+←−
Γn

ejknz′

e−2jknzn = V 2
+ e−jknz′ − V 2

+

−→
Γn e−2jknzn+1 ejknz′

.

S �eW# �6[
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')(�I>=E*��-.���N��$�-In.m*k?\.`o\3O0

e−jknz′




1 + e−2jknzn

←−
Γn

e2jknz′ −
(
1 +
−→
Γn e−2jknzn+1 e2jknz′

)

1− e−2jknzn

←−
Γn

e2jknz′ −
(
1−−→Γn e−2jknzn+1 e2jknz′

)







V 1
+

V 2
+


 =



−1

0




S �eW# 9]9[
q�,/3p5#�^3()R5�.A3_(^*-0&IM=E*��-.��@.A0"*-,/3p0-=EI>3k=90j.`(M3�=\KQ=G*8.'�9(CS��eW U �^[7cv=E(QBL,Q=90j=9F,�-3O=\BDd�ab3_3_(
.`(vo\3#�8*83OB�.A(�3�=\KQ=G*8.'�9( S �eW U� \[7W�� 3 �9aD*$=E.A(

V 1
+ =

←−
Γn e2jknzn e−jknz′ −←−Γn

−→
Γn e−2jkndn ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW# EU\[

V 2
+ =

←−
Γn e2jknzn e−jknz′ − ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) .
S �eW# �^[

' *k.A0f*-,/3_(�36=908dM*��@lP(PB

V 1
− =

V 1
+ e−2jknzn

←−
Γn

=
e−jknz′ −−→Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

) S �eW#  9[

V 2
− = V 2

+

−→
Γn e−2jknzn+1 =

←−
Γn

−→
Γn e−2jkndn e−jknz′ −−→Γn e−2jknzn+1 ejknz′

2
(←−

Γn

−→
Γn e−2jkndn − 1

)

S �eW# $\[

<��!�9I S��eW ] $\[ =E(PB S �eW# EU^[ �wS �eW# $\[p:f3>5O=E( 3	�DJ��-3O0-0e*8,/3>o$�\Fm*$=E?\3L.A(+*-,/3>*h:-�%�-3�y
?9.'�9(P0 
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zn < z < z′

V 1
v (z) = V 1

+ e−jknz + V 1
− ejknz

=

←−
Γn e2jknzn e−jkn(z′+z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−2Dn

+
e−jkn(z′−z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−2Dn

= − 1

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+ e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]

=
1

2

[
−e−jkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

S �eW# \XE[

z′ < z < zn+1

V 2
v (z) = V 2

+ e−jknz + V 2
− ejknz

= − 1

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) − ejkn(z′−z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn ejkn(z′−z)

]

=
1

2

[
ejkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]
.S �eW# EZ\[

	<d�I>3#�-?9.A(/?�*-,/3�*h:-�@3�=^KP=G*-.,�\(P0�:<3 �\aD*-=9.`(

Vv(z|z′) =
1

2

[
±e−jkn|z′−z| − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)
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−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

z >
<

z′
S �eW# � [

* &�� &��
Iv(z|z′) , m = n

<��!�9I 3�=^KP=G*-.,�\(P0RS��eW ] $\[7c�S �eW# EU^[ �wS �eW# $\[e:f3�5_=9( 3	�DJ��-3O0-0�*8,/3�5�K��!�83O(^*�.A( *8,P3M*h: �
�83O?9.'�9(P0

zn < z < z′

I1
v (z) = Yn

(
V 1

+ e−jknz − V 1
− ejknz

)

= Yn

[←−
Γn e2jknzn e−jkn(z′+z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−2Dn

−e−jkn(z′−z) −−→Γn e−2jknzn+1 ejkn(z′+z)

−2Dn

]

= − Yn

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

− e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]

=
Yn

2

[
e−jkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) −←−Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

S �eW $ �\[
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z′ < z < zn+1

I2
v (z) = Yn

(
V 2

+ e−jknz − V 2
− ejknz

)

= − Yn

2Dn

[←−
Γn e2jknzn e−jkn(z′+z) − ejkn(z′−z)

−←−Γn

−→
Γn e−2jkndn e−jkn(z′−z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) +

←−
Γn

−→
Γn e−2jkndn ejkn(z′−z)

]

=
Yn

2

[
ejkn(z′−z) − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) −←−Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]

S �eW $ �6[
	<d�I>3#�-?9.A(/?�*-,/3�*h:-�@3�=^KP=G*-.,�\(P0�:<3 �\aD*-=9.`(

Iv(z|z′) =
Yn

2

[
e−jkn|z′−z| − 1

Dn[←−
Γn e2jknzn e−jkn(z′+z) +

−→
Γn e−2jknzn+1 ejkn(z′+z)

−←−Γn

−→
Γn e−2jkndn ejkn(z′−z) −←−Γn

−→
Γn e−2jkndn e−jkn(z′−z)

]]
.

