DIAL

4 Digital access to libraries

"Advances in the formulations and accuracy of the
method of moments applied to electromagnetics”

Gilles, Thierry

Abstract

The success of electromagnetic analysis and design during the past century
would not have been possible without an accurate and complete theory, optimized
numerical techniques to solve the complex real-life problems and computers to
run the billions of elementary operations required by these techniques. In this
work we focused on the scattering by mixed homogeneous linear and isotropic
three-dimensional materials solved with the Method of Moments in the harmonic
case. The new general methods and expressions that have been derived to
this end led incidentally to a new set of theorems forming a generalization
of the physical optics approximation. They also allowed to introduce a new
numerical formulation able to fully solve metallic sheets. The past two decades
have seen the development of many fast methods, acceleration techniques and
parallelization strategies, with main objective to solve very to extremely large or
complex problems within acceptable time using the available memory. ...
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Preface

In many engineering fields, the advent of computers has forever changed the type
and size of the real-life problems that can be addressed. Burj Khalifa, still the
highest skyscraper in the world in 2011, the Bugatti Veyron, world fastest car in
2011 couldn’t have been built without an extensive design phase made possible
by powerful computers. In electromagnetics as well, numerous modern
realizations owe their existence to computer simulation tools : very high
frequency passive planar circuits, multiband frequency selective surfaces,
metamaterials, corrugated horn antennas optimized through genetic algorithm,
just to name a few.

Since the 18t century, various numerical techniques have been developed by
many generations of mathematicians and physicists to solve the vast majority of
problems for which no analytical solution could ever be found. All those
numerical methods had in common that they require a tremendous amount of
operations and calculus. Consequently, their practical use remained very limited
as long as humans had to do all the work. When the computing power and speed
became available in the second half of the 20t% century, the theoretical
foundations and algorithms were ready, and the millions of repetitive elementary
operations necessary to find a good approximation to complex problems had
found the perfect machine to perform them.

Since 1965 Moore’s law predicts that the computing resources will double every
two years, conditioned by the technological capacity of the industry to further
miniaturise transistors. But engineers and scientists are always one step ahead
with new challenges that exceed the possibilities of their decennia. This situation
has stimulated the development of many fast methods, acceleration techniques
and parallelization strategies, with main objective to solve very to extremely
large or complex problems within acceptable time using the available memory.

In this never ending quest for more and faster, the accuracy of the final solution
has received less attention from the electromagnetic community, whereas in
essence every numerical method yields an approximate result. To contribute to
fill this gap, we made the choice in this book to focus on the quality (accuracy)
and less on the price to pay for it (computing time and memory). Aside accuracy,
another keyword will form the thread of the six upcoming chapters : generality.
To meet the two objectives of accuracy and generality, high efficiency
quadratures have been selected for their ease of implementation in a general
code and analyzed in great detail.

In electromagnetics, two independent integral equations can be established from
Maxwell’s equations. In the Method of Moments, the numerical technique
analyzed in this book, the equation based on the electric field is by far the most
popular and the most widely used. The other one, based on the magnetic field, is
barely considered because it would be less accurate, harder to implement and
unsuitable for a large an important family of objects, the metallic sheets. In
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electromagnetics, where duality between electric and magnetic magnitudes is a
well established principle, this unequal treatment between both approaches
incited us to investigate in details the differences between the electric and
magnetic formulations. Restoring duality would have been a purist motivation,
were it the only one. In fact, except in the case of sheets, both integral equations
are most often used side by side, either to analyze dielectric parts, or to eliminate
spurious numerical resonances in volumic metallic parts. In this book, one of the
objectives was also to establish a general formulation able to solve any
combination of geometries (volumes or sheets) and homogeneous linear and
isotropic materials (dielectric and perfect conductors). Therefore, both the electric
and magnetic formulations had to receive equal attention and be optimized to
deliver a similar accuracy, if possible.

In chapter One, the electromagnetic theory relevant to the Method of Moments is
reviewed and new formulations are established in their most general form, then
cast into a canonical form.

In chapter Two, the Method of Moments is introduced in a practical way. In
particular the properties, advantages and limitations of basis functions are
reviewed with a critical eye and new light is put on the testing functions.

In chapter Three, the Method of Moments is particularized to the choices made in
this book and generalized to any combination of geometries and materials. The
general solving scheme that is being proposed fails in some cases with perfectly
conducting sheets.

In chapter Four, a novel formulation is established to fully solve perfectly
conducting sheets after thorough inspection of the singularities of the electric and
magnetic integral equations in this particular case.

In chapter Five, the numerical issues inherent to the Method of Moments are
reviewed, then the errors due to numerical integrations with high efficiency
polynomial quadratures are analyzed, especially for the singular integrals that
appear to play a critical part in the overall accuracy.

To support and illustrate the concepts developed in Part I, a serie of examples
has been analyzed in great details, forming Part II.










1 Electromagnetics

The success of electromagnetic analysis and design during the past century
would not have been possible without an accurate and complete theory. This
chapter is devoted to exact expressions, formulations and theorems that will form
the basis of the Method of Moments, the numerical approximation technique
introduced and applied in the subsequent chapters to solve the scattering by
three-dimensional linear isotropic and homogeneous bodies. Basic and advanced
concepts are reviewed, such as the harmonic Maxwell’s equations, the boundary
conditions and the Stratton-Chu integral equations. New expressions are also
established and presented at the very end of the chapter under a canonical form.
They generalize the existing ones in a full vector form, firstly for arbitrary sheets
and then for any combination of materials. In the demonstrations, the singular
behavior of electromagnetic fields on sharp edges and tips has neither been
eluded nor treated in a semi-empirical way, but accounted for very carefully.

This quest for the most general expressions has produced three original results.
Firstly an original demonstration that dielectric sheets are transparent to
electromagnetic waves. Secondly the discovery of a new set of theorems related to
the physical optics approximation. Thirdly and finally the derivation of a novel
formulation based on the normal component of the electric and magnetic field
integral equations.

1.1 Maxwell’s equations

The source of an electromagnetic field is a distribution of electric charge and
current densities.

Since we are concerned only with its macroscopic effects we can assume this
distribution to be continuous rather than discrete and specified as a function of
time and space by the volumic density of charge p(x,y,z,t) and the vector current
density J(x, v,z,t) . A brief and interesting discussion about this continuity
assumption can be found in [1, p2].

If one assumes that an electric current of volumic density J (x,y,2,t) is a flow of
signed charges of volumic density p(x,y,z,t) and that these charges cannot be
created nor destroyed, the two quantities J and p are linked by the following
relationship :

v.j=-2£ 1)

This equation is often referred to as the equation of continuity, because of the
assumption made that charges cannot be created or destroyed.

With Maxwell, we will postulate that at every ordinary point in space the current
density J and charge density p generates an electromagnetic field that can be
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described by the four vectors E, H , D and B subject to the well known
Maxwell’s equations :

VXE=—— 2

VxH-—=17 3

By an ordinary point is meant a point in whose neighbourhood the physical
properties of the medium are continuous. At such a point the field vectors and
their first derivatives are continuous too.

We cannot determine these four vectors with the two equations (2) and (3) only.
Therefore we assume a relationship between the displacement vector D and the
electric field E, and also between the magnetic flux density B and the magnetic
field H :

D=D(E) )
B=B(H) 6)

With (6) we also split the total electric current density J into a forced part
Jsource » imposed by a source and maintained independently from the electric field
E and the magnetic field H it creates, and an induced part J(E), due to the
action of E on the electric charges in the matter.

J=17

source

+J(E) (6

The relationships (4), (5) and (6) depend on the matter properties only. It is worth
mentioning here already that there are no (known) magnetic charge and current
densities.

Equations (4) to (6) prove to be valid in a very wide range of practical situations.
Here are the two most common ones :

In vacuum :

5=€()E
B=uyil @
=0

The values and the dimensions of the constants €0 and po depend on the system of
units adopted. In the MKS system, where the speed of light ¢ = 299 792 458 m/s,
the following choice has been made :

Uy =47.107 [ Henry/meter |

®)

& = =8,85418782.10"2  [Farad/meter ]

2
Hoc

In a linear, homogeneous, isotropic, conductive and non dispersive material :
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T M

£

u
=7 +0E

source

(C)

~1 O
1]

where the permettivity €, the permeability @ and the conductivity ¢ are
independent of orientation (isotropy), space (homogeneity), time or frequency
(dispersivity) and also independent of the field itself (linearity). One can write
e=g&€ and WU =|Llo , wherefrom & and W are called relative permittivity (or
dielectric constant) and relative permeability.

Such a material is ideal. Any real material presents some degree of anisotropy,
inhomogeneity, dispersivity or non linearity. However these assumptions are
valid for a great number of materials, at least in a limited range for the field
strength and/or frequency. Table 1 shows the minimum and maximum relative
permittivity of some dielectrics while Table 2 (p.8) shows the electrical
conductivity of some good conductors, semi conductors and air, with three
significant digits. More precise values are provided in Table 12 (p.140), for the
specific case of air.

Table 1 : Relative dielectric constant ( & ) of some dielectrics

Material Min. lI Max. Material Min. I Max.
Air 1 1 Nylon 3. 224
Amber 2.(1 2. Paper| 1. 3
[Asbestos foer 3.1 7.5 Paramin| g 3
[Bakelte 29 Plexiglass] 2.9 3.5
Barium Titanate 100 1250 Polycarbonate} 2.9 3.2
Beeswax 2.2] 2.8 Polyethyleng 2. 2.9
Cambric | Polyimidd 3.:] 3.5
Carbon Tetrachloride 2.147{' 2.147{' Polystyrend] 2. 3]
Celluloid Porcelain E 6.5
Cellulose Acetate 2.9 4.5 QuartZ E 5
Durite 4.7) 5.1 Rubber] 2 4
Ebonite 2.1 2.7 Ruby Micd| | 5.4
Epoxy Resin 3.1 3.7 Selenium ¢ [¢
Ethyl Alcohol 6.9 25 Shellad 2.9 3.9
Fiber 5 5 Siliconeg] 3.2 4.7)
Formica 3.9 ¢ Slate]
Glass 3.9 14. Soil ary 2.4 2.9
Glass Pyrex 4.9 Steatite] 5.2 6.3
Gutta Percha 2.41 2.9 Styrofoam 1.03 1.03]
Isolantite 6.1 6.1 Teflon| 2.1 2.1
Kevlar 3. 4.9 Titanium Dioxide} 100 100§
Lucite 2. 2. Vaseling} 2.14 2.14
ica 7 | 9 Vinyitel 2. 7.
icarta 3.2 5. Water distne 341 78
ycalex 7.3 9.3 Waxes, Mineral 2. 2.3
eoprene 41 6. Wood dry 1 3 2.9
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Table 2 : Electrical conductivity ¢ of some materials

Material Electrical Conductivity

[S/m]

Silver 63.0 x 10°

Copper 56.9 x 10°

Gold 45.2 x 10°

Aluminium 35.0 x 10°

Carbon 0.06 x 10°

Sea Water 4.8

Germanium 1.45

Drinking water | 0.0005 to 0.05

Silicon 252 x 10°

Air 0.3100.8x 10"

Noting that the divergence of a curl of any vector field A with twice continuously
differentiable components in the neighbourhood of the ordinary point ¥ vanishes
identically, namely V- (ﬁxZ(F)) =0, two other conditions satisfied by the vectors
D and B may be deduced directly from Maxwell's equations :

V-D=p (10)
V-B=0 (11)

Equation (10) has as a consequence that D field lines start and end up on
charges, as illustrated in Figure 1.

Figure 1: D Field lines starting and ending up on charges

Equation (11) implies that the B field is solenoidal : the field lines close on
themselves, as illustrated in Figure 2.

Figure 2 : Solenoidal field

1.2 Harmonic waves

In a non dispersive medium the behavior of a periodic wave of frequency f ( or
wavelength A=c/f) can always be expressed as a sum of sine waves of
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frequencies n.f (n being an integer) while a non periodic wave can be described by
its continuous frequency spectrum. The spectral content of those waves being
obtained with a Fourier transform it is sufficient to investigate the
characteristics of a sine wave at a single frequency f, called a time harmonic
wave. One can express the field quantities of a time harmonic wave as the real
part of a product of a complex spatial form (only function of position) with the
factor /¥ () representing the time variation (@ =277 ).

EF.n= Re[E(r)efﬂ =|E@|cos| ax +arg EG) i (12)

Replacing the instantaneous field vectors by their corresponding complex form,
performing the time derivatives and dropping everywhere the ¢/? term, one
obtains from (2) and (3) the time harmonic Maxwell equations in their most
general form :

VxE =—jwB (13)
VxH=joD+] (14)

The continuity equation (1) becomes :
V-J=—jap (15)

In the case of linear, homogeneous and isotropic media, characterised by
equations (9), the time harmonic equations (13) and (14) become :

VXE =—jouH (16)
VXH =, puree +(jwE+0)E an

The source term J,,,,., is responsible for the apparition of the fields E and

H while being independent of those fields.

In the case of a lossy dielectric, ie for which o > 0, these losses can be accounted
for by considering the permittivity as a complex value. Considering our e/®
choice, the imaginary part of the relative permittivity € representing the
conductivity must be negative :

e=¢-je” (18)
The relation between the imaginary part of € and o is then :
oc=we (19)

When we compare the Maxwell equations a remarkable symmetry appears, but
not in every respect, because no magnetic current or charge density exist. Adding

1 Another representation for time harmonic variation is e/
This other choice implies sign changes in the harmonic Maxwell equations and produces fields that are

complex conjugate of those obtained with the e’ convention.

Indeed: E(F,1)= Re[E(T)ejw'} - Re[E*(ﬂe_jw’}
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a fictitious volumic magnetic charge density p,, ;e @nd a magnetic current
denSIty MSDLIVL‘E
equations can be written :

as well as an additional dual continuity equation (24), symmetric

VXE+ jouH =-M .0, (20)
VXH = JOEE =T 0 (21)
V.E = Pypurce |€ (22)
VH =Py source | 1 (23)
V. source == OPsource (24)
VM pirc0 = =IO source (25)

where € and p are real for lossless materials and complex for lossy materials.

1.3 The Stratton-Chu equations

Before deriving the vector form of the electric field integral equations (EFIE) and
magnetic field integral equations (MFIE), we must establish the Stratton-Chu
equations. Only the essential steps are given in this paragraph. All other details
and demonstrations can be found for example in [1, Ch.8.14] and in [2, Ch.6.9].
We start from Green’s second identity, where So is a closed surface enclosing the
volume Vp :

-[v (éﬁx%dg—ﬁ%ﬁxé)dv = (13><§xé—éx§xﬁ)ﬁ0ds (26)
0
It is a purely mathematical relationship between the vectors of position P and

0 which both need to have continuous first and second derivatives within Vo and
on Sy.

Figure 3 : Geometry for Green's second identity

In Figure 3 the volume Vj is grey-shaded and the surface So is made of three non
intersecting closed surfaces S.., S. and S represented by double lines.

10
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The unit normal n, is defined everywhere on So and points outside Vy. From here

@

on, the subscript “o ” will indicate values related to the volume V5.

In (26) we substitute P by the total electric field E, and Q by an arbitrary unit
vector a multiplied by the free-space Green's function :

Go(F.F) = exp(—jkoR)

) 47R @7
with R=|r -7 and ky = /&yt , where g0 and po are the scalar permittivity and
permeability of the homogeneous, linear and isotropic body Vi ( typically : free
space ). The sources J,,M,p, of the fields are confined in a volume Vs of finite
extent, which is a part of Vp. The volume V is a scattering body having
electromagnetic properties different from those of Vs, while V. is an
infinitesimally small sphere of radius € centered on 7 and having the same
electromagnetic properties as Vp. After some calculations taking into account

Maxwell’s equations [1, Ch.8.14] and [2, Ch.6.9], (26) becomes :

I, {—ja)ﬂOGojs — M, xV'G, +&§'Go}d\/'
0 &

0 (28)

= [ {oma o [ xFo < Go + (20 ) 7 Goas

Mind that sign differences occur among the various bibliographic sources,
depending on the choices made for the time dependence ( ¢/“ throughout this
book ) and for the orientation of normals, inwards or outwards.

The volume and surface integrals as well as the derivatives are computed with
regard to the coordinate 7' : this is made clear in the notation by the use of dS’,
dV’ and V'. Note again that sign differences occur in the literature when
§G0:—§'GO is used instead of §'G0. The position 7, appearing only in Go,
corresponds to an observation point located outside Vjp, and also not on So. The
free-space Green’s function Go and its gradient V'G, would become infinite if 7"
could coincide with 7 . This would violate the continuity requirements on Q
necessary to establish (26). Therefore this singular point has been excluded from
Vo. To include it inside Vo, we shrink the radius of the sphere V. to zero. At the
limit € = 0, the surface integral on S_. becomes singular. It is shown in [1, p252]
that :

, —jwﬂoGo[ﬁOXﬁo} _
hme_mf ot o dS'= Ey(r) (29)
5 +[ﬁ0 X EOJXV'GO +(#g-Eo ) V' Gy

where EO(F) is nothing else than the total electric field at the observation point
7. If we now let S, recede to infinity, while all the sources of the fields are
confined in a volume Vi of finite extent, then Sommerfeld’s radiation condition at
infinity ensures that the integral over S., reduces to zero. With V_ reduced to zero
and S., extending to infinity, (28) becomes :

11
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I {—ja),uOGO.TS—ZVstﬁ'GO ‘*'&ﬁvGo}d‘/y
v & (30)

=Ey(7) +'[s{—ja)ﬂoGo[fz0><I-_IoJ +[fz0 XEO}XVGO + (ﬁO.EO)VGO}dS'

From (30) we recognize that the volume integral over the source terms .7 . M R
and p, is the incident field E™ at 7 created by these sources. Indeed if the
volume V enclosed by S were removed, then the total field EO(F) should be equal
to E™(r). Equation (30) finally becomes :

+ oG, [fzo X I-_IOJ

E — =Einc -
o(r) (r)+_[5 —[ﬁoxfo}vao_(’A’O'EO)VGO

ds'’ (31)

With (31), the integral over S appears as the field scattered by the surface S
when hit by the incident field E™.

If we now choose for P the total magnetic field H, instead of E,, then we obtain
similarly to (31) for the same observation point 7 :
— jweGy [ﬁo X EOJ

o (7 — fginc =
Hy(r)=H (r)+,[s —[ﬁOXFloJXvGO_(ﬁo'ﬁ0)§'GO

ds' (32)

Equations (31) and (32) are the Stratton-Chu equations.