S �eW $\]9[
* &�� &��

Vi(z|z′) Ii(z|z′) m < n
� 3_*eKP0el*�$0h*elP(PB�*-,/3L*��$=E(P04Ns3#�pNsK/(P57*-.,�\( �-3_F1=G*-.`(/?

V (zq−1)
*!�

V (zq)
W ')(C*-,/3

q − 1FA= d\3#���EN�*8,/3�*!�-=9(P08I@.10-04.'�9(Dy FA.`(/3�08dv04*83OI�c/:<3�,P= o\3p*-,P=G*
V (zq−1) = V q−1

+ e−jkq−1zq−1 + V q−1
− ejkq−1zq−1

S �eW $9U\[
=E(PB

←−
Γq−1 ,

V q−1
+

V q−1
−

e−2jkq−1zq−1 .
S �eW $ �^[

x �M:<3�,P= o\3

V (zq−1) = V q−1
+ e−jkq−1zq−1 +

V q−1
+←−

Γq−1

e−jkq−1zq−1

= V q−1
+ e−jkq−1zq−1

(
1 +

1
←−
Γq−1

) S �eW $� 9[

=⇒ V q−1
+ = V (zq−1) ejkq−1zq−1

←−
Γq−1

1 +
←−
Γq−1

S �eW $ $\[
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=⇒ V q−1
− = V (zq−1) e−jkq−1zq−1

1

1 +
←−
Γq−1

S �eW $^XE[

	<K/*k:<3�=9FA0��L,Q= o93e*8,P=E*

V (zq) = V q−1
+ e−jkq−1zq + V q−1

− ejkq−1zq

=
V (zq−1)

1 +
←−
Γq−1

[
e−jkq−1dq−1

←−
Γq−1 + ejkq−1dq−1

]
.

S �eW $9Z\[

�;3�*-,vKP0flP(P=9F`FAd �\aD*-=9.`(

V (zq−1)

V (zq)
=
←−
Tq−1 =

(
1 +
←−
Γq−1

)
e−jkq−1dq−1

1 +
←−
Γq−1 e−2jkq−1dq−1

.
S �eW $ � [

�;3 ,Q= o93�*8,/3�*!�-=9(P0hNs3&�>NsK/(P5�*8.'�9( �83OFA=E*8.A(/? *8,/3C3O(PB/0(�9Np*h:-� *��$=E(P08I>.A0-04.'�9(/ytFA.`(P3
043657*-.,�\(P0_W �)�G: :<3 :�.A08, *!�ulP(QB *-,/3+*!�-=9(P04Ns3#��NsK/(P57*-.,�\( �-3_F1=G*-.`(/? �9(/3;3_(PB �ENL=
043657*-.,�\(

zm+1
=E(QBu=E( =$�8aP.m*!�-=$�8d;J��\.`(^*

z
.A(u*8,Q=G*@083O5�*8.'�9(

m
W�� 3�=EF'�836=9BDd �v(��G:

N����\I S �eW $ $^[f=E(PB S �eW $^X9[i*8,P=E*

V m
+ = V (zm) ejkmzm

←−
Γm

1 +
←−
Γm

S �eW X �\[

V m
− = V (zm) e−jkmzm

1

1 +
←−
Γm

.
S �eW X �6[

	fKD*

V m(z) = V m
+ e−jkmz + V m

− ejkmz

=
V (zm)

1 +
←−
Γm

[
ejkmzm e−jkmz←−Γm + e−jkmzm ejkmz

]

= V (zm+1)

(
1 +
←−
Γm

)
e−jkmdm

1 +
←−
Γm e−2jkmdm

e−jkm(zm−z)

1 +
←−
Γm

[
e−2jkm(z−zm)←−Γm + 1

]

= V (zm+1)
e−jkm(dm+zm−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

= V (zm+1)
e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

S �eW XE]9[
:�,/.15$,�.10�*8,P3�08=9I@32=\0�� ]^X �tW

q�,/3M*��9*-=9Fj*��$=E(Q0hNs3&��NsK/(P57*-.,�\( N����\I *-,/3RFA3�N *�3O(PB �ENk083O5�*8.'�9(
n
*�� =CJ��9.A(^*

z
.`(



� ��� � ��� ��� �
��� ��� � 	 ��� 	 � ��� � � �����
	�� � � � ��� � �	

043657*-.,�\(
m
:�.`*8,

m < n
.10f*8,/3&�83_N��$�-3�?9.Ao93_(�avd 

V m(z) =

n−1∏

q=m+1

V (zq)

V (zq+1)

V m(z)

V (zm+1)

=
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]
.

S �eW XGU\[

q�,/3#�-3�N����83�:f3elQ(P=EFAF`d�,P= o93

Vi(z|z′) = Vi(zn|z′)
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]
.

S �eW X �^[
� ���D5_3_3OB/.`(/?@*-,/3�08=9I>3 :�= dMN����

Ii(z|z′)
cP:<325_=9(�lQ(PB


Ii(z|z′) = Vi(zn|z′)
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

(−Ym)

[
1−←−Γm e−2jkm(z−zm)

]
.

S �eW X  9[
q2� 3O(PB *8,/.10 083O5�*8.'�9( c2(��9*83 *-,P=G*C*-,/3 *��$=E(Q0hNs3&��NsK/(P57*-.,�\(P0+=$�83 =9FA0���o =9F`.1B�N��$�

Vv(z|z′) =E(QB Iv(z|z′) W
* &�� &��

Ii(z|z′) Vv(z|z′) Iv(z|z′) m = n
&���� 3��	� 8 5�3 7�
�� -���

3�� +��

�;3 �v(��G: N����\I�=+�8*8.15�FA3 � ]^X �w*8,Q=G*
dVi

dz
= −jkzZIi

dIi

dz
= −jkzY Vi + δ(z − z′)

dVv

dz
= −jkzZIv + δ(z − z′)

dIv

dz
= −jkzY Vv

=E(PB�*8,Q=G*�*8,P3�N��9FAF,�G:�.A(/?/�8365�.AJ��!�v5_.m*hdMJ*���\JQ3&�4*-.`360f=$�83�I>3�*

Vi(z|z′) = Vi(z
′|z)

Iv(z|z′) = Iv(z′|z)

Vv(z|z′) = −Ii(z
′|z)

Ii(z|z′) = −Vv(z
′|z) .
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�;3�lP(QB�N����
Ii(z|z′)



Ii(z|z′) =
1

2


±e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z−z′) −←−Γn

−→
Γn e−2jkndn ejkn(z−z′)

]
z >

<
z′S �eW X $\[

0 �

−Ii(z
′|z) = −1

2


±e−jkn|z−z′| + 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

]
z′>

<
zS �eW X9XE[

:�,/3#�-3
z
=E(PB

z′
,P= o93�ab3_3_(�.A(^*83#�$5$,P=9(/?936BwcD=E(PB�:�,/.15$,�.10�3�=^K/.AoG=EFA3_(^*�*��

−Ii(z
′|z) =

1

2


∓e−jkn|z−z′| − 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

]
z <

>
z′S �eW XGZ\[

*8,/3&�83_N��$�-3

Vv(z|z′) =
1

2


±e−jkn|z−z′| − 1(

1−←−Γn

−→
Γn e−2jkndn

)

[←−
Γn e2jknzn e−jkn(z′+z) −−→Γn e−2jknzn+1 ejkn(z′+z)

+
←−
Γn

−→
Γn e−2jkndn e−jkn(z′−z) −←−Γn

−→
Γn e−2jkndn ejkn(z′−z)

]
z >

<
z′.S �eW X � [



� ��� � ��� ��� �
��� ��� � 	 ��� 	 � ��� � � �����
	�� � � � ��� � �	

* &�� &��
Ii(z|z′) Vv(z|z′) Iv(z|z′) m < n

&���� 3��	� 8 5�3 7�
�� -���
3�� +��

� 3_*kKP0�5_=9FA5_K/FA=E*83 dVi

dz

N����\In3�=^KP=E*8.'�9( S �eW X �^[�W

dVi(z|z′)
dz

=
Vi(zn|z′)

1 +
←−
Γm e−2jkmdm

n−1∏

q=m+1

←−
Tq

[
jkme−jkm(zm+1−z)

(
1 +
←−
Γm e−2jkm(z−zm)

)

+e−jkm(zm+1−z)←−Γm (−2jkm) e−2jkm(z−zm)
]

=
Vi(zn|z′)