1.4 Fields on the surface S of a sheet

Following Maue [3], Poggio and Miller [4, pp.159-170] have shown how (31) and
(32) must be modified when the observation point lies on the surface S of a non
zero volume V. As will be shown in §1.7 this step is essential to incorporate the

boundary conditions and solve the integro-differential equations. We don’t
reproduce here the details of the aforementioned derivation; instead we have
generalized it to the limit case of infinitely thin plates - being zero volume
bodies - that we call sheets in this book. We present in §1.4.1 a complete and
original demonstration that takes into account the field singularities that may
occur at sharp edges and corners. The electric (EFIE) and magnetic (MFIE) field
integral expressions obtained in every possible case are then summarized in §1.5,
with equation (57).

1.4.1 Fully embedded sheet

Let us consider first a very general sheet, as the one depicted in Figure 4 (p.13),
fully embedded in only one volume Vo (of infinite extent). The case of a sheet in
contact with several volumes is treated in §1.4.2. The sheet is made of several
adjacent surfaces, S1to Sy, each delimited by a closed curve.

12
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— S

S4u

Figure 4 : Sheet with branches and holes

Every surface may contain holes, that are themselves delimited by a closed curve.
At any location 7 on every surface S;, except on the closed curves delimiting
them, there are exactly two opposite faces Sic and Si». Both faces can be identified
by the orientation of the unit vector normal to them. Let us now consider all
closed curves delimiting the surfaces as rigid seals around them, and that both
faces Sic and Sip of all these surfaces i can be stretched away from each other,
everywhere except at the rigid seals. This produces new closed surfaces
Fi=Fi.+F;», enclosing non zero volumes V;, as shown in Figure 5. The sum of both
faces Si=Sia+Si» can now be viewed as the limit of Fi=F.+Fi» when the stretching
tension is released. Note that the seals, corresponding to every sharp edge and
corner, are identical for the original sheet and for the volume V=2(V;). We
introduce the notation Fo=3(Fi.), Fo=2(Fi), F=2{F;) and similar expressions for
Sa N Sb N S

Figure 5 : Non zero volume stretched sheet

We consider next an observation point 7 located inside V, actually on the face
Sia inside Vi, but not on any of the seals around S;. As 7 is located inside Vi ,
thus outside Vo , the free-space Green’s function and its gradient are regular
everywhere inside Vi . Consequently there is no need to isolate 7 inside a small
sphere V_ and to calculate the limit of a singular integral over S, , as we did to
obtain (29). The left hand term of (31) and (32) vanishes : inside V the scattered
field exactly compensates the incident field to produce a null total field. This
property is also called the Ewald-Oseen extinction theorem [2, Ch.6.9]. We can
thus write :

+j0)ﬂ()Go[’Alo Xﬁo}

e o Lgs (33)
r —[ﬁoXE()}XV'Go—(ﬁo-Eo)V'Go

0=E" )+
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0=H" )+ _ng()Gf i X_EO} o ds’ (34)
g —[ﬁo X H()]XV'G() ~(fg-Ho ) V'Gy

From here on we will omit the subscript ‘o’, but we will remember that the fields
and the electromagnetic properties under the surface integral are those on F, on
the Vo side. Also the unit normal 7, is pointing out of Vo (thus inside V). In
Figure 6 we represent only the volume V; containing the observation point 7 . If
we shrink the volume V to a null volume, such that surfaces F, and F, eventually
merge with Su and Sb, then ry, —7,=7, 75 —>7% =7 and the surface integral
over Fia+F1» will become singular twice. The unit normal to Fia (F1) at 7, (7 )
will be called 7, (7ig,) ; it points outside Vo and towards 7 =7, =7, at all times.
Note at this stage that we avoid denominations such as upper and lower, or
positive and negative to differentiate the faces of the sheet. Indeed, a sheet can
be curved, branched or even twisted, like the Moebius ring (see Figure 43, p.81).

Figure 6 : Volume V; containing 7

To determine and extract the two singularities of this doubly singular integral,
we circumscribe 77, with an infinitesimally small circle with surface Fj, which
we exclude from Fi.. The surface Fu must be so small and flat that the unit
normal 7y, the electric and magnetic fields Efa and H fa can all be considered
as constant vectors everywhere on Fja. Those requirements exclude that 75, (and
at the limit, 7, =7) be located on a sharp edge or on a corner, but they don’t
exclude the possibility for the sheet to have sharp edges or corners elsewhere, as
depicted in Figure 4 (p.13). It is well known that the fields may locally become
infinite at such geometric discontinuities [5, Ch.4 and 5], but the edge condition,
enforced to guarantee a unique solution, also ensures that the fields scattered by
any bounded region enclosing these discontinuities remain finite at all other
geometrically regular points in space, in particular at 7 [6, Ch.2.1]. The surface
integrals in (33) and (34) thus produce a well defined finite value at 7 despite
the presence of sharp edges and corners all around and inside the volume ( and,
at the limit, around and inside the sheet ). Similarly, we define the circle with
surface Fpparound 7, and exclude it from Frp. The radii of the circles Fr. and Fp
will respectively be denoted by p« and ps. The integral over F is then subdivided
into :

'[F =i§lJ‘Fz +J‘FM*F/4A +‘[F1b*F/z; +'[F/n +IF/}; (35)
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where the first three integrals are regular at all times and the two last ones
become singular when both T and 7, merge with 7 . Let us concentrate on the
first singular integral on Ff. To determine its limit value when T T, we
consider 7y, to be already located at a very small distance d, << from 7,. We
also require p. to be so small that R=|§| :|7—7'| << A for any integration point
7' in Ffo. Then we can approximate the free-space Green’s function and its
gradient on Ff, by their asymptotic values :

— jkR
=1 (36)
47R  4nR
Vg g R (37
A47TR 47TR

With (36) and (37), the three components of the integral on the circular and flat
infinitesimal surface Ff in (34) can be approximated by :

jF/“ jwe G[ﬁxE}dS'z[ﬁfafoaH—a:Ip/d% (38)
IFm[ﬁxﬁJxVGdS'E[ﬁfaxﬁfa}xﬁjEmRLZdS' (39)
[, (] 96 as'=[ig g ] -f, as (40)

Letting then 7, merge with 7, (and Fr. with the disc S; of radius py), the first
integral (38), involving G, reduces to :

. dS'_ 2 Py pdp_ 2 _
limz, IFﬂ.T_IO dejo T_jo p,d6="27p, (41)

Next, if the (radius pr of the) surface S, tends to zero, then (41) also reduces to
zero. The integrals (39) and (40), involving V'G, both contain the same singular
vector integral. Since 7, is not located on a sharp edge or on a corner, we show in
Appendix A that :

R .+,
e (42)

lim:

The result is independent of the size of the surface S.. Consequently, the limit of
(42) remains unchanged when the radius of the surface S, tends to zero. Note
though that (42) is not independent of the shape of S : it holds only if S, is
symmetric around 7,. For asymmetric shapes, a tangential term normal to 7 fa
arises that does not cancel out. This unpleasant mathematical peculiarity is very
rarely mentioned [3], [7, p.54], and nowhere clarified. We close this debate by
observing that the limit value of (35) when Fis merges with Si« has a unique
value, independent of the choice of S, : the additional tangential term is present
with opposite signs in both the integrals over S, and Sis'S;. In the context of
numerical integration, where the surface S; can be a flat polygon of any shape
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and finite extent, Yaghjian [8] proposed a generalized expression for the electric
field integral equation (EFIE) including this tangential term. We will assume
here that the tangential term vanishes through a proper choice of the principal
value area S.

Proceeding similarly with Fﬂ, — 7, , we obtain :

. . ds' .

lim o {hmrﬂ, il 7} =lim,, {27,} =0 (43)
. . R .|_+4
hmpb_m {hmr/b -7 IFm mds } = T (44)

Finally, we can write :

time s [, =, +[fzaxﬁa]x%"+[ﬁaﬁa] 7
iy

R (45)
A = n, - =
+|:nb><Hb:|><7+|:nh Hb:|
where the bar across the integral sign reminds us that the singular terms have
been extracted (principal value integral). Noting now that, for any vector K and
unit vector 2 :

[ﬁxﬂxm[ﬁﬂﬁzi (46)

we obtain the first vector form of the magnetic field integral equation (MFIE) for
an arbitrary sheet, fully embedded in the volume Vp, with opposite faces
Sa+Sp=S :

H"™ ()= %{Ea (F)+ Hy(M)} +
(47)
'J:s s { +ja)gG[ﬁxE}+[ﬁxﬁJx§'G+(ﬁ'FIW'G} ds'

The vector form of the electric field integral equation (EFIE) can likewise be
established for the same sheet from (33) :
EM @)= l{Ea () + B, (N} +
2 _ o _ (48)
+sa+s,,{ —]a),uG[anJ+[n><E]><V'G+(n-E)V'G} ds'

We recall that all the fields and electromagnetic properties are those (on S)
inside Vo and that the unit normal n points outside Vo.

It can now be demontrated with (47), (48) and the unicity theorem that a
dielectric sheet of any shape and size is transparent to electromagnetic waves,
regardless of its finite complex permittivity € and permeability u. In other words,
a dielectric sheet does not scatter any fields. The total fields everywhere on both
faces of the dielectric sheet are thus equal to the incident fields. This trivial
solution is perfectly in line with (47) and (48) : if E(F)=E;(r") and H(F')=H;(F")
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everywhere around the sheet, then because of the opposite normals on both faces,
the integral over S. exactly cancels the integral over Sy and we are left with the
identities :

E ()= {E )+ E) (49)
H,(r)= %{H, (F)+ H, (")} (50)

The unicity theorem finally ensures that this trivial but correct solution is the
only solution in the case of dielectric sheets.

As a result, the EFIE and MFIE formulation for sheets will be specialized in
§1.12 to perfect electric conductors (PEC) or perfect magnetic conductors (PMC),
for which the conductivity — namely either the imaginary part of €, see (19), or
that of u — is considered to be infinite.

An important remark must be made here : the factor 1/2 appearing in (42) and
(44) is obtained because the surface is locally flat in the neighbourhood of 7,,
where the subtended solid angle equals 2m. Some authors have proposed to
generalize this factor when the observation point is located on an edge or on a
corner of a volume, taking into account the solid angle Q subtended on the edge
or on the corner [4, p.163][9][10]. It is our opinion though that such a
modification is useless : except in a few highly symmetric cases, either the total
electric or magnetic field in the right hand sides of (47) and (48) become zero or
infinite on sharp edges or corners [5][11], rendering the factor affecting the total
field at such locations pointless, as well as the whole evaluation of (47) and (48).
In the specific case of sheets, the angle subtended by an edge is always 4m.

1.4.2 Sheet in contact with more than one volume

We must recall that the MFIE (47) and EFIE (48) are not written “for the sheet”
but inside the volume Vo, that fully embeds the sheet. These equations are
written for any regular observation point r on the sheet surface, but inside Vo .
As such, they involve fields inside V5.

If both faces of the sheet are in contact with two different volumes, as shown in
Figure 7 (p.18), then we must write an EFIE and a MFIE in each of these
volumes.

The same stretching-unstretching process can be applied to the sheet of Figure 7,
followed by the limit process. If we write the MFIE: inside V3, then we obtain :

Hfm(r)=5{Hls(r)}+
_ L o (1)

+S15_+S1V{ +ja)slGl[nl><ElJ+[nl><H1}<V G, +(nl~H1)V Gl}dS
where I-_Ili””(F) is the incident field at 7 created by sources contained in Vi, if

any. The subscripts “;/” remind us that the fields and electromagnetic properties
are those inside Vi. Only H;g/2 has been extracted, and not (Hg+ H,g)/2.
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Indeed the surface integral over the surface enclosing V; is computed on
Si1=S1v+Sis.

Figure 7 : Sheet squeezed between two volumes
Similarly, the MFIEz in Va2 is :
e = 1= _
HI®(F) :E{st(r)}+

z =S _ = (52)
+S25'+Szv{ +j0exGy| iy } By |+ iy x Hy XV Gy + (it H ) V'Gy s

Finally, to treat the most general case of a partly embedded sheet, we must
remember that the EFIE and MFIE are written for a given observation point 7 ,
located on the enclosing surface S; of the volume Vi.

Vo Vi

Figure 8 : Partly embedded sheet

In Figure 8 we introduce the notation r, to designate the observation point
mathematically collocated with 7, but physically situated on the opposite face of
the sheet. The EFIE,, inside Vo, at points 7, and 7, are:

a

1

Eim(Ta)=—{EO(7a)+EO(£a)}+

! ; o o (563)
',Fso{ _jw'uo(;o[ﬁoxH0J+[ﬁo><E0J><V'Go+(ﬁo‘Eo)V'Go} ds'

minc ;— _l En (7.

3 (rb)_z{Eo(r,,)}+ (54)

'J:so{ —ja),uOGO[szxﬁ0J+[ﬁ0xEOJx§'GO +(#g - EO)VGO} ds’
It is important to note that :

—  The surface So consists of the surface S; enclosing Vi and both superimposed
faces of that part of the sheet fully embedded in Vj (pink coloured)
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—  The electric fields Ey(7,) and Ey(r ,) on either faces of the sheet are different
from each other for a perfectly conducting sheet

- EFIEy(r,) = EFIEy(r,)

1.5 Generalized formulation for mixed materials

The Stratton-Chu equations and their modification for perfectly conducting
sheets are actually dealing with one single body enclosed in a surface S
embedded in free space Vy. We already presented a slightly more general
situation in §1.4.2 for the case of a sheet in contact with several bodies. In this
paragraph we generalize the EFIE and MFIE for the case of several arbitrary
bodies, volumes or sheets, perfectly conducting or not, all embedded in one
infinite domain : free space. The objective is to determine the electric and
magnetic field at any ordinary observation point 7 in space, namely a point
where the fields as well as their first derivatives are continuous. We exclude
thereby every point 7 located on a sharp edge or on a corner.

Let us consider several adjacent domains D; with volume V; bounded by a closed
surface S;. Every domain D; is linear, isotropic and homogeneous. Dy represents
free space, extending to infinity. D; and D: are dielectric bodies, possibly lossy. D3
is a perfect conductor, electric or magnetic. We also consider a perfectly
conducting sheet made of three branches and three pairs of opposite faces. We do
not consider in this book the particular case of imperfectly conducting bodies for
which the finite and inhomogeneous conductivity can be replaced by a
Leontovitch impedance boundary condition [12][13].

Vi

S,

Figure 9 : Geometry for the mixed material problem

We include in every non perfectly conducting domain D; one or even several
harmonic sources J;,M;,p,; all operating at the same angular frequency o, and
confined in a volume Vi of finite extent. The fields created by the sources in D;
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add up to produce everywhere in space, and in particular at the observation point
7, a primary field EF(r), H' (7).

For scattering problems, sources located sufficiently far away from the scatterers
are represented by the plane waves they create, in which case they belong to the
unbounded domain Dy or D;. For near field excitation, they can be represented by
elementary electric or magnetic dipoles or loops and they can be located in any
domain. For radiation problems, the sources are confined in generators and only
their effects at the end of the feed lines are modelled, for example by delta gaps
[14], magnetic frills [15][16] or microstrip transmission lines [17]. All these
primary fields combine to form a total primary field E?(r), H? (r). The combined
reaction of every domain D; to this total primary field is the creation of a
secondary (scattered) field E*(r), H*(r). In linear materials, the primary and
secondary fields simply add up to establish a total electromagnetic field
E(r), H(F) everywhere in space.

Provided the observation point 7 is not situated on a sharp edge or corner, where
the fields can be singular, we can write (28) separately for every volume V;
enclosed within S; :

JV {‘jwﬂiGi‘Tsi -M;xV'G,; +&§'Gz}~dv'

' ! (55)
:.[s. {—ja)ﬂiGi [ﬁi xﬁi} +[ﬁi xEJx%'Gi + (ﬁi.Ei)VG,-}dS'
where the free-space Green’s function in domain D; is :
— —, _ exp(=jk;R)
G(r,r)y=———"—= 56
(7,7 R (56)

with R :|7—7'| and k; = a)m . The electromagnetic properties € and pi are the
permittivity and permeability of the homogeneous, linear and isotropic body Vi
and the sources J,;,M,;,p,; are confined in a volume Vi of finite extent, which is
a part of Vi. In the example of Figure 9 (p.19), only Vo and V: contain field
sources. The fields EI- and F_I,- are the total fields existing inside Vi, possibly on
Si, while 7; is the unit normal to S; pointing outside Vi.

The observation point 7, appearing only in the free-space Green’s function Gi, is
kept temporarily outside Vi, inside an infinitesimal volume V. enclosed in the
surface S.. Considering for example Vi= Vj, depending on the location of 7 (see
Figure 9), the exclusion volume is a sphere (cases 1 and 5), a half sphere (cases 2
and 3), or two half spheres on both sides of a sheet (case 4). Case 1 has been
explained in §1.3 to obtain (29). Case 2 has been described by Poggio and Miller
[4, pp.159-170]. Cases 3 and 4 are treated in this paragraph in a way similar to
case 2, namely with the help of half spheres, but has been demonstrated in §1.4
with a different technique. Case 5 has been explained in §1.4.1 to obtain (33) or
(34).

When the radius € of the (half) sphere(s) is reduced to zero, the singular integral
over the surface S. becomes :
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lim -[Se { — jouGo [ﬁo X I?OJ + [fzo X EOJXVGO + [ﬁO.EO} §'GO}.dS‘

Ey(7) casel
E\(5)/2 case 2

i _0 2 (57)
=Ey(r)=1Ey(3)/2 case 3

{50(74)+ 50(54)}/2 case 4

0 case 5

where the tilde notation EO(F) is introduced to summarize all possible cases.

The volume integral over the sources J,;,M;,p,; in (55) can be identified as the
incident field E/"(r) produced by these sources. In the example of Figure 9 (p.19)
it is equal to zero in volumes V; and V3, as they contain no sources.

Equation (55) becomes the EFIE; in domain D; :

E"™(r)=E )+
J, { s[5, x 7, |+ [, X B ]9, + 1.5, 9°G,}as’ 9

Inside any perfectly conducting volume there can be no sources and the fields are
identically zero : equation (58) vanishes identically in the case of V.

Similarly for the MFIE; in domain D; :

HI"@F)=H,(")+

Y (59)
ISi{ + jwe;G; [nl-xE,}+[n,-><HJ><V‘Gi +[ni.Hi} V'G,-}dS'
In §1.4 we have interpreted the surface integral as the field scattered by a unique
passive body outside D; enclosed in the surface S;, while the incident field was
created by the unique sources all contained within D;.

In a multidomain context, and especially a multi-source configuration, this
interpretation must be revised. When 7 is not located on the surface S;, the
fields E;, H; and E;, H; are the total fields due to the combined effect of all
sources and all domains, but the incident field E/, H™ is not the sum of the
contribution of all sources contained in every domain, but only the fields created
by the sources in domain D;. The surface S; is the surface delimiting the domain
D;, and not the surface of a single passive scatterer : outside D;, also enclosed in
Si, there are possibly many different bodies, and there can be other sources in
some of these bodies. The surface integral summarizes the combined contribution
of everything outside D;, namely all sources and all scattering bodies outside D:.
Added to the fields EM and H" created by the sources inside D, the fields
created by “everything outside D;” produces the total field inside D;.