1 +
←−
Γm e−2jkmdm

n−1∏

q=m+1

←−
Tq jkm e−jkm(zm+1−z)

(
1−←−Γm e−2jkmdm

)

=− jkmZmIi(z|z′) S �eW Z �\[
:�,/3#�-3 *8,/32F1=904*�3�=^KP=9F`.`*hdR.10fN��9K/(PB�avd�5#�9I>JP=$�8.10 �\(M*��M3�=^KP=G*-.,�\( S��eWYX  9[7W

�
��
 � �� � �e�����#����� ��� � ��� ��� �������n�$� �% "�����;���i� � �	� 	

<����j*8,P3eBD3&�8.AoG=G*8.'�9((�9Ng*8,/3e.`(^*83O?$�$=EFQ3�=^KP=G*-.,�\(P0&.`*<.10i(P3O5�36080-=+�-d�*!��BD3&�8.Ao93�*-,/3eq � r <P0
:�.m*-, �83604Jb3O5�*f*!� 	 �AWjq�,/.10�.A0�*-,/3�08K/a �h3O5�*��EN *8,/.10k083O57*-.,�\( W

* & � & '
m = n

�;3 �v(��G: *8,P=E*�SV083O57*-.,�\( �eW UPW $^[
dVi(z|z′)

dz
= −jknZnIi(z|z′) .


fdR.`(^*-3#�$5$,P=E(/?\.`(P?
z
=9(PB

z′
*8,P.A0�3�=^KP=G*-.,�\(�ab3O5#�9I>3O0

dVi(z
′|z)

dz′
= −jknZnIi(z

′|z) .

q�=
�v.`(/?>.A(^*��M=95O5"�9KP(\*�*-,/3�NV=95�*f*-,P=G*
Vi(z|z′) = Vi(z

′|z)
:f3�lP(P=9F`FAdR?\3�*

dVi(z|z′)
dz′

= −jknZnIi(z
′|z) = jknZnVv(z|z′) S �eW Z �6[

� 3�*kKQ0kB �@*8,/3�0-=EI>3 *8,P.`(/?>N����
Vv(z|z′) cPa^d�:��8.`*8.A(/?

dIi(z|z′)
dz

= −jknYnVi(z|z′) + δ(z − z′) .



��� � � � ������� � � � � � �
Vi(z|z′)

�6� �

')(^*83#�$5$,P=9(/?9.A(/?
z
=9(PB

z′
c/:f3 :��-.`*83 

dIi(z
′|z)

dz′
= −jknYnVi(z

′|z) + δ(z′ − z)

�$�
−dVv(z|z′)

dz′
= −jknYnVi(z|z′) + δ(z − z′) .

S �eW Z\]9[
�;3�5O=E(C=EF10 �LlP(PB

dIv(z|z′)
dz′

= jknYnIi(z|z′)
S �eW Z9U\[

−dIi(z|z′)
dz′

= −jknZnIv(z|z′) + δ(z − z′) .
S �eW Z �^[

* & � & �
m < n

� .m*-,�*8,/3 �-3O08K/F`*-0��EN *8,P32J��8365�36BD.`(P?>083O5�*8.'�9( cv*-,/3�BD3&�8.AoG=G*8.'�9(Q0f=$�83204*��$=E.A?9,^*4N����8:�=+�$B 
dVi(z|z′)

dz′
=

dVi(zn|z′)
dz′

n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

= jknZnVv(zn|z′)
n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]

S �eW Z� 9[
dVv(z|z′)

dz′
=
(
jknYnVi(zn|z′)− δ(zn − z′)

)←−
T (z ← zn)

S �eW Z $\[
dIv(z|z′)

dz′
= jknYnIi(zn|z′)

←−
T (z ← zn)

S �eW Z^XE[
dIi(z|z′)

dz′
=
(
jknZnIv(zn|z′)− δ(zn − z′)

)←−
T (z ← zn)

S �eW Z9Z\[
:�,/3#�-3

←−
T (z ← zn) =

n−1∏

q=m+1

←−
Tq

e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]
.