If there are no sources outside D;, the surface integral can be interpreted as the
scattering contribution from all bodies outside D; excited by the incident field due
to the sole sources contained inside D;.
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If there are sources outside D;, the surface integral is the sum of the scattering
from all bodies outside D; and the fields generated by the sources outside D;.

1.6 Equivalent surface current densities

In (28) we observe a great symmetry between J_S and AxH , between M , and
—AxE and between p, /g, and A.E . This suggests that ixH and —ixE can be
seen as surface current densities (on the surface S) and —A.E as a surface charge
density (on S), all contributing together with the volumic source current and
charge densities J;, M; and p, in Vto the total fields at 7 .

We introduce therefore the equivalent surface current densities, defined
everywhere inside every domain D; on its bounding surface S; :

J; =+ x H; (60)
M; =i % E; (61)

We remind that 7; is the normal to Si pointing outside Vi. Note also that the
volumic source current densities J; and M, have units A/m? and V/m* while
equivalent surface current densities J; and M; have units A/m and V/m.

1.7 Boundary conditions

In §1.3, 1.4 and 1.5 we have established the electric (EFIE;) and magnetic
(MFIE)) field integral equations valid inside every domain D;, and in particular at
their inner boundary S;. To solve uniquely this set of equations, the relationships
between the fields on both sides of the boundaries of all adjacent domains must
be added.

Referring to Figure 10 (p.23), the case of S.., the outer surface of the unbounded
domain Dy, is particular : when it recedes to infinity, while all the sources of the
fields are confined in a volume Vs of finite extent, then Sommerfeld’s radiation
condition at infinity [18] ensures that a surface integral over S, of the electric
and magnetic fields (or their components) reduces to zero.

Every ordinary point at the interface between adjacent domains is shared by
exactly two domains. The only exceptions to this rule are the points situated on
S.., treated above, and eventually those situated on sharp edges or corners. These
singular points have been excluded when we have established the EFIE; and
MFIE;, as the fields at these points are not necessarily continuous, continusously
differentiable and finite.

At the interface separating two domains D; and D; the total fields at every
ordinary point of the interface are related by the boundary conditions listed in
Table 3. The electric fields E; and E ; are the fields at the same observation

point of the interface, respectively inside D; and inside D;. The same applies to
H, D and B.
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Do (free space)

Figure 10 : Geometry for the boundary conditions

Table 3 : Boundary conditions summary

D; and D;j D; has finite D; has finite
have finite conductivity conductivity
conductivity Djis PEC Djis PMC
- - AXE; =0
nXE+n;xE;=0 - - = =
j:() Ej—O
S — AxH;=0
nxHi+n;jxH;=0 P _
H;=0 H;=0
L= . = #:.D; =0
n;.D;+n;.D; =0 — -
Dj:O D]:O
A 5 A 0 ﬁl'_l:()
7;.B; +1;.B; = - = =
j:0 Bj—O

These equations are usually said to be related to the normal and tangential
components of the fields. It is correct for the normal components but it is a slight
abuse of language for the tangential components.

The correct expression for the tangential component of E is E, =—AixAxE . The
vector nxE has the same amplitude as E,, but it is rotated by 90° in the plane of
the interface, as shown in Figure 11.
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3>
X
(S]]

Figure 11 : Normal and tangential components

The classical proof of the boundary equations summarized in Table 3 (p.23) is
based on the Stokes' and the divergence theorems [19, pp.19-31] :

QSCZ dl:jjS(WZ)ds (62)

@S(Zﬁ) ds = mv (v.4)av (63)

with the contour C, the surface S and the volume V being partly in both domains.
This procedure is mathematically questionable because theorems requiring the
continuity of A and of its first derivative are used to prove the discontinuities of
A across the boundary. Stratton overcomes this problem by supposing that the
fields vary extremely rapidly but continuously at the crossing of the interface
[1, p.34].

1.8 Relations between normal and tangential components

Equations (58) and (59) contain both tangential and normal components of the
total electric and magnetic fields. Similarly, the boundary conditions at the
interface between domains listed in Table 3 (p.23) also involve the normal and
tangential components.

Maxwell’s equations allow to show that the normal and tangential components of
the fields are not independent from each other. The differential form of these
relationships can be found for example in [4, p.169] :

ﬁ.Ezf—IV'S.(ﬁxﬁ) (64)
JE

il ==Ly (ixE) (65)
Jjou

Using (64) and (65) the integral relationships (66) and (67), where S is a closed
surface and G is the free-space Green’s function, are demonstrated in
Appendix B :

jS(VG)[ﬁ-E]dS':jJr—a;W-jSG(ﬁxﬁ)dS' (66)
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IS(VG)[&.ﬁ}ds'zﬁﬁv.jse(ﬁxi)ds' 67

These relationships are used in §1.9 to rewrite the surface integrals occurring in
the EFIE; and MFIE; in function of the normal or tangential components only.

1.9 First and second form of the integro-differential equations

We introduce the impedance Z;, the admittance Y;, and reintroduce the wave
number k; inside a domain D; :

2= =T (69

ki = 04| Ei ;i (69)
With (8), the impedance of free space Zp=1207r=377£. Considering the
definitions (60), (61) and the expressions (68) and (69), we can introduce (64) in
(58) for the EFIE; and (65) in (59) for the MFIE;, to obtain the first vector form of
the EFIE; and MFIE; :

E;nc(y)zgi(r)—jk—ziifsi{ K*G.J, -V, T, ﬁ'G,-}dS'—J‘S[{M,-XVG,}dS' (70)
ﬁf”"(7)=ﬁi(7)‘jk_?js,.{ KG:M; -V, M, §'Gi}dS'+'[Si{7i><§'G,-}dS' (1)

Introducing instead (66) in (58) for the EFIE; and (67) in (59) for the MFIE;, we
obtain :

S v
B @) = ) -4 (k2 +Vv )jSiG,.J,. ds jSiMixV G; dS (72)
_inc—_"'—_jYi 2., VUVv. . ' T ' '

AP = Hi(P) -t (k2 +9v )J‘SIG,M, ds +Is,- 7,xV'G, dS (73)

Expanding the differential operators (see Appendix C) we obtain the second
vector form of the EFIE; and MFIE; :

E"(F) = E(F) - ZiJ’Sv [71 Fi= (71‘-1%)1% f3r,t} kids'~ J’Sv {1‘711‘ x ﬁ} foikids' (74)
) = B, = [ | M fy= (M R)R £y, | KPS + [ {ToxRY fo kPas(79)

with the adimensional unit vector and functions :

. % (76)
; 1 i ek

. ) 77

Y [k,»R (kiR)* (kiR>3J i "
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3 3j e kR
fri=| v —s -1 Je (79)
R (LR (iR | 4T
| i 1 e iR
fai _(k,-R * (kiR)ZJ iz (79)

In the first form (70) and (71) the surface current densities .7, and M ; appear
along with their first derivative, as well as the free-space Green’s function. In the
second form (74) and (75), the free-space Green’s function appears up to its
second derivative, while the surface current densities appear without any
derivative.

Let us remember with (57) that the tilde vector notations Ei(F) and I:Ii(F)
represent the total field when the observation point 7 is located inside Vi, only
half of it if 7 is on the surface S;, or the average between the total fields on both
faces of Si in the case of an embedded perfectly conducting sheet. The field itself
inside Vi is under consideration when the scattered near or far field must be
computed from the surface current densities. The expressions on the surface S;
will be used to solve the integro-differential equations, along with the boundary
conditions.

1.10 Near and far scattered fields

We have derived expressions for the EFIE; and MFIE; valid inside any linear
homogenous isotropic domain D;. We refer to §1.5 for a discussion about the
meaning of the incident and scattered fields inside D;.

1.10.1 Exact near field expressions

Provided all sources are inside D;, then in (70) and (74) the scattered electric field
can be viewed as the sum of an electric field scattered by the equivalent electric
current density (80) and an electric field scattered by the equivalent magnetic
current density (81) :

- iZ - - -
Ef”r)z%] {k,?G,J,.—V'S.Ji V'Gi}dS'
1

" (80)
:Zi_[si [7, VEY _(_i'l’é)éfSr,z} Kids'
EM (7)=js {M,;xV'G}as’
" (81)

- Is,.{ﬁ" xR} fy; k7dS'

Similarly, in (71) and (75), the scattered magnetic field can be viewed as the sum
of a magnetic field scattered by the equivalent magnetic current density (82) and
a magnetic field scattered by the equivalent electric current density (83) :
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1 1 1 5 1

A ) =25 [ { G, -V, 1, G, Jds'
k; S; (82)

(83)

1.10.2 Far field approximation

The expressions (80) to (83) can be greatly simplified in the far field from a
scattering or radiating object / antenna.

Considering the patch antenna of Figure 12 the radiated fields at a distant point
7 result from integrals taken over the whole surface of the antenna. The
integration point 7' is therefore running across the whole surface of the patch
antenna. We can define a reference point 0 anywhere on this antenna, usually in
the feed area, from which the vectors ¥ and 7' are defined.

N R IEE— )
7 R
—ZF A
= 1 r
I

Figure 12 : Far field geometry

If the observation point 7 is sufficiently far away from the antenna, the
following approximations can be applied :

u

R=~i,
- R=r for the amplitude terms
_ R~r—

7'4, for the phase term

If we also consider in (77) to (79) that only the dominant term j/(kiR) remains,
then (80) to (83) become in the far field :

=7 X eIk — (T A \A ik, (7.4 ,

Eisj(") = fkizimjs.[h_(]i'“r)“’ :|€] (7, das (84)
o ) e’jkir — k(7 .

H;” (r)=—jk; P J.Sv[Jixur]e i 1 dS (85)
— M — . e’jkir _ R jk»(?'.ﬁ ) ,

B o [ A ®
ot eIk = (= AN A T k(TR o

Hi" (r)= fkiYimJ.S_ [Mi_(Mi'ur)ur }e ds (87)
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1.11 Normal and tangential components of the integro-differential
equations on the surface S;

The integro-differential equations (70), (72) and (74) for the EFIE; or (71), (73)
and (75) for the MFIE; are vector equations, evaluated at an ordinary?
observation point 7, involving all three components of the electric and magnetic
field. For three reasons we will now project these equations either on 7,;(r), the
unit normal to S; pointing outside Vi, or on a direction perpendicular to 7;(r).

The first reason is that we need to enforce the boundary conditions at the
interface between every pair of adjacent domains; as we have seen in §1.7, the
boundary conditions are related to the tangential and to the normal component of
these fields, not to the total fields. We also remember from §1.8 that the normal
and tangential boundary conditions are not independent from each other.

Secondly we observe under the integrals that the fields are already projected on
the two directions prescribed by the boundary conditions, whereas only the
extracted principal value term appears as the full three-dimensional field.

Thirdly, we would like integro-differential equations where the only unknowns
are the surface current densities J; and M; , and not the total fields E; and H;,.

Therefore we project the EFIE; and MFIE; on either the normal to S
premultiplying them with [ﬁi (r) ] ,or on S; , with the [ﬁi (r) x] operation :

A () B (r) = +]k—ZivS Ji) = iy(7)- [ {M;x VG }as®
i i

> (88)
iZi ~ = o T o .
—k—lfni(r).jsi{ K2GT,-V', T, V G,.}ds
ﬁg?)-ﬁ}"“(?):ﬂk—nvs M)+ () [ { TixV Gy Jas?
Y ’ (89)
_jk_;ﬁ"(F)‘J‘si{ K2GM,-V',- M, V'G,-}a’S'
iy (FYX E" (F) = =M (7)) x [ {M;x V' Gy} ds
. ’ (90)
JZi ~ — T o T o .
—k—i’n,-(r)xjsi{ kG, -V' T, V Gi}dS
ﬁi(r)xﬁf”c(r)=+ii(7)+ﬁi(7)xjsb{ 7;xV'G;}ds’
’ 91)

7Y~ — 27 C o )
—Ti’ni(r)xjsi{ KFGM; -V'-M; V'G;}ds

We will further call these projections nEFIE; or nMFIE; for the normal
projections, and tEFIE; or tMFIE; for the tangential projections.

2 See §1.1 for the definition of an ordinary point
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Similar expressions can be derived from the second form of the EFIE; (74) and
MFIE; (75) :

7 7)- By =+ 24y )+ kP n(r)j Rfy,; ds'
k;
i (92)
+ZAE R [ [J Fi—(7 R)Rf3”}d5'
inc Y "
A(F)- Hi" (7) =+ 2L VM(r)kn(r)j Rfy; dS
b (93)
k2 [ £, —(M,--I%)I%fgr,,] as’
A (F)X B (7) = =M (7) + k7 7, (7) X jS M xR f,; dS’
' (94)
+ 20 %[ [ T pyi = (TR)R fy ] a5
AP H' () =4 T;(F) =k ()% [ TyxR £ '
" (95)

+ Yk} ﬁ;(F)XIs. [Mi fi ‘(M"'I%)I%f””} @

The equations obtained with the normal projection are scalar, while those
obtained with the tangential projection yield two-dimensional vectors lying on S;.

It is important to remember that everything outside the integrals, n;(r), E™Me ),
H™F), J) and M) depend on a fixed observation point 7 on the surface S,
and that all derivatives (V, and V) are taken with regard to the coordinate 7 .
Inside the integrals, the vector functions J(@) and M) depend on 7' only
whereas the free-space Green’s function G; depends on |r -7 | The derivatives
(V and V') are taken with respect to the coordinate 7'

1.12 Perfectly conducting sheets

We have seen in §1.4.1 that a dielectric sheet is completely transparent to
electromagnetic waves. The boundary conditions listed in

Table 3 (p.23) in §1.7 show that the electric (magnetic) field is normal (tangent)
to the surface of a perfect electric conductor (PEC). We turn now our attention to
the MFIE (47) and EFIE (48) particularized for a PEC sheet, introducing the

electric surface current density J defined by (60).

Considering the location 7 in Figure 13 (p.30) where the PEC sheet is embedded
on both sides S, and Sp in one domain ( case 4 in Figure 9, p.19) :

Eln(‘(r)_ {E (r)_'_Eb(r)}__ﬁ s {k2G7+VvS 7§'G}d§“ (96)
a5
I__Iinc(r)=%{I__Ia(7)+[-_]b(7)}+-ftgu+Sb{‘7X§'G}dS' 97)
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Figure 13 : PEC sheet

In (96) and (97) the integrals on Sa + Sy can be computed as an integral on the
face Sq only, but with the sum of the current densities on both faces Sq and Sp in
the integrand. If the observation point 7 =7, is situated on the face Sa, projecting
the EFIE and MFIE with [, (r)-] or [4,(F)x] we obtain :

A =\ ppinc = jZ T T \=
A, (F)-E (r)=+7VS~(Ja—Jb)(r)

. (98)

—%ﬁa(r).-f-s {(KG(7,+1,)+ 9, (7, +7,) V'G}as'
ﬁa(7)~1-_1i”c(7)=ﬁa(7)‘jf's {(7a +fb)><§'G}dS‘ (99)
ﬁa(r)xE""C(F)=—%ﬁa(7)xfsd{kzc(7a+7,,)+V;.(.7a+7,,)§'0}d5' (100)
W /) oM {(7.+7,)x¥G}as’ 101
g (F)X ' (F) =t (P <o {(+93) (101)

The important observation is that (99) and (100) contain only (7 P +7 ,,), whereas
(98) and (101) also contain (7a - 7,,) . Either (99) or (100) can therefore be used to
determine the sum of the surface current density on both faces of a PEC sheet,
but none of these four integral equations allow to find fa and 7,, isolately. To
this end, it is necessary to combine any two equations, except (99) and (100) as
they both contain only (7 L+ ,,) .

Dual equations and conclusions can be established for PMC sheets.

1.13 Sum of Fields on both sides of a flat perfectly conducting sheet
of arbitrary shape

We now present simple closed form expressions for the sum of the fields on both
sides of a flat perfectly conducting sheet such as the one depicted in Figure 14
(p.31). The observation point 7 can be anywhere on the flat sheet, except on a
sharp edge or on a corner, where some components of the fields can be infinite.

As the sheet is flat, regardless of its shape and dimensions, then both vectors
V'Gr-r)=C.(r-7r") and J(r") are always lying in the plane of the sheet for
every pair (r,7" in the sheet. As a consequence :

AF)-V'GFE-7)=0 (102)
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X[ JF)XV'GF-7)]=0 (103)

Starting from (96) and (97) this leads to the two following closed form expressions
for the sum of fields on both faces of a flat PEC sheet, where n can again be
either n, or ny, :

2ixH"™ =ix(H,+H,) (104)

a
2i-E™ =h-(E, +E,) (105)

Choosing for example n=n,, (104) and (105) can be rewritten in terms of
equivalent surface current densities :

20, xH™ =T, - 7T, (106)
25, B =42y (T,-7,) (107)
a - P s a b

Equation (106) is an exact generalization for flat PEC plates of finite extent and
arbitrary shape of the well known physical optics approximation : let the incident
field come from the a side of a flat PEC plate of infinite extent, then J, =0 in
(106). This result had already been announced [20], but the given demonstration,
based on reaction integral equations instead of field integral equations, must be
considered as incomplete as it explicitely ignores the edges.

Figure 14 : Flat perfectly conducting sheet of arbitrary shape
To conclude, it is worth mentioning that :

—  Equations (104) and (105) could have been derived easily and directly from
the (anti)symmetry relationships listed in [21, p.636] or also in [22, p.497]
valid for the electric and magnetic field scattered by a flat PEC sheet of any
shape and extent

—  Dual properties apply to a flat PMC sheet

1.14 Canonical expressions

All the equations obtained in §1.11 can be nicely summarized in a short notation
that will be very useful during the discretization steps.
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Considering an observation point 7 and the outwards directed unit normal 7;(r)
on the surface S; enclosing domain D; , we define the vector functions applied to
another vector function F :

{}(r)— {V CF(P)}ng(7) (108)
T{F} () =h,(F)x F(7) (109)
b {F}r) = ’j{ kG, -F)FF)-V'¢ F() V'GF-7)}ds’  (110)

DP{F} =47 | [Ff;, (F-R)R 3, ] as' (111)
KM {F}) = J’ {FxV'G}as’ (112)
kP {F}r) = sz {FXR}ledS' (113)

where

G;(r-7r" is the free-space Green’s function in the domain D; with
wavenumber ki, whose expression is given by (56)

— R and the functions fais fri and f;,; have been defined by (76), (77), (78)
and (79)

—  The tilde notation in (108) and (109) has been defined by in §1.5
Note that :
—  all these functions have the dimension of the vector function F

—  Only the functions N; and D{" contain the first derivative of the vector
function F

- p"{F}=DP{F}") =D{F}®)
- KMFl)=kP{F}) =K {F}7)

The first form of the integro-differential equations, (88) to (90), and the second
form of the same equations, (92) to (95), can now be rewritten as :

(P B ) = () A Ny - Dy {23} ) - Ko {1, ) ) (114)
7y 2, ) = i) [+ K {Z T} ) + [ N - B, ) o) (115)
iy ()X (7) =i x{-Di{ Z7, ) ) + [T - K, J{,} 7)) (116)
i} Z ) = i) x{-[ T, - K [{z.7} ) - D {a ) (117)
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The sole difference between the first and second form of the equations resides in
the use of D/ or D{® for the integro-differential operator D; and K" or K*
for the integral operator K; .

Note also with (80), (81), (82) and (83) that the operator 5,- applied to ZiJ_i (M i)
yields that part of the “scattered” electric ( magnetic ) field due to the equivalent
electric ( magnetic ) current density, while the operator Ei applied to _71'
( Y,M ;) yields that part of the “scattered” magnetic (electric) field due to the
equivalent electric ( magnetic ) current density. By quoting “scattered” we remind
the refer to the actual meaning of “scattered field” in a multidomain and

multisources environment (see the end of §1.5).

1.15 Summary

This chapter has laid the theoretical fundations for the following ones, devoted to
the numerical resolution of electromagnetic scattering problems with the Method
of Moments. To this end, exact integral equations must be derived from
Maxwell’s equations and boundary conditions must be expressed. In this process,
the unknowns appear under the form of equivalent current densities, electric
and/or magnetic, defined at the bounding surface of every non perfectly
conducting volumic homogenous region.

To analyze any combination of three-dimensional homogeneous, linear and
isotropic bodies, new integral expressions have been presented and demonstrated
that are very general in many ways : they are given in their full three-
dimensional vector form for both the electric and magnetic version, they have
been derived for the specific case of sheets, they have been proposed in a first and
second form, and they have been cast into canonical forms with the introduction
of original notations.

The generalization of the existing EFIE and MFIE to the case of sheets has
revealed a new set of theorems valid for flat perfectly conducting sheets of finite
extent and arbitrary contour. One of these theorems can be regarded as a
generalization of the well-known physical optics approximation.

The generalization to the full three-dimensional vector forms has permitted to
derive a new formulation based on the normal components of the EFIE and
MFIE, aside those exclusively used, based on the tangential components.
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2 Method of Moments

Despite the existence of a very mature and complete theory of electromagnetics,
most real life problems are too complex and would remain unsolvable without the
help of numerical approximation techniques. The Method of Moments is one of
them, particularly well suited to analyze the harmonic scattering or radiation by
the objets under consideration in this book : homogeneous and isotropic bodies
that are not too large as compared to the wavelength.

The discretized version of the canonical exact expressions obtained in chapter 1 is
kept very general. This allows a detailed discussion on basis functions, for which
two important observations are made, explained and illustrated. Firstly curl
conforming basis functions cannot be used in conjunction with the electric or
magnetic field integral equation. Secondly the limited linearity of the most
popular basis functions — RWG and rooftop — is responsible for some erratic
behavior in the fine details of the solution, especially but not exclusively close to
edges.

Also the testing process and resulting expressions are presented in a very general
form based on the full vector expressions, putting new light on the tangential
testing and introducing the normal testing. A closer look to the possible testing
functions involved in this crucial step reveals why some choices are wrong,
acceptable or very good. To illustrate these original considerations, unused
testing schemes are successfully applied.

2.1 Preamble

In chapter 1 we have presented harmonic integro-differential equations and
boundary conditions that describe exactly electromagnetic problems, such as the
radiation by an antenna or the scattering by a complex body, made of dielectric
and/or perfectly conducting bodies. After normal or tangential projection, the
initial vector equations can all be expressed in function of only two vector
unknowns, the equivalent surface electric and magnetic current densities 71 and
M ; - If we can solve the integro-differential equations for those current densities,
excited at the surface S; of every domain D; by the combined effect of all sources,
then many interesting properties can be deduced from them : radiated or
scattered near and far field, radiation pattern, scattering coefficients, impedance
at access feeds if the body is used as an antenna.

Exact solutions for finite-sized volumic structures are only known for a few
simple and smooth geometries, like the sphere [1], the tri-axial ellipsoid [2][3]
and the torus [4]. No solution is known to date for perfectly conducting or
dielectric volumes having sharp edges or corners, the simplest of all being the
cube and the cylinder with circular base. For finite-sized PEC sheets, many
solutions exist for the circular disc, for example [5][6], and one solution is known
to the author for the rectangular sheet [7].
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Aside these few canonical but useful examples, one must resort to numerical
methods to find an approximation of the solution to real-life problems involving
complex-shaped antennas or scatterers. Among the many mature numerical
methods available today, the Method of Moments (MoM) will be used and
analyzed in this book. It starts from the correct expressions of the integro-
differential equations and only introduces errors when solving these numerically.

It is interesting to mention here that even analytical solutions are usually
approximate in practice, when it comes to evaluating them; such solutions,
derived from separation of variables and suitable special functions, usually
involve infinite summations which must be truncated. Furthermore, the
evaluation of the special functions is almost exclusively done computationally
nowadays, a process not strictly always reliable and sometimes suffering from
convergence issues.

Instead of presenting the general theory of the MoM, which can be found in its
full extent in the first reference book that introduced it [8], we choose to apply it
directly to the integro-differential equations presented in §1.14, showing how a
matrix system of equations is created to obtain an approximate solution.

2.2 Basis functions

Except in a few simple cases, it is not possible to find in every domain D; the
analytic expressions for 7,-(7) and M ;(7) that would be the exact solution at any
location 7 on the boundary S;. In the MoM, we try to find instead an
approximation (see §5.1) in the form of a series expansion :

J

N; _

L= 0, @ (118)
Ji=1

_ N

M(F)= Y My, fol (F) (119)
m;=1

where the vector functions f J! and f,y are known basis functions and J J M,
i ; i ;
are unknown complex scalar coefficients to determine.

If the basis functions are defined for every 7 over the entire surface S;, they are
called entire domain basis functions (§2.2.3). Otherwise they are -called
subdomain basis functions (§2.2.4).

2.2.1  Scalar or vector basis functions

With (118) and (119) we introduced vector basis functions. The two-dimensional
vectors 7,-(7) and M ;(r) could also be represented by scalar basis functions ( for
x, y and z components separately for example ). This choice is quite natural for
flat structures, as will be shown in the entire domain basis function example of
§2.2.3, but a major difficulty arises from this choice for non flat structures : the
boundary conditions are expressed in terms of normal and tangential components
(see §1.7), and they become tedious to enforce on arbitrary three-dimensional
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structures because all three components are involved simultaneously. Therefore,
vector basis functions are preferred, as they allow easy enforcement of the
boundary conditions through decoupled parameters.

2.2.2  Discretized equations

With equations (114) to (117) we have established canonical expressions for the
first and second form of the n- or tEFIE; and n- or tMFIE;, valid inside a volumic
dielectric domain D; possibly enclosing, completely or partially, dielectric or
perfectly conducting volumes and/or perfectly conducting sheets, and possibly
enclosed itself in surrounding free-space, entirely or partially.

Inserting in (114) to (117) the expansions (118) and (119), we obtain :

m(r)-E"(r) =

(7 NZZ,JJ[ o {7/} - ZMmK{fm @ (120
Ji m;

n(rF)- ZH" (F) =
N/
7y (7): ZZJKVJM+ZM [Ni-Di {7} azn
m;(F)X EM(F)

= m(F)x ZZJ D{fJ{}(7)+I§Mm [7- & {7 Yo (122

m(FYX Z;H{™ (F) =
n;(r)x —NziZiJj [fz K, J{E{}(F)_%M%E{Z’y}(ﬂ
P

m;

(123)

These discretized equations contain N/ + N complex scalar unknowns J; and

M, independent of 7 instead of two complex vector unknowns 7 (), M (r) To
solve them for J; and M,, , we need to generate at least N} + N independent
equations.

The exact and discretized integro-differential equations represent an infinity of
equations that must all be verified simultaneously at every possible location 7
on S;. During the testing process, described in §2.3, we will reduce this infinite
number of equations to a finite number.

2.2.3 Entire Domain basis functions

The basis functions used in the analytical methods are of the entire domain type
and orthogonal in nature : sinusoidal, Bessel or Legendre functions, Chebyshev
polynomials or power series. If the set of basis functions is complete, which most
often requires an infinite number of orthogonal functions, the series expansion
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can be made equal to the exact solution. Consequently, truncation of the series
yields an approximation of the exact solution.

As an example, let us try to model the sum of the electric current density
variations on both sides of a LxW rectangular PEC sheet lying in the z = 0 plane
with the following expansion :

Ty =R T(60)+ 5 T,(6) (124)
with :

T o) =20 Ay i (X,) (125)

Ty 3) =2 by (X, ) (126)

P g
T (. y):sin[mT”[x+%Dcos(zv—”{y+%D (127)
¥ —cos| P&l v+ Ellsinl 22|, L W
J g (%, ) cos[ 7 |:x+ zDsm[ W {y+ 5 D (128)

The use of entire domain basis functions such as (127) and (128) is efficient only
when the first few functions suffice to approximate 7,-(7) and 1\7Ii(7) to the
desired accuracy. This is the case if the expansion functions match the
eigenfunctions of the problem and when the eigenfunctions series are rapidly
convergent. There are many possible sets of basis functions for a given problem.
Some sets may give faster convergence, or matrix elements which are easier to
evaluate, or on the contrary divergence. In the example of the rectangular sheet,
the convergence can be greatly improved if the growth to infinity in the vicinity of
the edges is included, with additional factors like [1—(2y/W)?T™"? for (127) and
[1-(2x/L)*TY? for (128) [9][10][11]. The function J5(x,y) is represented in
Figure 15, with and without the additional edge factor.

3 o3
2 g’ 2
<5 s 1
0 ool :
A = 05
05 05
0
0 XL
YAV 05 05 %L YW 05 -05
(a) without edge factor (b) with edge factor

Figure 15 : Entire domain basis function over a rectangular sheet

The entire domain basis functions are powerful to model smooth variations such
as those encountered on regularly shaped geometries, for example rectangular
and circular sheets. However their disadvantages are numerous :
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— To benefit from the use of entire domain basis functions it is necessary to
guess the function to approximate

— They are not versatile enough to model complex shapes (consider for example
slots and notches in the rectangular sheet)

— If elaborate basis functions are used, they can render the computations
occurring to fill the MoM matrix tedious and lengthy

— The use of entire domain basis functions is likely to increase the condition
number very rapidly with the order of the MoM matrix [12, p.461]. It is
therefore vital to use as few terms as possible in the expansion

As we are interested in the modelling of arbitrary three-dimensional geometries,
we turn now our attention to subdomain basis functions.

2.2.4  Subdomain basis functions

Subdomain basis functions require that subdomains be defined in all domains D;.
The way of dividing the surface S; enclosing D; into subdomains is strongly
related to the characteristics of the basis functions, but also to the way boundary
conditions between domains are enforced. Remembering that we must discretize
integro-differential expressions including integrals over the entire surface S;, the
complete set of subdomains must entirely cover S;.

Ideally a curved surface S; should be divided into small curved subdomains
conformal to S;, as shown in Figure 16.

Figure 16 : Curved mesh on a sphere

This requires in turn that vector basis functions be defined on a curved surface.
Such subdomain basis functions have been studied [13][14], but are not widely
used due to their increased mathematical complexity, but also to the difficulty to
model curved surfaces that cannot be represented with polynomial functions.

The most popular way of meshing a surface S; with elementary subdomains is by
far with straight-edged triangles, quadrangles, or a combination of both. A mesh
constructed with such subdomains cannot exactly conform to a curved surface S;,
for which this meshing choice introduces an additional discretization error
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(see §5.1) : not only the current densities are approximated, but also the
surface S;.
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Figure 17 : Mesh of a sphere with flat triangles

Subdomain basis functions can be defined on individual subdomains (pulse basis
functions, §2.2.6), pair of subdomains (see §2.2.8), or even larger groups of
subdomains ( characteristic basis functions [15], synthetic functions [16],
multiresolution hierarchical basis functions [17], star loop decomposition of basis
functions [18] ). Most basis functions defined on two or more subdomains require
that all adjacent subdomains share exactly entire edges (Figure 18a,b). Most
meshing algorithms produce only such meshes. As a consequence, it is impossible
to define zones where the mesh is very fine and others where it is very coarse
without a progressive transition region (Figure 18b). If this constraint is relaxed,
meshes like the one depicted in Figure 18c permit strong local mesh refinements
with much fewer subdomains. In this book we will use meshes based on flat
triangular patches of the type (a) and (b) in Figure 18.

(a) (b) (©

Figure 18 : Meshes with triangles

Subdomain basis functions are most often polynomial functions of order n. The
basis function can be a complete expansion, including all terms up to order n, or
not (see §2.2.8). Higher order polynomial functions introduce more unknowns in
the subdomain, namely the coefficients of the polynomial expansion, but they
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allow the use of larger subdomains [19]. The dimensions of the subdomains are
indeed determinant for the accuracy of the approximation of the integro-
differential equations by the MoM matrix system of equations. Linear basis
functions (see §2.2.7) require subdomains with characteristic dimensions not
larger than M8(3), while 8th-order polynomial functions can be used with
subdomains as large as 2M4%). Defenders of higher order polynomial basis
functions claim that the net number of unknowns is in their advantage
[20, p.289]. One drawback is the increased complexity in the computation of the
MoM matrix elements.

To better model the infinite current densities flowing in the close vicinity (r << i)
of some sharp edges, modified basis functions are sometimes used that include a
r12 behavior [21]. We did not use such functions in this book.

Basis functions are also categorized as “curl free” or “div free”. This property is
closely related to the fact that such functions enforce some continuity
requirements between adjacent subdomains, typically the continuity of the
normal or the tangential component (see §2.2.5).

It is often said that elongated subdomains are not recommended [22][23], the
main reason being that the evaluation of numerical integrals is not very
accurate, even with a large number of quadrature nodes (see §5.3.1). Opposite
conclusions are also reported [24]. In this book we provide numerical evidences
that this warning is not entirely justified (§§5.5.3, 6.6, 6.8, 6.9 and 6.10), even if
elongated subdomains seem to degrade the condition number of the MoM matrix
(see §5.2.2).

2.2.5 Conforming functions

When basis functions span over adjacent subdomains, some continuity
requirements can be incorporated in their very definition. In the finite element
literature, basis functions that maintain continuity between subdomains are
known as conforming functions. Similarly, vector basis functions that impose
tangential (normal) continuity between subdomains are called curl (divergence)
conforming.

A discretization of the vector Helmholtz equation :

_ 1 = — _

Vx[—VxEJ= k’e, E (129)
Hy

containing curls of curls, should employ a basis functions set that imposes

tangential continuity but not normal continuity [10, §9.8].

The integro-differential equations (114) to (117) do not contain the curl of the
surface current densities but instead, in most formulations, their surface
divergence. As explained hereafter, it is advantageous in such a case to consider

3 See FEKO™  User’s manual
4 See WIPL-D™ User’s manual
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basis functions that maintain normal continuity between subdomains. We also
show with the example of a dielectric cube (see §6.6.2) why curl conforming basis
functions are not physically acceptable to model electric or magnetic current
densities on dielectric bodies.

On a closed surface S, we consider a polygonal subdomain with contour I' and
surface Spatch carrying the vector basis function F .

Figure 19 : Polygonal subdomain and its neighbours
Then we define :

- A scalar step function I1(7) which is unity inside the patch and zero outside

- An arbitrary extension F to FC extending it outside the patch, with the
unique requirement that F be continuous and have continuous first
derivative everywhere on the patch contour I'

The surface divergence of the basis function F.. can now be written :
V, Fo=V,-(IIF)=(V,I)-F +TI(V, - F) (130)

The gradient of the step function II(7) is a unit vector everywhere normal to the
edges of the patch, coplanar with the patch, multiplied by a Dirac function :

VI=-4dF-7) (131)

Any integral over the total surface S involving the surface divergence of the basis
function can now be written as :

[[{60 =79, - Fe)dS =~ G =T )~ F)di + ﬂsm GG -7V, F)ds  (132)
The line integral arises from the abrupt discontinuity of the basis function across
the patch boundaries. It is usally termed as a line current contribution. Looking
carefully at (132) we observe that the line integral can be cancelled in two ways.

- Locally within the patch if the normal component of the basis function is
forced to zero on the patch boundaries. In this case, the (n-F) term is
reduced to zero.

- Globally over adjacent patches if the normal component of the basis function
is forced to be continuous across the patch common boundaries I'c. In this
case, the (- F) term changes sign on I from one patch to the other and the
sum of both line integrals is identically zero.
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Basis functions with such properties are called divergence conforming. Famous
and widely used examples of such functions are the Rao Wilton Glisson, or RWG
function (§2.2.8) and the rooftop function (§2.2.9).

Basis functions can be used even if they are not divergence conforming, but the
line integral term in (132) should not be omitted [25].

2.2.6  Pulse basis function

The simplest basis functions are pulse basis functions. With this choice, the
surface current densities are forced to be constant over every subdomain of the
mesh. Considering any flat polygonal subdomain, they can be entirely defined
with two independent parameters for the basis function representing J and two
for the basis function representing M :

[l =%,A]+5, 4] (133)
fnl ) =%, AT +3,, A (134)

where the unit vectors X, y are local to every subdomain.

For a closed surface containing »~/ subdomains to represent J and n)
subdomains to represent M , there are 2(N,-J +N,,M) unknowns.

Aside their mathematical simplicity, another advantage of these elementary
functions is that they are defined on isolated elements. It is therefore possible to
use meshes like the one depicted in Figure 18c (p.42), where very fine elements
can be joined to much larger elements without smooth transition. This is not
possible with neither RWG nor rooftop functions (see §§2.2.8 and 2.2.9).

Pulse basis functions should only be used if the discretized integro-differential
equations contain no derivatives of the equivalent surface current densities,
otherwise such terms would be discarded : this would lead to high errors
whenever the discarded terms have a significant contribution in the whole
equation. In §1.9 we have established (74) and (75), that we called second form of
the integro-differential equations. This second form is suitable to be used in
conjunction with pulse basis functions as the current densities appear without
any derivatives. Neither this second form, nor pulse basis functions have been
used in this book.

2.2.7 Linear basis function

A complete linear vector expansion over any flat polygonal subdomain requires
six independent parameters for J :

fj{(F):fcji(ij +B){x+C){y)+51ji(A; +B§x+C;y) (135)

and an equivalent expression for the M basis functions, with six additional
independent parameters. If appropriate continuity relationships are incorporated
in the basis functions themselves, independently of the problem to solve, then the
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number of unknowns will be reduced while rendering the basis functions more
physical in their attempt to represent the equivalent surface current densities.