�
�
& � ���L�����>��7� � ���

Vi(z|z′)
q�,/.10�JP=+�8*Oc!=9Fm*-,��9KP?9,,=^K/.`*83>*-3OBD.'�9KQ0_c .10�(/365�3O0-0-=+�-d�.A( �$�$BD3#�e*���3��^*!�-=\57*2KP083�NsK/F"Ns36=Gy
*8K��-3O0 �9NjN��$�-I�K/F1=G*-.,�\( � =E(PB 
eWwq�,/3@J/K��-J��\083L.10e*���BD3_I/�9(Q0h*!�-=E*83�*-,P=G*

Vi(z|z′)
.A0

5"�\(\*-.`(vK��\KP0f:�.m*-, �83604Jb3O5�*�*��
z
=E(PB

z′
�$�6cv.`(�3�=^KP=E*8.'�9(


V m,n
i (zm ← z|z′) = V m−1,n

i (z → zm|z′)
V m,n

i (z|zn ← z′) = V m,n−1
i (z|z′ → zn)

q�,/.A0k.A0�B �\(/32.A(�*-,/32(/3��^*�*h:-�M043657*8.'�9(Q0_W � 3�=90-04K/I>3 *8,Q=G*
m < n

W
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z
q�,/.10<BD3OI/�9(P04*��$=G*-.,�\(R.A0 �$=G*8,P3#�<04*��$=E.A?9,^*8N��$�-:f=$�-BwW!' *f.10i36=908d@*��L08,��G:2c^:�.m*-,R*-,/3p,/3OF`J
�EN 3�=^KP=G*-.,�\( S��eWYX �^[<*-,P=G*�.A(%���-B/3#�f*��MJ��!�Go93

V m,n
i (zm ← z|z′) = V m−1,n

i (z → zm|z′)
S �eW Z � [

:<3�,P= o\3 *��>J��!�Go93e*8,P=E*
e−jkm(zm+1−z)

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm e−2jkm(z−zm)

]∣∣∣∣∣
zm←z

=

←−
Tm

e−jkm−1(zm−z)

1 +
←−
Γm−1 e−2jkm−1dm−1

[
1 +
←−
Γm−1 e−2jkm−1(z−zm−1)

]∣∣∣∣∣
z→zm

S �eW � �\[
�$�

e−jkmdm

1 +
←−
Γm e−2jkmdm

[
1 +
←−
Γm

]

=
(
1 +
←−
Γm

)
e−jkmdm

1 +
←−
Γm e−2jkmdm

1

1 +
←−
Γm−1 e−2jkm−1dm−1

[
1 +
←−
Γm−1 e−2jkm−1dm−1

]

S �eW � �6[
:�,/.15$,�.10�.AI@I>36BD.A=E*83\W

�
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z′

q�,/3�J*���\a/F`3OI .A0�0-5$,/3_IM=G*-.A5O=EFAF`d%�-3_J��-3O083_(^*836B�lP?9K*�83��eW UPWe' *�.A0e3O=\04d�*!��08,��G:2cQ:�.`*8,
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V m,n
i (z|zn ← z′) = V m,n−1

i (z|z′ → zn)
S �eW � ]9[

:<3�,P= o\3 *��>J��!�Go93e*8,P=E*

Zn

[1]︷ ︸︸ ︷
1 +
←−
Γn +

−→
Γn e−2jkndn +

←−
Γn

−→
Γn e−2jkndn

Dn︸︷︷︸
[2]

1 +
←−
Γn−1

1 +
←−
Γn−1 e−2jkn−1dn−1

= Zn−1

[3]︷ ︸︸ ︷
1 +
←−
Γn−1 +

−→
Γn−1 +

←−
Γn−1

−→
Γn−1

Dn−1︸ ︷︷ ︸
[4]

.

S �eW � U\[



��� � � � ������� � � � � � ��� � � � 	 � � � � � �
z′

�6� �

Zn−1, kn−1

z′ → ← z′

V m,n−1

i (z|z′) V m,n
i (z|z′)

Zn, kn

zz = zn

� � � � � � �)��� 	 � � �
� ��� 	�� ��� � 	 � � � 	�� � � ����� 	 ��� 	 � ��� � �
� �

')( �$�$BD3&�w*�� B �k*-,/.A0OcG:f3<=+�-3j?��9.A(/?�*�� 5_=9FA5_K/FA=E*83j36=95$,�*-3#�-I �9ND*8,/3�=Ea��Go93&3�=^KP=G*-.,�\(
043OJP=+�$=G*-3_FAd9cD=GN *-3#��,P= ov.A(/?/�83OJ/F1=95�36B

←−
Γn

a^d Zn−1 − Zn + (Zn−1 + Zn)
←−
Γn−1 e−2jkn−1dn−1

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

=E(PB

−→
Γn−1

a^d Zn − Zn−1 + (Zn + Zn−1)
−→
Γn e−2jkndn

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

N��9FAF,�G:�.A(/?L*8,/3O.,�eBD3�lP(P.m*-.,�\(�?\.`o\3_(�.`(	�Y]\X�
 W

* & � & ' � � � - ('��

�;32,Q= o93

[1] =
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1 + . . .