If we require the normal of the basis function to be continuous across every edge
of the polygons, it becomes natural to look for basis functions defined on edges
and not on isolated elements.

Let us consider with Figure 20 two triangles T+ and 7~ sharing a common edge
e delimited by the vertices 1 and 2. We refer to the two other edges of both
triangles as their free edges.

Any location 7 inside 7% is given by :
TR AL RN =27 (136)

where 7, 7 and 7. correspond to the vertices I, 2 and p*, while 0< 4" () <1
and 0< 2y (7)<1 are the barycentric coordinates of 7 .

1

Figure 20 : Geometry for barycentric coordinates in a pair of triangles

The most general expression for a linear vector function lying on 7% and having
no component normal to its two free edges is :

Frr) =K AT 7y + Lrig 25 (r) (137

Where & and #3 are unit vectors directed from vertex p* to 1 and 2,
respectively and K*, L+ are free parameters. Similarly, within 7~ :

o) =K A (F)+ L iy A3 (7) (138)

A similar pair of positive and negative functions can be defined on every edge of
the mesh. A closed surface entirely meshed with N triangles counts 1,5N edges.
As every edge supports two basis functions with two degrees of freedom each, the
total number of free parameters is 6N. This is exactly the same as with (135),
indicating that any linear vector function can be described either by an element-
based representation (135), or an edge-based representation such as the pair of
functions (137) and (138).

If we impose now to both edge-based functions the additional constraint that the
norm of their normal component be continuous across the common edge at any

location 7,

- on the edge, namely :
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FroRT =—f i~ (139)

then they become coupled in the form :

IAGE K= l(r) A++Li%(2 il (140)
n n
F(=-k M’) i L 12(’) i (141)

and the only two degrees of freedom are now K and L.

The coupled functions (140) and (141) are the most general linear divergence
conforming vector functions that can be defined on a surface meshed with
triangles [26]. To use these divergence conforming functions in an expansion such
as (118), we must define two basis functions for every pair of triangles and their
common edge :

LAE)

I (;3 it (142)
uy

= A (F)

ff(?):il2i pe i3 (143)
£

These adimensional functions are a field of parallel vectors aligned with a free
edge, with a maximum norm at the vertex of the common edge belonging to this
free edge, then linearly decreasing to become zero on the other free edge :

o
Figure 21 : Coupled linear divergence conforming functions over a pair of
adjacent triangles
In Figure 21, fl_ (r) has not been represented to maintain readability.
The divergence of (142) and (143) is constant inside each triangle :

/K 7 in TE

0 elsewhere

V- fit 2 (F) ={ (144)

where A+ (h) is the height of triangle 77 (77 ) on the common edge.
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In a mesh containing N triangles, thus 1,56N edges, the number of unknowns is
now 8N for J and 3N for M .

2.2.8 Rao Wilton Glisson (RWGQG) basis functions

The RWG function [27] is a special case of the most general divergence
conforming linear functions on triangles presented in §2.2.7 : the RWG function
imposes that the normal component be not only continuous but also constant
everywhere on the edge. It is easy to show that this additional constraint leads to
K=L in (140) and (141). As a consequence, there is now only one basis function
per edge instead of two, and the number of unknown parameters in a mesh with
N triangles is reduced to 1,5N for J and 1,5N for M .

This now unique basis function on the pair of triangles T+ and 7~ sharing the
edge e looks like :

Figure 22 : RWG basis function

and takes a simple mathematical form in local polar coordinates :

St = ook
fi(7)= tp /b~ T in T (145)
0 elsewhere

where h* (h) is again the height of triangle 7% (T7) on the common edge. The
surface divergence of a RWG basis function is constant in 7% and 7™, equal but
with opposite signs in both triangles :

) +
Vs‘j?i(F):{iZ/h rinT (146)

0 elsewhere

To support the RWG functions, the surface S; of every domain D; must first be
discretized with adjacent and non overlapping flat triangles. Moreover, the
definition of RWG requires that every regular® edge in the mesh must be shared
by exactly two triangles. This excludes meshes like the one depicted in Figure
18c. A mesh of a torus, suitable for RWG functions, is shown in Figure 23 (p.49).

5 See §3.2 for the definition of regular and singular edges
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Figure 23 : Mesh of a torus

To compute the current density at any location 7 on the surface S; inside one of
the triangles of the mesh, only three RWG functions (and their associated
unknowns oJei or M) are involved : those defined on each of the 3 edges of the
triangle, as illustrated in Figure 24.

Figure 24 : Current density in a triangle computed with 3 RWGs

Supposing that the same RWG functions fe’i(F) are used to model the electric
and magnetic current density :

T =01 fi V4 Ty i fon i O+ T i i (F) (147)
M(F) =M, i f; (P + My £ i)+ My, i fr i (F) (148)

The price to pay though for this reduction of the number of unknowns per edge is
the loss of a degree of freedom : as opposed to (142) and (143), RWG’s are unable
to model a surface current density with a transverse gradient, as represented in
Figure 25 :

Figure 25 : Surface current density with transverse gradient

Such a current density field implies a normal component through any edge
crossed by the current density that is not constant along the edge, but
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proportional to the gradient of the current density. Such current density fields
are most often encountered in the close vicinity of edges [28]. A direct
consequence of the limited linear representation allowed by RWG functions is
that current densities flowing parallel to edges where such a gradient is present
are forced to zigzag (see §6.9). There are also situations where the normal
component of the current density must be allowed to vary along some edges of the
mesh. The strong deformations imposed to the current density flow resulting
from the use of RWG functions is revealed in §6.7.1 and explained with Figure
116 (p.192).

In this book we are interested in multidomain problems, including dielectric
volumes and perfectly conducting plates or sheets. We explain in detail in
chapter 3 how to properly define RWG’s in such a complex situation.

2.2.9 Rooftop functions

Rooftop functions are defined similarly to RWG’s, but on a pair of flat rectangles
or parallellograms instead of flat triangles [29].

ﬁﬁ“’

Figure 26 : Rooftop functions

Their mathematical expression, in coordinates local to every parallelogram, is :

/Wt 7 in PY

(149)
0 elsewhere

where h* (h-) is the height of the parallelogram P+ (P) on the common edge and
#* is a unit vector parallel to the two free edges of the parallelogram connected
to the common edge.

Similarly to RWG’s, they are divergence conforming, exhibit a constant surface
divergence over every parallelogram, and cannot represent a transverse current
density gradient.

2.3 Testing

In the mathematical theory of linear vector spaces, the process of testing means
applying a suitable inner product to a (vector) function to turn it into a scalar.
Doing so, we project the function onto a subspace of its original space. The
properties of a suitable inner product < f, g> between f and g are commutativity,
linearity and positive definiteness :
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(f.8)=(g.f) (150)
(af +Bg.h)y=o(f.h)+B(g.h) (151)

ez

In electromagnetics, the inner product between two functions is defined as
[81[30] :

(152)

(f.8)=[r)-grar (153)
The product becomes a dot product if the functions are vector functions.

In mathematics ( respectively, quantum physics ) the function f is complex
conjugated in the definition of the inner product, allowing the definition of the
norm of a function ( respectively, a probability function ), two quantities that
need to be positive.

2.3.1 Normal and tangential testing

The four discretized equations (120) to (123) actually originate from only two
independent three-dimensional vector equations, the EFIE; and the MFIE;, that
we projected on the normal 7;(r)to the surface Si or onto a direction tangent to
Si, at location 7 on S;. These projections resulted in two scalar equations, the
nEFIE: (120) and nMFIE; (121), and two vector equations, the tEFIE; (122) and
tMFIE; (123).

At this stage, for the sake of generality, we test the scalar equations with sets of
arbitrary scalar functions :

w, ) (e=1.NE")  for the nEFIE (154)
wy ) (ly=1.N"") " for the nMFIE (155)
and we test the vector equations with sets of arbitrary vector functions :
W, () (e,. - 1..va’) for the tEFIE (156)
W, )l =L.N")  for the MFIE (157)
Defining now the arbitrary normal vector testing functions :
N, (F)=w, (F)i;(r) (158)
Ny, (F) = w, (F)i;(F) (159)

and the arbitrary tangential vector testing functions :
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T, (F) = i, (F)x w, (F)

T, (F) = i, (F)xw, (F)

(160)

(161)

Equations (120) to (123) become, after multiplying them with the appropriate
testing function (158) to (161), integrating over the discretized surface S; and

rearranging the cross and dot products :

[N, (7)-E["(Fyas
S.

i

I(){Z [Nz-—EfJ{E{}m—%Mm,f?f{ﬁﬁf}m}ds
S; m

Ji ;
[ M), -z H ] (Fras
Si
=[N, <7>'{Nilifjil?i{ﬁf}WH%Mmi [N:-D; J{7 }(ﬂ}ds
S; Ji m;

[T, G- E" (s

5,
= [T, {_Nzizijjiﬁi{ﬂ}(r) + Nz M, [T - Ei}{ﬁfl‘f}(r)}ds
S; Ji n;

[T, (- ZH]™ (Fyds
S.

i

- (7, <r>{_sz,,in 7k {7/ - 3 m,, BT }(7)}dS
N m

Ji ;

(162)

(163)

(164)

(165)

These expressions can be contracted into a global matrix system of equations :

Z[_E./,n Z[_EM,n VE,n
ZiHJ,n ZiHM,n Ji ViH,n
Mi

HJt HM .t H.t
v/ v/ v,

zEe zEM

(166)

The elements of the eight sub-blocks of the matrix and the four sub-vectors on

the right hand side are given below :
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and

22 =4[ 5,07 -B )|
S,
280 = %, ) s

2t =2, [ 7, (] {7 ) os

(I}{an) ,ho (r)- (|:1\~7, —[_)l}{ﬁfl‘:[}(y))ds

V(f)” jN (7)- E" (7)ds

Vit =7 [ Ny (7 H" (F)ds
S;

284 =, Sj 7, @ (B,{77})as

2o _ fT @-([7 - & {72 )as
Zfsffhm-([ﬁ—m{fi}m)“s
24t = [0 (7))o

e = 7,00 s

(e)
S,

i

Vil =z, [T, - H" (Fras
S;

(167)

(168)

(169)

(170)

(171)

(172)

(173)

(174)

(175)

(176)

(177)

(178)

Note that the impedance Z; has been incorporated in the expressions of the ZEJ,
ZHJ and VH elements : when the boundary conditions between domains will have
to be enforced (see §3.6), it will imply equalities between J; (and M, ), and not

between Z;J; .

The size of the subblock Z*" is (NF" by N{), the size of the subvector VA" is
(NiH ' by 1), and so on for all the other subblocks and subvectors. The global Z
matrix has thus size (NiE’" +Nl»H’" +Nl»E’t +Nl»H’t by Nl»J +Nl»M ). The matrix system
of equations (166) represents the discretized MoM version of the integro-
differential equations (114) to (117), valid on the inner discretized surface S; of

domain D;.

53



Chapter 2 : Method of Moments

Except in the unique case where domain D; is free space enclosing a unique PEC
object, the matrix system of equations (166) cannot be solved in its own : a
similar system of equations must be written for all dielectric domains and the
boundary conditions must be enforced between all these domains. This is the
topic of chapter 3, particularly in §3.6. In any case, the arbitrary scalar and
vector testing functions still need to be specified.

2.3.2  General considerations about testing

Every element Z ;) of the Z; matrix in (166) results from the testing of a
function of sz’ a basis function defined on the subdomain Spi, by a testing
function f,; defined on subdomain Si;. We call self terms those obtained when the
testing and basis subdomains are identical, and quasi-self terms those where
partial overlapping occurs. Self and quasi-self terms should not be annihilated in
the testing process as they are relatively large and contribute significantly to the
solution [10, p.39]. To understand this statement, we must take a closer look at
the vector functions N;(7), T;(¥), D,(¥) and K,(F), defined in §1.14.

Figure 27 : Quasi self term

We consider a subdomain basis function ]7,”»(7') which is non zero only on the
pentagon Sk, a flat portion of the total discretized surface S; (coloured and
delimited in orange in Figure 27). We consider also a subdomain testing function
]7,1- (r) defined only on the hexagon Si (coloured and delimited in green in Figure
27), another flat portion of Sqi having some area Sc; in common with Se;.

In the testing integrals, for example (169) and (173), the observation point 7 is
running everywhere inside S.

At every location 7 the vectors D(r) and K (r) that are belng tested result
from the integral over Se; of a function involving the two vectors sz (r") and R :

DG =82 [, [ 13~ () R)R iy ] a5 (179)
bi
RO{F) e =k? fsbi{ﬁ,-(r')xﬁ} fo; dS" (180)
As we chose coplanar Sp; and Si subdomains, fhi (r') and R are both coplanar to

Sei for every possible position 7'. The vector l_)i(F) is a linear combination of
fhl(r) and R : it is therefore also coplanar with Sk. As the cross product
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between fh, () and R is always normal to Sk, the same applies to the vector
K (7). From the expressions of f3;, f3,; and f,;, given by equatlons (77) (78)
and (79), we also note that the norm of the complex vectors D (r) and K (r) are
globally decreasing with increasing R, especially when kiR >> 1.

The vector N,- (r) originates as the principal value extraction from the nEFIE; or
nMFIE; integrals at 7. The same applies for fi(?) and the tEFIE; or tMFIE:.
Consequently :

- N-(?) or f(?) exist only when 7 is inside Ssi, where fbi(F) also exists

- N ) always appear in the nEFIE; or nMFIE; in combination with D ),
while T(r) is combined with K (r) in the tEFIE; or tMFIE;

- Where they exist, Ni(7) and Ti(F) have a magnitude larger than or similar
to D;(r) and K;(r).

By definition, Nl-(F) is normal to Si while TN“,-(T) is coplanar with Sk and
perpendicular to f,;(7).

{fh,}(r)— {V Foi (P} (P (181)

T F } ) = i (F) % f () (182)

For the quasi self term Z ,, where Si and Sy are coplanar, the four vectors
N ), T(r) D(r) and K;(r) are depicted in Figure 27 (p.54) when 7 belongs
to Ski, while only D (r) and K (r) are present when r does not belong to Sb.
The vectors N (r) and D (r) are perpendicular to each other, as well as T(r)
and K,(r) , and also D,(r) and K,(r).

Considering the orthogonalities between all these vectors, as the nEFIE; or
nMFIE; must be tested with a vector normal to Si, while the tEFIE; or tMFIE;
must be tested with a vector coplanar to Si, Table 4 summarizes that, regardless
of the testing function, self terms, coplanar quasi self terms and more generally
all coplanar S / Spi situations cannot be tested without discarding the l_)i(F) or
the K,-(F) vector.

Table 4 : Discarded terms (in red) for coplanar situations

Component Normal Tangential

E (EFIE) N-D -K -D T-K
H (MFIE) K N-D | K-T -D
Current density J M dJ M

This observation emphasizes the importance of the principal value terms N,- )
or T;(F) in the four following cases : nEFIE; or tMFIE; applied to a PEC structure
and nMFIE; or tEFIE; applied to a PMC structure. These four cases result in a Z;
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matrix formed by only one of the four cells in Table 4 (p.55), where the discarded
term is present. For example, for the tMFIE; applied to a PEC structure (yellow
highlighted in Table 4), the global matrix system of equations (166) reduces to :

[Z,-HJ’Z}[JJz[ViH”} (183)

In these Zi matrices, the entries involving overlapping testing and basis function
subdomains are located on the main diagonal. A dominant main diagonal leads to
a well conditioned matrix. On the other hand, if these diagonal terms are brought
down with a wrong testing procedure, the Z; matrix becomes ill conditioned. In
the four cases mentioned above, a wrong testing function is one that also discards
or strongly affects the remaining term, 1\7[»(7) or ]:i(?) . Coming back to the
example (183) of the tMFIE: applied to a PEC structure, it cannot be tested with
a tangential function aligned with fbi(F), otherwise the main diagonal is nearly
reduced to zero. The ideal choice is ﬁi(F)xfbi(F), aligned with ]:i(F) at all times,
producing a dominant main diagonal. A dual conclusion applies for PMC
structures analyzed with tEFIE;. Note that the normal testing of the nEFIE; or
nMFIE: does not allow such a wrong choice, as the direction of the normal 7;(r)
is unique and both N;(F) and K;(F) are aligned with it.

If we analyze a PEC structure with the tEFIEi;, only the [_),-(7) term will
contribute to the main diagonal. Careful observation of (179) shows that fbi(?) is
an appropriate testing function, while ﬁ,-(?)xﬁ,,-(?) will negatively affect the self
term [_),-(7) , In an average way over Spi. As opposed to the case of tMFIE; applied
to a PEC structure, the main diagonal is not nearly reduced to zero, but
sufficiently diminished to render the Z; matrix ill-conditioned.

To obtain the J and M current densities flowing at the interface between a
dielectric domain D; embedded in another dielectric domain Dz (free-space) we
must anticipate on §3.6 and explain that the global Z matrix is a combination of
two submatrices Z; and Zz, written independantly in both domains. In the cases
of the PMCHWT and the Miller combination schemes based on the tEFIE; and
tMFIE;, this global Z matrix is :

azB vz gz M v oz M M J } _ [ Al vy } (184)

HI, HI, HM, HM, H, H,
Bz ’+ﬁ222 ! Bz t+:5222 "M AV t+ﬁ2V2t

Referring again to Table 4 (p.55), the Z matrix encompasses the four cells
indexed with E, H, J and M. The main diagonal is due to the D(F) terms
produced by the tEFIE: and by the tMFIE;. The role of TN",-(T) is therefore of minor
importance. In fact, the fi(?) term completely disappears with the PMCHWT
combination scheme when fbi (r) 1is the testing function. If we restrict the testing
functions to f,;(r) and #;(F)x f,;(F), chosen identically in both domains, it is
mandatory to use the same testing functions for the tEFIE; and the tMFIE;.
Indeed if we use f,,(r) and fy,(F) for the tEFIE; and tEFIEs, then i (r)x f, (F)

6 It is not exactly reduced to zero because RWG span over a pair of triangles. Self
terms involve thereby two overlapping and two adjacent triangles.
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and ﬁ2(7)><]7,,2(7) for the tMFIE; and tMFIEz, the M current density is poorly
tested in both the tEFIE: and both the tMFIEi. Similarly, the J current density
would be poorly tested if we use ﬁl(F)thl(F) and ﬁ2(7)><]7,,2(7) for the tEFIE;
and tEFIEg, then ]?,,1(7) and ]?,,2(7) for the tMFIE: and tMFIEz. Using fbi(F) or
ﬁi(7)><]7,,i(7) everywhere (called PMCHWT-f-f or PMCHWT-nxf-nxf in this book)
eludes the problem. Nevertheless, both 7 and M are poorly tested in this case,
but one of them in the the tEFIE; only and the other one in the tMFIE; only, or
oppositely. To ensure proper testing of both J and M everywhere in the Z;
matrix, some authors have proposed mixed testing schemes, such as for example
fhi(?)+ﬁi(7)><fhi(7) [31]. We compare in §6.2.5 the excellent results obtained
with both the PMCHWT-f-f and the PMCHWT-nxf-nxf. There are no reports in
the literature, known to the author, of PMCHWT-nxf-nxf. But there are many
examples where PMCHWT-f-f is used, or even presented as the right choice
[32][33][34].

Additional detailed information about the Miller combination scheme and
appropriate testing functions can be found in [35]. Two examples are treated in
§§6.2.5 and 6.8.2 with Miller-f-f and/or Miuller-nxf-nxf. We present hereafter
three examples of testing schemes, where the testing function is defined on a
whole surface (Galerkin), along a line (Razor blade) or at a single point (point
matching).

2.3.3  Galerkin testing

The discretized EFIE; and MFIE; (120) to (123) contain n/ + N, scalar unknowns.
If we want to determine them by solving a square matrix system of equations, we
must use exactly n/ + ¥ testing functions. As there are ~N/ + N basis functions,
they are natural candidates to construct the testing functions as well. When the
testing and basis functions are identical, the procedure is called “Galerkin
testing”. This is only possible for the tEFIE; and the tMFIE;. Indeed, the testing
functions need to be normal to S; in the case of the nEFIE; and the nMFIE;.,
while the basis functions must lye on S;.

A linear operator, in this case an integral equation denoted IE, is self adjoint
with respect to the inner product defined by (153) if :

[ 7 TEU= [, Jy TELR (185)

When Galerkin testing is applied to a self adjoint operator, it produces a
symmetric matrix. This property, only fulfilled by the tEFIE;, allows to reduce
the matrix fill time by a factor close to two. Many examples where Galerkin
testing is used can be found throughout Part II.

2.3.4 Point Matching

The discretized equations (120) to (123) are valid at every possible location 7 on
Si. If we evaluate these equations at N/ + N locations, we can generate N/ + N}
equations. This sampling process comes down to incorporate a scalar Dirac
function in the definition of the testing functions (154) to (157). There are
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infinitely many possibilities to choose the ~/ + ¥ locations. To obtain a good set
of independent equations and a good approximation for the current densities, it
seems reasonable to evaluate the discretized equations at the centroid of every
element of the mesh, though it is by no means a general rule [36, p.64].

For (122) or (123), this sampling process leads to N/ + N/ two-dimensional vector
equations. To obtain scalar equations the vector equation must be dot multiplied
with, or projected onto an “adequate” vector. Some examples of solutions obtained
with point matching, which is equivalent to use only one node in the quadrature
for the outer integral (see §5.3.2), are presented in §§6.2.1, 6.2.2 and 6.5.1.

2.3.5 Razor blade testing

In the point matching testing scheme the discretized equations are evaluated at a
single point, whereas in the Galerkin testing scheme, they are averaged over a
surface with a weighting (or testing) function. Halfway between these two
extremes a razor blade testing function is defined along a line. In the example of
Figure 28 the razor blade testing function is a constant vector defined on a
triangle pair, aligned with the dotted line between the centroid of every triangle
and the centre of the common edge.

Figure 28 : Example of a razor blade function

This type of testing function has not been used in this book. We refer to [10] for
additional details and to [37] for a comparison between Galerkin and razor blade
testing.

2.4 Summary

In this chapter the Method of Moments is introduced in a practical way, applied
to the electromagnetic scattering problems we aim to solve, described by the
canonical expressions presented at the end of the previous chapter. As the choice
of the basis and testing functions is very important, we spent quite some time to
review their purpose, as well as the properties and (dis)advantages of the many
functions available.

Subdomain divergence conforming vector basis functions were recognized as
particularly adapted to our situation. In this family, the Rao Wilton Glisson
functions have been selected despite some serious drawbacks that have been
explained in this chapter and illustrated in chapter 6. The rejection of curl
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conforming functions, sometimes encountered in the literature, has also been
explained and illustrated.

Regarding the testing functions, they have been introduced in a very general
way, in line with the canonical expressions derived in chapter 1 for both the
normal and tangential components of the EFIE and MFIE. Some general and
original considerations have shown why some choices of testing functions can be
disastrous, acceptable or even advantageous.
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3 Method of Moments Formulation for
Multiple Regions

In chapter 1 the exact integral expressions valid at the inner bounding surface of
a volume or on one of the superimposed faces of a sheet have been established. To
summarize all possible expressions occurring in a mixed material situation, a
new unique notation has been introduced. In chapter 2 the integral equations
applicable inside a single domain have been discretized in a general way to allow
some discussion about the basis and testing functions. In this chapter a
particular choice is made for the discretized equations, they are written in every
domain and we incorporate the boundary conditions to solve the entire problem.
The original contributions in this process are the definition of a singular edge, a
solder line and a sector with its electromagnetic nature and RWG properties, the
use of a sector table to organize and visualize the complex filling of the
impedance matrix, and the unified presentation of the combination step for both
dielectrics and perfect conductors.

3.1 Preamble

Composite structures made of homogeneous PEC and dielectric bodies are of
considerable importance in radar scattering, antenna design, microwave
engineering. In [1][2][3][4] only composite objects with a symmetry axis are
considered. In some other works involving arbitrary three-dimensional objects,
either the metallic and dielectric objects are not allowed to be in contact, or the
treatment of the junctions is quite complex and not fully developed [5][6][7][8]. To
date some quite general approaches have been presented [9][10][11]. In this
chapter we make new steps towards a complete treatment. First of all, the PEC
bodies are presented along with their PMC dual counterpart. Next, both volumic
bodies and sheets are combined in every possible way. The concepts of singular
edges, branched bodies and solder line are introduced, and the importance of
electrical continuity is emphasized. The essential notion of RWG sectors is
identified, for which two important properties are demonstrated. The treatment
of composite structures is made very general to allow the use of any testing
scheme, coupled to any redundancy reduction scheme. Finally, a new general
approach based on the sector property table is proposed. In [12] a systematic
approach 1is described to build the composite Z matrix and V vector corresponding
to a collection of linear isotropic homogeneous domains D; bounded by a closed
surface Si. To explain the additional concepts and properties that are introduced
in this book, we illustrate and comment the procedure with a worked example :
Figure 29 (p.64) highlights separately the three bodies entering the elementary
composite structure : two pyramids (L for Left and R for Right) made of two
distinct dielectric materials, lossy or not, and one metallic branched plate (P),
considered to be PEC. These three bounded bodies are embedded in a fourth
unbounded one : free space (O).
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¢ » 7

Figure 29 : Two pyramids (L,R) and one branched plate (P)

This elementary structure is meshed with 9 triangles only, and the edge numbers
are clearly identified in Figure 30 :

<5 7
}
9
12%13

Figure 30 : Edge numbers

In chapter 1 we have established several forms for the three-dimensional EFIE;
and MFIE; in every domain D;, as well as their normal and tangential projections
on the bounding surfaces Si. From here on we will restrict ourselves to the
tangential projections, called in this book the tEFIE; and tMFIE; :

iy (P B (7) = ) x{-D{ z, T} ) +[ T - K, J{#, } 7)) (186)
iy} ZH " () = iy (7 <{-[ T - K {z7, ) 7) - B {a ) (187)

The meaning of the 5,-, Ei and T~l operators can be found in §1.14, along with
their expressions in the first and second form of the integro-differential
equations. The vector 7;(r) is the unit normal to S; at 7, pointing outside Di. We
know that in PEC domains, volumes or sheets, the surface current densities 7[
and M ; are identically zero, but to develop a general scheme, we will omit for a

while that domain P is a (PEC) sheet : the index i can therefore be L, R, O or P.

To obtain a numerical MoM solution to the integro-differential equations (186)
and (187), we approximate the boundaries S; with flat triangles and the unknown
surface current densities J_l and M ; with RWG functions (see §2.2.8). For
example in domain L where Sr. is composed of four triangles :

IL =Y Jop for( (188)
ecE;

My =Y J,p for () (189)
ecE;
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where fe ; are the RWGL functions defined all around Sr on the edges
ee ErL={1,3,4,5,6,10} and J.1, M. are the unknown coefficients corresponding
to every RWGL defined on Sy, inside Dr. As we will show in the next paragraphs,
things get a little more complicated inside Do. To explain clearly how to build the
RWGi in every domain D; we must first introduce the concepts of singular edges,
branches and sectors.

3.2 Singular edges and branches

In the physical world no object has some dimension exactly equal to zero. The
thin dielectric substrate supporting a patch antenna, or an even thinner metallic
coating both have a finite thickness. Very thin plates have thus a non zero
volume delimited by a closed surface made of an upper and a lower face and very
thin side faces. Solving electromagnetic problems involving plates with the MoM
would require too many elements if the very thin side faces were to be meshed
with quasi equilateral triangles. There is one way out for perfectly conducting
plates : as soon as the thin dimension of the plate is much smaller than A, say for
example A/100, it is simply reduced to zero. In this book we already called “sheet”
a plate from which the thin dimension has been reduced to zero. This
mathematical trick is possible and leads to meaningful solutions thanks to the
infinite conductivity of a perfectly conducting sheet. chapter 4 is entirely devoted
to the MoM analysis of such sheets. As explained in §1.4.1, a thin dielectric plate
cannot be modelled by a dielectric sheet : the latter is simply electromagnetically
transparent. For thin dielectric plates, we propose instead to reduce the number
of triangles on the thin sides with linearly or logarithmically distributed meshes
and elongated triangles (see §§Analytical analysis - very elongated triangles, 6.6,
6.8, 6.9 and 6.10). Other approaches have recently been reported [13][14].

The mesh of a mathematical sheet that can be generated with readily available
meshers will be identical for opposite faces and will consist of a unique set of
superimposed elements. In this case, every inner edge of a plate is singular : it
actually represents two physically distinct edges belonging to the upper and the
lower face. A body with two branches left and right of a singular inner edge can
be of three types, as depicted in Figure 31 :

Left branch
FLAT

Right
branch

Figure 31 : Bodies with 2 branches

To form a complete linear base for the surface current densities J; and M; the
RWG; functions must completely cover the closed surface S; enclosing every
domain D;, as depicted in Figure 36 (p.69). On every edge of S; we must thus
define one RWG; for every pair of triangles belonging to a face of Si. The
homogeneous domain Dg, coloured in green in Figure 32 (p.66), has five branches
on edge e. Consequently, five distinct faces of S¢ share the edge e. The singular
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edge e supports therefore 5 RWGs in domain Dg, as represented in Figure 32.
The edge e also supports other RWGi, not represented in Figure 32, for every
other domain D; touching e.

Figure 32 : Homogeneous domain with 5 branches

3.3 RWG scheme on singular edges

3.3.1 Physical Continuity and Sector Concept

On every edge e in the mesh of a composite structure, two or more domains meet.
If none of these domains has branches on e (or : they all have one branch) then e
supports one group of RWGs. In order to simplify the enforcement of the
boundary condition, we choose to orient these RWGs in a tail-arrow sequence
from one domain to the other around the edge, as depicted in Figure 33. Note
that the sheet has been drawn with a finite thickness to help visualize the RWGs
inside and outside it.

Volume ||| Volume h
(V1) H (v2) et D :>:

Embedding volume (0)

—_— 0
Zpe sheet

vy '_)(V;)—' I

Figure 33 : Edges with no branched domains

Branches are a local property of a homogeneous domain. Domain V2 and the
sheet are NOT two branches of one single homogeneous body on edge z, unless
they are made of the same material and soldered together.

If only one of the domains attached to e has b branches on e, then this domain
partitions space around the edge in b sectors in which groups of mutually
independent RWGs must be defined. Figure 34 (p.67) shows a body with three
branches. The singular edge in the mathematical model represents three physical
edges, on which the RWGs would be defined as depicted if the physical model was
used instead of the mathematical model. To represent correctly the physical
reality with the mathematical model, we must maintain the same RWG scheme
on the singular edge.
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RED sector
J
/ ‘\' <V GREEN sector

BLUE sector

Mathematical model . .
Physical reality

Figure 34 : Edge with one domain having three branches

3.3.2 Solder line

Let us now consider the situations of Figure 35. The singular mathematical
model alone makes it impossible to distinguish which homogeneous domain is
continuous across the edge. The two only physical possibilities are presented,
along with the corresponding RWG scheme : black arrows for the grey domain
and blue arrows for the red domain. The important observation here is that the
RWGs supporting the current densities on the inner surface of both domains
depend on the physical reality, that must be reproduced by the mathematical
model.

In our MoM implementation, to eliminate such ambiguities, we have introduced
the notion of solder line, represented as a void dot in the middle of the
mathematical model in Figure 35. It is a line, as opposed to sheets (=surface) or
bodies (=volumes), defined with electromagnetic properties to impose the
continuity of only one of the branched domains on a singular edge. An example is

given in §6.11.
Red
<+ —» solder
line

' ' mathematical

model
Figure 35 : Homogeneity and continuity

3.3.3  Sector table

It is not physical to have several branched bodies continuous across each other,
but it is perfectly possible to imagine several branched bodies on a single edge,
aside each other, as depicted in Figure 38 (p.71).
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If N domains share an edge e and they all have only one branch, then there is
only one sector on e. If only one of the NV domains has 2 branches, then there will
be 2 sectors on e. If a second domain has also 2 branches on e, then there will be 3
sectors on e (see Figure 38, p.71). In general, if each domain D; attached to e has
bi branches, then

N
S=1+Y (b-1) (190)

i
sectors are created around e, where N is the number of domains D; on e.

In the example of Figure 29 (p.64), most edges define only one sector, except
edge 9 (2 sectors) and edge 10 (3 sectors). This can be derived from (190),
considering that only domain P has two branches on edge 9 and only domain P
has three branches on edge 10.

Another important property of sectors is their electromagnetical nature. If at
least one domain around an edge within a sector is a PEC (respectively PMC)
then the sector is of electric (magnetic) nature and tagged “E” (“M”). If none of the
domains around an edge within a sector is a PEC or a PMC, then the sector is of
dielectric nature and tagged “D”. To be complete, one can also theoretically
imagine a sector containing both a PEC and PMC sectors, and tag it as “E+M”.

We are now ready to present in Table 5 a summary that will prove very useful in
the next paragraphs and chapters.

Table 5 : Sector table

m Edge Sector L P R (o) Type Nature
1 1 1 X X I D
2 2 1 X X 11 D
3 3 1 X X X jiis D
4 4 1 X X X jiis D
5 5 1 X X X v E
6 6 1 X X X v E
7 7 1 X X X A% E
8 8 1 X X X v E
9 9 1(@L) X X VI E
10 9 2 (R) X X VI E
11 10 1(U) X X X VII E
12 10 2 (L) X X VI E
13 10 3[R) X X VI E
14 11 1 X X VI E
15 12 1 X X VI E
16 13 1 X X VI E

The sectors around the singular edges 9 and 10 have been named and numbered
and they are attributed a unique number m. The domains contained in every
sector m are recorded with a X in the corresponding LPRO column. In the forelast
column of Table 5 the 16 sectors are classified in VII types according to the
domains they contain : a type I sector contains domains L and O, a type II sector
contains domains R and O, and so on. In the last column, mentioning the
electromagnetic nature of every sector, we observe that only four sectors are
dielectric, those not in contact with the PEC sheet P.
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Figure 36 : RWGi functions in the four domains

In Figure 36 the RWG; for every domain D; are depicted as oriented arrows on
every edge of Si. Yellow arrows for L, light blue for R and deep blue for the
embedding domain O. As RWGs are purely geometrical functions that can be
defined inside every homogeneous domain D;, red RWGs have also been drawn
inside the sheet P. Note in Table 5 (p.68) and in Figure 36 that the embedding
domain O has a RWG in every sector, except m=11.

3.4 Local ZI=V systems of equations

Having determined every RWGi functions in every domain D;, we can discretize
the tEFIE; and tMFIE:. Then, to build a Z; matrix and V; vector for every domain
D;, we still have to choose for every sector m and in every domain D; contained in
sector m a tangential testing function f,f (N =n (F)XV_V,E,I-(F) and
T,,f{i(r):ﬁi(r)xw;{i(r). We refer to §2.3.2 for the choice of testing functions. In

this book, in particular for the examples treated in chapter 6, we consider only
the following cases :

For “E” sectors :

Ty = fui (191)

T =i, xf,, (192)
For “D” sectors :

Ty =f.=1) (199)

T =ixf, =T (194)

where fm,,- is the RWGi in sector m and domain D; and #; is the unit normal to S;
at 7, pointing outside D;.

It is important to note here that the testing function for the tMFIE;: or tMFIEi
depends on the electromagnetic nature of the sector : for example tMFIEi can be
tested with f,; or A;x f,,; in “D” sectors, but only with 7;x f,,; in “E” sectors.
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We obtain, for every domain D; :

EJ _yE
z Zmn I‘Inl + z Zmnl n,i Vm i
neN; neN;

HJ v 1-1 (me M;) (195)
sznt‘lnt+zzmn1M g
neN; neN;
where :
Zimi =7, Ti®)[ D F,.}]as (196)
Z:{:{z :_Zif ml(r) |:T K:| fnl} (197)
Zmli= [ T[T -K]{F.}ds (199)
zm = [, @[ D{],} ]as (199)
Vi = Tmi-E"ds (200)
Vi =zif, T A 201

The integrals are computed over Sm,i, the pair of triangles belonging to the
discretized closed surface S; supporting f,, ;.

We can easily determine from Table 5 (p.68) that the set of sectors contained in
Dr are ML= NL={1,3,4,5,6,11}, and similarly for the other domains.

The four local Z;I; =V; systems of equations can be gathered in a single raw global
ZI=V system of equations as shown in Figure 37 :

N, N. Np Np Ng Ni No No

v, [Z5 7o 71 [VE
M|z z™ 0 7
Mp z5 7% [J] [V
MP ZHJ ZHM »M = V_H
MFi ZEJ ZEM J VE
MFi ZHJ ZHM M V_H
MO 0 ZEJ ZEM J VE
MO ZHJ ZHM M V_H

Figure 37 : Local ZI =V system of equations

Still this raw global system of equations does not fully represent the composite
structure : the boundary conditions between domains must be accounted for.

In [12], a global system of equations is built from the local Zi[i=V; systems of
equations in two additional steps :

—  Include the boundary conditions

— Deal with the redundant equations arising from the previous step
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In §§3.6 and 3.7 we complete and illustrate this procedure from the practical
point of view of the programmer, who favours an efficient and all purpose
implementation.