. . . + Zn−1 − Zn + (Zn−1 + Zn)
←−
Γn−1 e−2jkn−1dn−1 + . . .

. . . +
[
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1

]−→
Γn e−2jkndn + . . .

. . . +
[
Zn−1 − Zn + (Zn−1 + Zn)

←−
Γn−1 e−2jkn−1dn−1

]−→
Γn e−2jkndn

[
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1

]

*8,/3�B/3_(��\I@.A(P=E*��$��ab3_.A(/?MK/(PB/3#��*8,P32:�,��9FA3 N��-=\57*8.'�9(�aP=$�OW
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xv.`I>J/FA.`Nsd^.A(/?M*-,/.10�F,�\(/?>3	�DJ��-3O0-04.'�9( cv:f3�lP(PB

[1] = 2Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

.
S �eW � �^[

* & � & � � � � - �� �

Dn = 1−←−Γn

−→
Γn e−2jkndn

=
Zn−1 + Zn + (Zn−1 − Zn)

←−
Γn−1 e−2jkn−1dn−1 − Zn−1

−→
Γn e−2jkndn + . . .

. . . + Zn

−→
Γn e−2jkndn − (Zn−1 + Zn)

←−
Γn−1 e−2jkn−1dn−1

−→
Γn e−2jkndn

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

=
Zn−1

(
1−−→Γn e−2jkndn

)
+ Zn

(
1 +
−→
Γn e−2jkndn

)
. . .

. . . + Zn−1
←−
Γn−1 e−2jkn−1dn−1

(
1−−→Γn e−2jkndn

)
. . .

. . .− Zn

←−
Γn−1 e−2jkn−1dn−1

(
1 +
−→
Γn e−2jkndn

)

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

=
Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1 + Zn + (Zn−1 − Zn)
←−
Γn−1 e−2jkn−1dn−1

.

�;3�*-,/3#�-3�N����83�,P= o\3

[1]

[2]
= 2Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

S �eW �  9[

* & � & � � � � - �� �

� �!�v5_3_36BD.`(P?L*-,/3�0-=EI>3�:f= dR=\0fN��$��*83&�8I � � 
tcD:f3 lP(PB


[3] = 2Zn

(
1 +
←−
Γn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

.
S �eW � $\[
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Dn−1 = 1−←−Γn−1
−→
Γn−1

=
Zn + Zn−1 + (Zn − Zn−1)

−→
Γn e−2jkndn . . .

. . .−
[
Zn − Zn−1 + (Zn + Zn−1)

−→
Γn e−2jkndn

]←−
Γn−1 e−2jkn−1dn−1

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

=

Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)
+ Z

n−1
“

1+
←−
Γn−1 e−2jkn−1dn−1

” . . .

. . . + Zn

−→
Γn e−2jkndn

(
1−←−Γn−1 e−2jkn−1dn−1

)
. . .

. . .− Zn−1
−→
Γn e−2jkndn

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

=
Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn + Zn−1 + (Zn − Zn−1)
−→
Γn e−2jkndn

.

�;3�*-,/3#�-3�N����83�,P= o\3

[3]

[4]
= 2Zn

(
1 +
←−
Γn−1

)(
1 +
−→
Γn e−2jkndn

)

Zn−1

(
1 +
←−
Γn−1 e−2jkn−1dn−1

)(
1−−→Γn e−2jkndn

)
. . .

. . . + Zn

(
1−←−Γn−1 e−2jkn−1dn−1

)(
1 +
−→
Γn e−2jkndn

) .
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z
[�J/F1=E(/3\c/*-,/3�=E(Q=EFAdv08.10�.A0kNV=95_.`FA.m*$=G*-3OB�avd�*-,/3 <&�9K!�-.A3���*'�-=9(P0hy
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f(r) ≡ f(ρ, z)
:�,/3%�83

ρ = x x̂+y ŷ
.10&*-,/3

J!�'� �h3O5�*8. �9(0�EN
r

�9(�*8,P3
x, y

J/FA=9(/39W � 32.`(^*'�$�DBDKP5_3�*8,/3 <&�9K!�-.A3��f*$�$=E(P04N(�)�-I JP=9.1�

F {f(r)} ≡ f̃(kρ, z)

=

+∞∫∫

−∞

f(r) ejkρ·ρ dx dy

S32�W��6[

F−1
{
f̃(kρ, z)

}
≡ f(r)

=
1

(2π)
2

+∞∫∫

−∞

f̃(kρ, z) e−jkρ·ρ dkx dky.