3.5 Two properties of RWG sectors

At this stage a programmer needs to allocate sufficient memory to store the Z
matrix and V vector. As every J; and M; unknown is attached to one RWG;, itself
defined on one edge, the number of /i and M; unknowns in the raw global system
of equations is the sum of the JJ; and M; unknowns attached to every edge.
Allocating memory based on the size of the raw global system of equations would
lead to a huge waste of memory, as we will see.

The two following properties, demonstrated further in this paragraph, provide
the optimal answer :

(P1) The oJ; and/or M; unknowns attached to every RWG; within a sector of an
edge are all equal, regardless of the nature of the sector

(P2) If the sector contains a PEC and/or a PMC, then M;=0 and/or ;=0 for this
sector

Figure 38 shows an edge common to two bodies having two branches each : the
bounded domain BI and free space B2. They create three sectors : RED is “E”,
whereas GREEN and BLUE are “D”.

[~F )
(‘

Math. model

Phys. reality

Figure 38 : The two properties of RWG sectors

(P1) allows to write J; =J2=J3 and M;=Ms>=M3 in RED, J;:=J2 and M;=M> in
BLUE, J; =J2=J3 and M;=M>=M: in GREEN. If the three sectors were “D”, the
edge would have 3J and 3M unknowns. As RED is “E”, (P2) adds M;=M2>=M3=0,
eliminating one M unknown.

We demonstrate (P1) in the most complex sector (RED), containing the PEC
wedge.
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Figure 39 : Demonstration of (P1)

In Figure 39 we have drawn the normal component only of the electric current
density across the edge e in sector m, with dotted lines on the 7" triangles and
solid line on the T* triangles.

Considering the interface between domain I and 3, the boundary conditions
(see §1.7) impose that J; +J5 =0 anywhere inside the 7" =75 triangle. On the
edge e, in sector m, we must thus also have for the normal component that
T+ T =0,

With RWG functions (see §2.2.8) :

- The electric current density inside the triangle 7i within domain D; depends
only on the three unknowns attached to the three edges of T;

—  The norm of the normal component of the electric current density on the
edge e in sector m is continuous across the edge. For example 17§~ =l J§* 1.
Note that this is not true for the tangential component, thus also not for the
total current density.

- The normal component of the electric current density on the edge e in sector
m is also constant all along the edge and depends only on the </, unknown
on this edge. For example, J{~ and J§* are both determined by the single
scalar Jm,3.

As we have defined the RWGs within a sector in a tail arrow sequence, we can
thus write :

J I3 (202)

ml =

Applying now the boundary conditions on the interface between domains 2 and 3,
we obtain similarly :

Jm,2 = Jm,3 (203)
If we propagate these equalities from one domain to the next adjacent domain,

we deduce that a single unknown /i needs to be determined in the “E” sector m
on edge e.
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In a dielectric sector, only one J» and only one M,» unknown are needed.

To demonstrate (P2) we remember that the boundary condition at the surface of a
PEC, for example in domain I, states that M; =0. Similarly, we have in domain
2that M; =0. Propagating with (P1) the null normal component of the magnetic
current density between adjacent domains, we can immediately write in sector m
with electromagnetic nature “E” :

My =M, > =M, =0 (204)

m,l m,2

As a summary, on every edge the number of J unknowns is the sum of the
number of “E” and “D” sectors, while the number of M unknowns is the sum of
the number of “M” and “D” sectors.

3.6 Global ZI=V system of equations

Coming back to the composite structure of Figure 29 (p.64), we continue to ignore
that sheet P is perfectly conducting and we derive a full dielectric solution. In
Table 5 (p.68) we count m=16 pairs of J» and M», unknowns : the size of the
global Z matrix is thus 32 x 32.

In the raw ZI=V system of equations of Figure 37 (p.70), the forced equality of the
unknowns within a sector due to property (P1) results in the collapsing of these
unknowns to only one in the I vector and the summing of the corresponding
columns of Z. For m=3 we have Jr=Jr=Jo and Mr=Mgr=Mo. Exactly the same
scheme applies for m=4, the other sector of type III. To contract notations, we will
from now on represent sector types instead of the sectors themselves,
remembering that a sector type stands for every individual sector of this type.
Figure 40 (p.74) shows how property (P1) transforms the raw ZI=V system of
equations. If a domain does not belong to a given sector type, for example domain
L in type II, or domain O in type VII, then the corresponding rows and columns
are shaded, meaning a zero value. We obtain a ZI=V system of equations that
correctly represents the composite full dielectric structure but it is highly
redundant : 16x6=96 equations for only 16+16=32 unknowns. The reason of this
apparently unphysical situation is quite simple : every row corresponds to an
equation created by the testing procedure, as required by the MoM. We have
originally chosen to test every EFIE; and MFIE; with as many testing functions
as there are sectors all around S;, to obtain square Z[;=V; local systems of
equations, regardless of the boundary conditions between domains. The same
way we were free to choose the testing functions , we are now free to select or
combine some of the 96 equations to end up with a square ZI=V global system of
equations.
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Figure 40 : Redundant ZI=V system of equations
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Until recently many combination schemes have been analyzed or proposed
[15][16], but by far the most widely used combination scheme is PMCHWT [17],
named by Mautz and Harrington [18] after Poggio, Miller, Chang, Harrington,
Wu and Tsai [19][20]21]. The so-called “Miiller” combination scheme [22][23] was
recently rediscovered, and presented as a very interesting alternative [24],
especially to eliminate the low frequency break-down problem (see §5.2.4). In
both combination schemes, the discretized and tested tEFIEi1i and tMFIEi are
combined over every domain D;. The global result is symbolized in Figure 41
(p.75), where the red row (IV H) results from the combination of the red rows of

Figure 40.
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Figure 41 : Full dielectric ZI=V system of equations

As an example the entry “ P O” at position IV,V in each of the four quadrants
means a combination with contribution from the P and O domains :

EJ EM
Y GZivwyi X %L
D,=P.0 D,=P.0

HI HM
> BZvy D BZ{Vvy

D,=P,0 D,=P,0

(205)

If the RWGs are all oriented in a tail-arrow sequence, as shown in Figure 33
(p.66), then ai=1=Pi for PMCHWT, whereas oi=¢ and Bi= Wi for the Muller
scheme [24]. In the particular case of PMCHWT-f-f (the testing
function T,", = f,, =T"), the 7; term in (197) and (198) is discarded. We refer to
§2.3.2 for more information about testing schemes.

The PMCHWT is sometimes considered to be unsuitable for the analysis of
dielectric bodies with low contrast. In the limit case of a body with &=¢go
(see §6.1.4) PMCHWT was reported to yield unstable results [25], while the
Muiller solution would produce more accurate results [18]. We show in chapter 6
with numerous examples that PMCHWT and Miiller can both produce excellent
and similar results in this particular case.

From the practical point of view of the programmer, the full dielectric Z matrix
and V vector can be obtained directly from Table 5 (p.68). The V vector and the Z
diagonal entries are combinations on every domain belonging to the sector type.
We remind that in the proposed notation a sector type stands for every sector of
this type individually. For example position VLIII is actually a mxn block with
m=149,10,12,13,14,15,16} and n = {3,4}.

3.7 PEC/PMC case

We take now into account the PEC nature of the branched sheet P. This
introduces 2 additional conditions. Firstly, there are neither J; nor M; current
densities inside PEC or PMC domains. This results in the suppression of the
whole block indexed P in the global raw ZI=V system of equations of Figure
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37 (p.70). In the full dielectric ZI=V system of equations of Figure 41 (p.75), every
contribution from domain P in the Z and V combinations disappear.

Secondly, property (P2) results in the suppression of the corresponding columns
in Z. These two consequences can be visualized below, where the deleted
contributions are in red and struckthrough (P) :

n 1 2 0304 0506 07-08 11 1 2 03-04

Type 1 n n w v vi vi 1 n 1
m z J v V] [v]
11 L o L o T L o
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Figure 42 : ZI=V system of equations with a PEC

We also remind with (191) to (194) that every sector of nature “E” cannot be
tested the same way they would be tested if they were of nature “D”.

Again we obtain a redundant system of equations. The usual schemes to obtain a
square system of equations are called EFIE (the lower grey zone is dropped),
MFIE (the higher grey zone is dropped) or CFIE (both grey zones are combined
with some weighting between EFIE and MFIE) [26]. The CFIE (Combined Field
Integral Equation) is a possible solution to eliminate the resonances occurring
when the EFIE or the MFIE is used to solve volumic bodies (see §5.2.3).

For the embedded parts of a perfectly conducting sheet, the scheme presented in
this paragraph fails, as it leads to a singular Z matrix. The integro-differential
equations relevant for sheets have already been presented in §1.4. Chapter 4 is
devoted to the treatment of sheets with the MoM, in particular with a new
formulation, the E-MFIE.

3.8 Summary

In this chapter the Method of Moments has been extended to the most general
case of multiple linear, homogeneous and isotropic regions. Instead of a purely
theoretical approach, we chose to treat a simple but representative example that
illustrates the steps allowing to incorporate the boundary conditions to the
discretized integral equations, in the case of RWG basis functions.

During this process, several concepts have been introduced : singular edges and
branches, electromagnetic sectors around an edge and their properties,
summarized in a table, physical continuity and solder line. Some of those
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concepts will be reused (singular edge, in chapter 4) or illustrated (solder
line, in chapter 6 )

The last step of the treatment of multiple regions (combination) has been
explained in a general way, presenting PEC or PMC sectors as a special case of
dielectric sectors. The most widely used combination schemes for dielectric
sectors - PMCHWT and Miiller - have been explained, along with less common
ones, showing at the same time how infinitely many other combination schemes
could be derived.

The special case of embedded sheets, for which the general canvas described in
this chapter fails, 1is treated in chapter Method of Moments
for perfectly conducting sheets.
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4 Method of Moments
for perfectly conducting sheets

In chapter 3 a unified scheme was proposed to solve numerically with the Method
of Moments and RWG basis and testing functions the problem of scattering by
any combination of volumes or sheets. It had to be recognized though that this
scheme fails in presence of sheets exhibiting embedded edges. In this chapter, the
reasons why such edges lead to a singular impedance matrix are explained for
the first time in every detail for the most general case of sheets with multiple
branches. The severe singularities of the EFIE are pretty well known, and the
cure for a simple sheet with two branches became the standard and unique way
to solve sheets. The case of the MFIE is far more interesting. In the literature it
is everywhere repeated that the MFIE cannot be used to solve sheets, most of the
time without any justification and very rarely with a vague or incomplete one. It
is not surprising, as the full comprehension requires to use the correct expression
of the MFIE for sheets, derived in chapter 1 of this book. This correct expression
is also indispensable for the E-MFIE, a novel formulation we introduce in this
chapter to fully solve sheets within the unified solving scheme proposed in
chapter 3. Finally an efficient implementation of the E-MFIE is also suggested.

4.1 Preamble

In this book we call “sheet” an infinitely thin plate. A sheet can have multiple
branches, be twisted and contain holes, as depicted in Figure 43.

Figure 43 : Moebius-ring sheet, with 2 holes and 1 branch

We consider the scattering by a three-dimensional finite-sized perfectly electric
conducting (PEC) sheet of arbitrary shape illuminated by an incident wave. Very
few analytical solutions are available for PEC sheets. The most famous examples
are the half plane [1], the strip [2], and the quarter plane [3] for infinite sheets,
then the circular disc [4] and the square plate [5] for finite-sized sheets. All these
solutions allow the determination of the electric current densities on both faces
everywhere on the surface of these simple canonical sheets. They show for
example that the current density on the face illuminated by the incident plane
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wave is intenser than on the shadowed face. To solve for the current densities at
the surface of arbitrary-shaped sheets like the one depicted in Figure 43 (p.81),
one must resort to a numerical technique, such as the Method of Moments (MoM)
described in chapter 2. In the specific case of a zero volume body, namely a sheet
it is well known that only the tEFIE can be used, and that it yields only the sum
of the current densities on opposite faces. It is also well known that the tMFIE
cannot be used (alone) as it depends on both the sum and the difference of the
current densities [6][7][8]. If one is interested in the individual current densities
on both faces, for example to determine a shielding level or to quantify leakage
currents flowing outside an imperfectly shielded enclosure, it is suggested in [6]
to incorporate their sum obtained from the tEFIE into the tMFIE, then solve for
their difference, and finally extract the individual current densities from their
sum and difference. This elegant approach does not say how to cope with the
current densities flowing around the sheet borders. Moreover it is not applicable
as such for sheets with branches like the ones depicted in Figure 43 and Figure
44. In this chapter we first review in detail the singular behavior of the tEFIE
and the tMFIE impedance matrices when applied alone to arbitrary PEC sheets.
Next we introduce the E-MFIE, a generalized formulation that yields the
individual current densities everywhere on an arbitrary PEC sheet. An efficient
implementation of the E-MFIE is then proposed. The E-MFIE is illustrated by an
example in §6.9.

4.2  Theory

4.2.1 tEFIE-f and tMFIE-nxf for PEC sheets

The E-MFIE formulation described in this book is based on the tEFIE and
tMFIE, the tangential projections of the EFIE and MFIE (see §1.11). It uses
RWG basis functions (see §2.2.8), but it naturally extends to rooftop functions
(see §2.2.9). For reasons explained in §2.3.2 the tEFIE is tested with the RWG(r)
itself, and therefore denoted tEFIE-f. Similarly, the tMFIE is tested with
A(r)x RWG(r) and denoted tMFIE-nxf. The vector 7(r) is the unit normal to the
triangle pair S, supporting RWG,(r) and pointing outside the sheet.

Figure 44 : Opposite faces, inner and border edges of a sheet
Since we are dealing with sheets and not with volumes, it is essential from here
on to specify the face where the observation point, 7 or its opposite r (see Figure
44), is situated as it determines the orientation of the unit normal to that face,
n(r)or a(r).
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The first step in the MoM is to create a mesh made of adjacent non-overlapping
triangles and to define the basis functions. In the case of sheets, it is customary
to generate only one unique mesh for every pair of opposite faces. One could
imagine creating two different meshes for every pair of opposite faces. Such
meshes are beyond the scope of this book as they would require careful treatment
of singularities that appear in the interactions between partly overlapping
triangles on opposite faces.

PEC sheets meshed uniquely for every pair of opposite faces have at first sight
two types of edges. The border edges surrounding the sheet and supporting only
one RWG, folded around the edge. The inner edges separate the space all around
them in two or more electrically isolated sectors in which independent current
densities are flowing (see §3.3). Consequently, they support one RWG in every
sector. In Figure 44 (p.82) the inner edges are represented as dotted lines while
border edges are solid lines. Actually, every edge can be regarded as defining p
sectors, where p=1 for border edges and p>2 for inner edges. We call p-edge an
edge supporting p sectors. We further qualify a p-edge as “embedded” if all its p
sectors belong to the same homogenous domain, for example free space, or any
other dielectric medium. As there are no fields and currents inside a PEC
structure, we remind that the tEFIE and tMFIE are written inside dielectric
domains only. Every part of the sheet can be individually in contact with only one
or several dielectric domains.

In the worked example of Figure 45 (p.84) there are seven border edges defining
sectors 1 to 7, one 2-edge defining sectors 8 and 9 and one 3-edge defining sectors
10, 11 and 12. It is straightforward but important to note here that for every
border edge b ( for example b =5 in Figure 45b ) :

— _ ——
RWG, (r)=—RWGs (1) (206)

where the superscripts + and — indicate the positive and negative triangles
supporting the RWG.

Conventionally we will orient the RWG’s all around every inner edge i in a tail-
arrow sequence, as depicted in Figure 45 (p.84) for the 2-edge (sectors 8,9) and for
the 3-edge (sectors 10,11,12). This choice, proposed in [9] and elaborated in §3.3,
will ease the discussion that follows as it permits to generalize (206) to p-edges.
For example in sectors 10, 11 and 12 of Figure 45b (p.84) :

RWG1o(7) =~RWG11(7)
RWGH\(7) =—RWG12(F) (207)
RWG12(F) =—RWG1o(F)

With every RWG properly defined, the vector electric current density at any point

7 on any face of any part of the sheet can now be linearly approximated by :

N
J(F) =Y J,RWG,(F) (208)

n
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where J, is the complex scalar unknown linked to the Wn(r) defined on one
edge in one sector. The total number N of J, unknowns is equal to the total
number of all sectors around every edge of the mesh. If N, is the number of p-
edges, then N=Xp.N,/. In the case of Figure 45, N;=7, No=1 and N3=1 so that
N=12.

\ + -——
—---» r,=hr, ¢ --
5- 212 10 10-

(b)

Figure 45 : Elementary Sheet with 1- 2- and 3-edges and 12 sectors
(a) : 3D view , (b) : 2D projection

These J» unknowns can be determined by solving a NxN system of equations
ZI=V that will be established in §§4.2.2 and 4.2.3. Including (208) in the general
expressions for the EFIE and MFIE for PEC sheets given in §1.12, we hereafter
discretize the tangential component of the EFIE (called tEFIE in this book) and
of the MFIE (called tMFIE in this book). Then we dot multiply the discretized
equations with the appropriate weighting function w(r). As an example, let us
consider with reference to Figure 45 that the observation point 7 =75 , then 73,
is running on triangles 7;5, then 73, in sector 12. For the tMFIE-nxf, developed
in §4.2.3, we also need to consider L’Tz , the point opposite to 75 from the
perspective of sector 12 ( then ry, , the opposite of 7;). It is recognized that
L’E =hHo (I =77) and T;5=Tj; (T3 =T ), as illustrated in Figure 45. To
maintain general expressions in what follows, we use m or n to refer to sectors
and N for the total number of unknowns and equations.
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4.2.2 tEFIE-f applied to PEC sheets

From (122) the discretized tEFIE at 7 =7, on the triangle 7,

m n

reads :
N = =inc
=i )X Y. Z,Dy (T, ) = i )X Ep (77 (209)
n=1
with the expression on the triangle pair S, =T, +T, , choosing for example the
first form (110) for D, :
D ()= D () + DY)
=ki jT{ k2G, RWGn(F) -V, ~RWGW'G,,(7,;—7')} ds (210)
00 T
+ki-[T’{ k2G, RWG,(F) -V, .RWGW'G,,(T,;—T')} ds’
2 T

where Gy is the free-space Green’s function in sector n.