S32�WY]9[

�4�G: F`3_*�KQ0�*$�$=E(P04N(�)�-InBD3_lP(/.`*8. �9( S52LW ]\[7W �+= �v.`(P?�*-,/3�04KPaP0h*-.m*-KD*8. �9(Q0

x = ρ cosϕ kx = kρ cos ξ

y = ρ sinϕ ky = kρ sin ξ

:f3�,P= o93



� ��� � �!� � ����� � � � � 	 � � � � 	 � � 	�� ����� ��� � � ��	 ������� � � � � 	

1

(2π)
2

+∞∫∫

−∞

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)
1

2π

∫ 2π

0

dξ e−jρkρ cos(ξ−ϕ).
S32�W �\[

� 3_*kKP0�043_*
ω = ξ − ϕ

W��;3�*-,/3_(�,P= o\3

f(r) =
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)
1

2π

∫ 2π−ϕ

−ϕ

dω e−jρkρ cos(ω)

︸ ︷︷ ︸���	�
�
� ��� ���� � � �� � � ���
� � ����� J0(kρρ)

.
S32�W �^[

�k3	�v*�:f3e5_=9FA5_K/F1=G*83 BD.��b3%�83O(\*f*$�$=E(Q0hN(� �8IM0&*-,P=G*�=-�-3p(P3_3OB/3OBR.A(R*-,/3 I>=9.`(�a �DBDd �9N
*8,/.10�*-3	�v*OW

F−1

{
kx

kρ

f̃(kρ, z)

}
=

1

(2π)2

+∞∫∫

−∞

kx

kρ

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)
1

2π

∫ 2π

0

cos ξ e−jρkρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

ejξ + e−jξ

2
e−jρkρ cos(ξ−ϕ) dξ

︸ ︷︷ ︸
X

.

S32�W# 9[
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� 3_*kKP0f*-=
�932=@F1�,�
��=G*
X
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ω = ξ − ϕ


X =
1

2π

∫ 2π−ϕ

−ϕ

ej(ω+ϕ) + e−j(ω+ϕ)

2
e−jkρρ cos ω dω

=
1

2

[
1

2π

∫ 2π−ϕ

−ϕ

ejϕ ejω e−jkρρ cos ω dω

+
1

2π

∫ 2π−ϕ

−ϕ

e−jϕ e−jω e−jkρρ cos ω dω

]

=
1

2

[
1

2π
ejϕ ej π

2

∫ 2π−ϕ

−ϕ

ej(ω−π
2 ) e−jkρρ cos ω dω

+
1

2π
e−jϕ e−j π

2

∫ 2π−ϕ

−ϕ

e−j(ω−π
2 ) e−jkρρ cos ω dω

]

=
1

2

[
ejϕ ej π

2 J−1(kρρ) + e−jϕ e−j π
2 J1(kρρ)

]

=
1

2

[
−ejϕ ej π

2 + e−jϕ e−j π
2

]

= −j cosϕJ1(kρρ) .

q�,vKP0�:f3�,P= o93

F−1

{
kx

kρ

f̃(kρ, z)

}
= −j cosϕ

1

2π

∫ ∞

0

f̃(kρ, z)J1(kρρ) kρ dkρ.
S32�W $\[

<!�9FAF �G:�.`(/?@*-,/3�08=9I>3 I>3_*8,!�DB�:<3 lP(QB

F−1

{
ky

kρ

f̃(kρ, z)

}
= −j sin ϕ

1

2π

∫ ∞

0

f̃(kρ, z)J1(kρρ) kρ dkρ.
S32�W XE[

�;3�5O=E(C=EF10 �>5_=9FA5_K/F1=G*83

F−1

{(
kx

kρ

)2

f̃(kρ, z)

}
=

1

(2π)2

+∞∫∫

−∞

(
kx

kρ

)2

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

cos2ξ e−jkρρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

(1 + cos 2ξ)

2
e−jkρρ cos(ξ−ϕ) dξ.

S32�W �\[
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avd�= 1
2

NV=95�*$�)�6W � 3_*kKP0�IM= �93 *-,/3�5$,P=E(P?93

1

4π

∫ 2π

0

cos 2ξ e−jkρρ cos(ξ−ϕ) dξ =
1

4π

∫ 2π−ϕ

−ϕ

cos 2 (ω + ϕ) e−jkρρ cos ω dω

*8,/3O(

1

4π

∫ 2π−ϕ

−ϕ

ej2(ω+ϕ) + e−j2(ω+ϕ)

2
e−jkρρ cos ω dω

=
1

4

[
1

2π

∫ 2π−ϕ

−ϕ

ej2ϕ ej2ω e−jkρρ cos ω dω

+
1

2π

∫ 2π−ϕ

−ϕ

e−j2ϕ e−j2ω e−jkρρ cos ω dω

]

=
1

4

[
1

2π
ej2ϕ ej2 π

2

∫ 2π−ϕ

−ϕ

ej2(ω−π
2 ) e−jkρρ cos ω dω

+
1

2π
e−j2ϕ e−j2 π

2

∫ 2π−ϕ

−ϕ

e−j2(ω−π
2 ) e−jkρρ cos ω dω

]

=
1

4

[
ej2ϕ ej2 π

2 J−2(kρρ) + e−j2ϕ e−j2 π
2 J2(kρρ)

]

= −1

2
cos 2ϕJ2(kρρ)

aQ365_=9KP043
J−n(x) = (−1)

n
Jn(x)

� X � 
tW�� 3 lP(P=EFAFAd�?93_*

F−1

{(
kx

kρ

)2

f̃(kρ, z)

}
=

1

4π

∫ ∞

0

f̃(kρ, z) J0(kρρ) kρ dkρ

− cos 2ϕ
1

4π

∫ ∞

0

f̃(kρ, z) J2(kρρ) kρ dkρ.
S32�W � [

')(�*-,/3�0-=EI>3�:f= dM:f3�5_=9(0�\aD*-=9.`( Ssab3O5O=EKP083
sin2ξ = 1−cos 2ξ

2

[

F−1

{(
ky

kρ

)2

f̃(kρ, z)

}
=

1

4π

∫ ∞

0

f̃(kρ, z)J0(kρρ) kρ dkρ

+ cos 2ϕ
1

4π

∫ ∞

0

f̃(kρ, z)J2(kρρ) kρ dkρ.
S52LW�� �\[
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q�,/32FA=\0h*�*-,/.`(P?M:<3�(/3O3OB�*$�>3	�/=9I@.A(/3�.10

F−1

{
kxky

k2
ρ

f̃(kρ, z)

}
=

1

(2π)
2

+∞∫∫

−∞

kxky

k2
ρ

f̃(kρ, z) e−jkρ·ρ dkx dky

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

cos ξ sin ξ e−jkρρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

sin 2ξ

2
e−jkρρ cos(ξ−ϕ) dξ

=
1

2π

∫ ∞

0

kρ dkρ f̃(kρ, z)

1

2π

∫ 2π

0

ej2ξ − e−j2ξ

4j
e−jkρρ cos(ξ−ϕ) dξ

︸ ︷︷ ︸
X

.

S52LW�� �6[
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ω = ξ − ϕ



X =
1

2π

∫ 2π−ϕ

−ϕ

ej2(ω+ϕ) − e−j2(ω+ϕ)

4j
e−jkρρ cos ω dω

=
1

4j

[
1

2π

∫ 2π−ϕ

−ϕ

ej2ϕ ej2ω e−jkρρ cos ω dω

− 1

2π

∫ 2π−ϕ

−ϕ

e−jϕ e−jω e−jkρρ cos ω dω

]

=
1

4j

[
1

2π
ej2ϕ ej2 π

2

∫ 2π−ϕ

−ϕ

ej2(ω−π
2 ) e−jkρρ cos ω dω

− 1

2π
e−j2ϕ e−j2 π

2

∫ 2π−ϕ

−ϕ

e−j2(ω−π
2 ) e−jkρρ cos ω dω

]

=
1

4j

[
ej2ϕ ej2 π

2 J−2(kρρ)− e−j2ϕ e−j2 π
2 J2(kρρ)

]

=
1

4j

[
ej2ϕ ej2 π

2 − e−j2ϕ e−j2 π
2

]
J2(kρρ)

= −1

2
sin 2ϕJ2(kρρ)

S52LW��6]9[

0 �
F−1

{
kxky

k2
ρ

f̃(kρ, z)

}
= − sin 2ϕ

1

4π

∫ ∞

0

f̃(kρ, z)J2(kρρ) kρ dkρ.
S52LW�� �\[
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