Due to (206), we have for every triangle pair Sy where b is a (border) 1-edge, and
for any observation point 7 :

Df(r)=-D,(r) = D,(r)=0 211)

With (207) this property generalizes to embedded p-edges. For example in sectors
10, 11 and 12 of Figure 45 (p.84) :

Djy(7) = =Dy, (F) (Dio+Dyy + D)) =0
(P =-Dp(F) | =
Diy(r)=-Dyy(7)

P _ (212)
in general : ZD,, r)=0

n=1

If all p sectors around a p-edge do not belong to the same domain, then the
corresponding opposite equalities in (212) are not true anymore. Indeed the
electromagnetic properties €n and un differ in these sectors, thus also k» and Gn.
Dot multiplying the discretized tEFIE by ﬁ,’;,(?,;)xRWG;(F,;), integrating over
T,, , we obtain after elimination of the 7, x term :

N R _ - _.
>z, jT+—RWGL(7,;)~D,,(7,;) s J, = IT+RWG;(7,;)-E:,Z’”(7,;') ds (213)
kg p

E+ JE+
Zinn Vi

Adding the contribution of 7,

m

equations for the tEFIE-f (m=1..N) :

we obtain the complete ZEI=VE system of

N N

E E+ E- E+ E- E
Zjnzmnzzjn(zmn +Zn1n):Vn1 TV =V (214)
n=l1 n=l1
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4.2.3 tMFIE-nxf applied to PEC sheets

The tMFIE for a PEC sheet, written for an observation point on the sheet where
both faces are embedded in a single domain, includes a principal value term
containing the difference between the current densities on opposite faces (see
§1.12). On T,} and T, respectively :

%{ TG =Twi J+inGox [ {TF)xVG, (7 =7) Jas = inGox B,Gr) - 215)

%{ 7(7,;)—7(5;1)} +ﬁ;,(7,;)xjs{ 7(7')@'6,,(7,; —7')}dS': A (T )X Hy (7)) (216)

where S is the total surface of the sheet, including both faces everywhere. If the
domains are different on both faces of the PEC sheet at the observation point,
then the principal value term only contains the current density in the domain in
which the tMFIE is written, while S is restricted to the surface of the sheet in
contact with the domain containing the observation point (see §1.4.2).

After discretization of (215) with (208), we obtain :

%gfn{Wn(ﬂ)—R_Wn(r:l)}+ﬁ;<7m+)xn§_jlhI?n<7,;>=ﬁ;(?n?>xﬁ,-<7,;) 217)
with :
K, () = Ky o)) + Ky ()
=IT”+{ RWGn(F)XV'G, (7} —F) } ds’ 218)
+an,{ RWG,(F)XV'G, (7" =7 } ds’

Similarly to (211) and (212), we have the properties at any observation point 7
for border edges b and for embedded p-edges, for example in sectors 10, 11 and 12
of Figure 45 (p.84) :

Ky (H=-K,(7) = K,(")=0 219)
Kio(™) =-Ki(7) Kio+ Ky + K1»(7) =0
K\ =-Kp(F) = (220)

P —_
. _ in general : ZK =0
iy () =-Kio(1) el

Note that exactly three RWGn do contribute to each principal value term in (217).
For instance, on Tj5 :
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J(75) = J;RWG7 (%) + JgRWGs (713) + J 1, RWG10(3) (221)
T3 = J,RWG1(73) + JgRWGs (775) + J1, RWG10(73) (222)

Before proceeding, we replace these RWG,(r) in the principal value term by the
equivalent —n(r)xn(r)x RWGn(r) . Next we dot multiply the discretized tMFIE by
RWG, , integrate over T,I , redistribute the dot and cross products to obtain :

m

N ., _ _
D [ A X RWG () { T, @) + K, | S
n=l

H+

Zn (223)
= [ AGHXRWG G- { HiG) ]} ds

m

H+
Vi

where :
I,Gh = _?1{ T ) X RWGn () + ()X RWGn (1) ) (224)
) =—A(r),) (225)

As opposed to the operators D in (211), (212) and K in (219), (220), the principal
value term I in (224) has a different property, this time for any pair of opposite
observation points 7 and r denoted by 7 . Taking again the example of sectors
10, 11 and 12, if 7 belongs to one of the triangles attached to the 3-edge, then :

12
> 1,@#0 (226)
n=10

If ¥ does not belong to one of the triangles attached to the 3-edge, this sum is
identically zero.

Adding also the contribution from 7}, , we finally obtain the complete ZM[=VM
system of equations for the tMFIE-nxf (m=1..N) :

N N

M M+ M- M+ M- M
Z‘,nzmn = Z‘,n (Zmn + Zmn ) = vm + vm = vm (227)
n=1 n=l1

4.3 Singularities arising with PEC sheets

4.3.1 Singularity of ZE obtained with the tEFIE-f

Considering the properties (206) and (207) for RWG,, in the equation (213) it is
easy to derive, in the example of Figure 45 (p.84), that for any (column) n of ZE :
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E+ E-
Zin = —Zum (m=1..7)
E+ E— E+ E-
Bn =7  29p =Ly (228)

E E- _E E- _E E-
ZIOTL ="%Um 4 1; ="22n Z12; =~20n
These relationships show that the sum of the p rows of ZE corresponding to all p
sectors around an embedded p-edge are identically zero, for example :

(11%;+zﬁ);)+(zlEf,:+zﬁ;)+(z€;+zf§;)=0 for all n (229)

Border edges yield rows filled with zeros, while inner edges yield linearly
dependent rows, making ZZ singular. The classical way [9] to circumvent the
singularity of the tEFIE-f system of equations and solve sheets anyway is to
remove for every embedded edge one RWG in one sector. Indeed (212) in (213)
and (214) ensures that :

>z, =0 for all m (230)
P

Considering (229) and (230), the rows and columns of ZE involving the embedded
3-edge defining sectors 10, 11 and 12 in Figure 45 (p.84) look like :

1
E E E E
(Zl..9,1..9) (21..9,10) (21..9,11) [ > Zl..9,n]
n=10 (VE )
E E E o E (Y1.0) N
210,1.9 210,10 20,11 *Z 20.n vy 23
=10 Jio | (231)
11 J Vi1
E E E E 11
(111,1..9) 11,10 a1 - z Ain || g uo.
n=10 12 - v
uo, uo, uo, uo, m=10
- z Im,1.9 - z Im10 z Im,11 - Z m,12
m=10 m=10 m=10 m=10

where the parentheses enclose a (sub)vector or a (sub)matrix spanning over rows
and/or columns 1 to 9. Adding rows 10 and 11 to row 12 and adding columns 10
and 11 to column 12 leads to a 11x11 system of equations surrounded by zeros
that can be uniquely solved for J; to Jg, Jio-Ji12 and J11-Ji2 , but not for J19, Ji11 or
J12 individually :

(Zos) (eion) (sfonr) Ol 3 (o)
(Zl%,m) 210,10 o O 510:512 = v (232)
(Z1E1,1“9) Z1E1,10 ZIEI,II 0 J“ N Vi

0 0 0 0 12 0

This process must be repeated for every embedded edge to extract from ZEI[=VE a
regular and thus solvable subsystem. In the most common case of an embedded
2-edge, considering that opposite directions have been chosen for the RWGs in
the two sectors (see Figure 45, p.84), a solution is obtained for the sum of the

88



Chapter 4 : MoM for perfectly conducting sheets

current densities in both sectors. Considering again the example of Figure 45
(p.84), row and column 8 must be removed from (232) and a solution is obtained
for J7-Js. Removing one RWG in every sector also implies that border edges,
having only one sector, are completely discarded. Fortunately, the sum of the
normal components of the current densities around the border edge b is known to
be zero [10][11, p. 653]. Since it is entirely determined by the unknown s, this
unknown does not need to be calculated and the corresponding rows and columns
can be discarded. In the example of Figure 45 (p.84), rows and columns 1 to 7
must also be removed from (232).

4.3.2 Singularity of ZM obtained with the tM FIE-nxf

Considering the properties (206), (207) and (225), it is easy to derive from
equation (223), based on the example of Figure 45 (p.84), that for any (column) n
of ZM:

M+ M-
o = Zon (m=1..7)
M+ M~ M+ M~
28n = o9p 29n = Z8n (233)

M+ _ M- _M+_ M- _M+_ _M-
20n = fln =22n 2127 = Z00n

With (227), the two first relationships in (233) show that, for any (column) n :

M0 (m=1.7) (254)
zé‘ﬁ —zgf, =0

To generalize (234) we now show that only embedded p-edges with an even
number of sectors ( p=2,4,6,...) yield linearly dependent rows and columns. If we
consider an embedded 3-edge and an embedded 4-edge, equation (233) means
that the p elements z1.p» can be schematically expressed as depicted in Figure
46 :

bn bn
| 2on=bn+cn | +- | Zin=Qn+bn | | 2on=bn+tcn | +| - | Z1n=Qn+bn |
.21
Cn’ﬁ. an
[zzm=catdn | | [ zan=dntan |

dn

Figure 46 : tMFIE-nxf zm. elements around a p-edge
where, for example, by represents i/~ =M+,

To obtain a null row by combining rows m=1..p, considering that an, b, ... are all
independent and all appear twice around the p-edge to form the p elements z1.p,n,
the only way is to successively subtract and add the first p-1 adjacent rows and
compare with the p* row. If the number of rows is even, for example p=4, one
obtains an+bn-(bntcn)+(cn+dn)=an+dn, which is identical to row 4, meaning linear
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dependence. If the number of rows is odd, for example p=3, one obtains
Antbn-(bntcn)=an-cn while row 3 contains a.+cn, meaning linear independence. It
is straightforward to generalize this reasoning to any value of p, even or odd.

Unfortunately, though the tMFIE-nxf is less singular than the tEFIE-f when
applied to PEC sheets, the simple combination of rows and columns to obtain J;-
Jp, Jo-edp ... Jp.1-Jp for every p-edges is not possible with the tMFIE-nxf. Such a
unique solution to the rank deficient system of equations (232) could indeed be
obtained because not only the rows but also the columns of ZE are linearly
dependent. This is ensured by (230), stemming from (212). As shown by (223), the
elements of ZM contain two terms : K and I . The integral term K satisfies
property (220), similar to (212). But the principal value term I does not, in view
of property (226). As a consequence, the columns of ZM are not linearly dependent
and cannot be combined to allow the unique solution Ji-Jp, Jo-Jp ... Jp-1-Jp, as for
the tEFTE-f.

This impossibility to obtain a unique solution can be related to the fact that the
tMFIE-nxf depends on both the sum of the current densities on both faces of a
sheet, through the K term, but also on their difference, through the 7 term. On
the other hand, the tEFIE-f depends only on the sum of the current densities on
both faces of a sheet, through the D term in (210).

4.4 E-MFIE for PEC sheets

4.4.1 The E-MFIE formulation

Instead of removing rows and combining columns, we now propose to maintain
all RWGs on every edge and sector, and mix tEFIE-f and tMFIE-nxf rows to
construct a regular Z matrix. For the border edges, only the tMFIE-nxf can be
used, since the tEFIE-f rows are identically zero. For 2-edges, we use the tEFIE-f
on one face and the tMFIE-nxf on the other face. Note that the choice of the
tEFIE-f and tMFIE-nxf faces is local to every edge, entirely arbitrary and there is
no need to maintain the same choice for adjacent edges. For p-edges, we are free
to select ¢ tEFIE-f and p-¢ tMFIE-nxf among the p sectors. If p is even, ¢ must be
greater than 0 and smaller than p. If p is odd, we are free to choose the
tMFIE-nxf exclusively (¢=0). For example, (235) is one possible ZI=V system of
equations that can be assembled with the E-MFIE for the elementary structure
in Figure 45 (p.84).

This very simple E-MFIE scheme has the advantage of being universal :
regardless of the presence of volumes or sheets made of various materials, there
is only one procedure to generate the mesh and the RWGs everywhere. The
E-MFIE needs to be used only on every embedded p-edge of sheets, and the
individual current densities are obtained everywhere directly from the one-step
resolution of a global ZI=V system of equations. Note also that the E-MFIE
provides the current densities flowing around border edges. The ease of
implementation of the E-MFIE scheme is particularly advantageous in presence
of p-edges with p >3 and partly embedded sheets. In such cases indeed, the
derivation of the current densities on opposite faces of sheets becomes less
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straightforward than described in [6] for a simple PEC sheet embedded in free
space, as will be shown in §4.4.2.

M M M M
Zl,l ZL" 21’12 Vi
M M M M
271 Un - 2012 7y v
M M M
28,1 Bn o 2812 Vg
E E I |=| & (235)
29,1 290 - 2912 V9
E E E E
10,1 20,n - 210,12 Jia Y10
M M M M
11,1 e - AL12 Vi1
M M M M
22,1 22,n - R12,12 Vi2

However the E-MFIE has the disadvantage to require a Z matrix of dimension
N=X[p.Np] whereas a tEFIE-f solution with elimination of one unknown per
embedded edge (see §4.3.1) requires a Z matrix of dimension Ne=Z2[(p-1).N,]. For
regular sheet shapes, where the number of border edges is small as compared to
the number of inner edges, N is somewhat larger than 2Ng. For fractal sheets, or
sheets containing many holes, the ratio between border edges and inner edges
increases and N can become closer to 3Ng. The memory required to store a Z
matrix of size NxNV is proportional to N2, while the CPU time to solve the ZI=V
system of equations rates as N2 with an efficient iterative solver or as N3, with a
direct LU solver. Considering a ratio N/NE comprised between 2 and 3 and a
direct LU solver (or an efficient iterative solver), the E-MFIE solution is 8 to 27
(respectively 4 to 9) times slower to obtain than the classical tEFIE-f solution.
This significant increase in required CPU time is the price to pay to access the
current densities on both faces of the sheet in one step only. If this price is not
acceptable, we propose hereafter an efficient implementation of the E-MFIE, at
the expense of a multi-step resolution scheme.

4.4.2 Efficient implementation of the E-MFIE

For a sheet containing p-edges with p> 3, several E-MFIE matrices can be
constructed, depending on the number of tEFIE-f and tMFIE-nxf rows that are
chosen. Since the efficient implementation of the E-MFIE is based on the
separate resolution of the tEFIE-f and tMFIE-nxf portions of the E-MFIE system
of equations, it requires that a maximum of tEFIE-f rows be chosen. For the
example of Figure 45 (p.84) we must select the tMFIE-nxf for every 1-edge, only
one tEFIE-f for the 2-edge (sector 9) and two tEFIE-f for the 3-edge (sectors 11
and 12). The resulting ZI=V system of equations is depicted in Figure 47 (p.92),
where the m,n indices denote the sectors.

In the Z matrix, blank cells correspond to zero values and identical symbols are
used for identical values. We can make three observations.

Firstly we consider the zmn terms where n is a border edge (1 to 7 in this
example). Due to (211) the corresponding tEFIE-f submatrix is zero. Due to (219),
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(220) and (226) the corresponding tMFIE-nxf submatrix is very sparse, and
purely real as it is entirely determined by the principal terms (224).

Secondly, the square tMFIE-nxf submatrix Zm.» where both m an n are border
edges is symmetric, and can therefore be filled faster.

i 2 3 4 5 6 7 8 9 10 11 12
9 A [A[ BC[BJC J1 |
EFIE 11 -D D| -E-F | E| F J2 VE
12 -G G| -HI1 |H| I J3
1[AATHH -a | a| aa |bb|cc Ja |
2|HH|BB -b b| dd |ee] ff J5
3 CC| JJ -C c gg |hh|ii] *] J6] =
4 JJ |DD -d d ji kk| Il J7
MFIE 5 EE| KK e f ]-vv-uu| vv |ww J8 VH
6 KK| FF g h | -xx-yy| xx | yy J9
7 GG k] mm |nn|oo J10
8 LL[MM m] pp lqq] rr J11
10| NN| PP [aq] n p] ss [tt|uu J12 |
Real Complex

Figure 47 : E-MFIE matrix for the example of Figure 45

Thirdly we consider in the tMFIE-nxf portion the zm@.p) interaction terms
between a triangle pair Sm and the p triangle pairs S;...Sp around a p-edge. If no
triangles in the pair S» superimposes to one of the triangles in S;...Sp, then the
sum zm()+...+z2m@p=0. Otherwise, this sum is a real value obtained from the sum of
the principal terms only, which are far easier and faster to compute than the
integral terms (218). These properties stem from (220) and (226). The interaction
terms for which the above sum is zero are grey-shaded in Figure 47. In the
tEFIE-f portion of the E-MFIE matrix, the same sum zm@)+...+zmp)=0 at all times,
due to (212).

We can thus transform the original ZI=V system of equations into that shown in
Figure 48 :

1 2 3 4 5 6 7 8+9 10+11+12 9 11 12
of A B C J1 [ ]
EFIE 11 D E F J2 VE
12 G H | J3 |
1|AA HH aa+bb+cc | a bb cc J4
2|HH BB dd+ee+ff | b ee ff J5
3 CcC JJ gg+hh+ii | ¢ hh ii| * J6 =
4 JJ DD ji+kk+1l d kk 1l J7
MFIE 5 EE KK e+f f v ww J8 VH
6 KK FF g+h h xx yy J10
7 GG| j+k mm+nn+oo] k nn oo J9-J8
8 LL MM I+m  pp+qq+rr | m qq rr J11-J10
10|NN PP QQ| n+p ss+tt+uu | p tt uu J12-J10 |
Real Complex

Figure 48 : Efficient E-MFIE system of equations

This system of equations can now be solved through the following steps. With VE,
the 3x3 tEFIE submatrix provides Jg-oJs, J11-Ji0 and Jis-J10. Next we subtract
from Vg the 9x3 complex part of the MFIE portion multiplied by the 3x1 vector
[Jo-Is;ed 11-J10;J12-J 10], to form V. The 9 remaining unknowns J; to /s and 10 can
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now be obtained from V&’ and the real sub-block of the 9x9 MFIE submatrix.
Finally Jy, J11 and J12 are derived in an obvious way from the previous results.

The increased implementation complexity of this procedure as compared to the
simple one-step E-MFIE procedure described in §4.4.1 is worth it only if the size
NEg of the tEFIE-f submatrix is a significant portion of N, the size of the E-MFIE
matrix. In the example of Figure 45 (p.84), N/Ng=4. As mentioned at the end of
§4.4.1, N/NEg should be comprised between 2 and 3 for realistic sheets. In such
cases, a computing time reduction by a factor between 3 and 4 can be expected if
a direct LU solver is used. A sparse solver can also be used to speed up the
resolution of the tMFIE-nxf submatrix system of equations [12].

4.5 Summary

This chapter was devoted to embedded sheets, as it was recognized that this case
only didn’t fit in the general canvas described in chapter 3 to treat any
combination of linear, homogeneous and isotropic bodies.

In the first place, the singularities associated with the impedance matrices of
both the tEFIE and tMFIE are analyzed in great details, starting from the
correct three-dimensional vector expressions valid for sheets established in
chapter 1.

The tEFIE analysis is not entirely new, excep the generalization to p-edges, for
which a detailed explanation of the singular behaviors as well as the widely used
cure are paralleled to the explanations given afterwards for the tMFIE.

In the case of the tMFIE, a much less singular behavior is revealed, especially for
embedded edges supporting an odd number of sectors. Despite this milder
singularity, it is fully demonstrated why there is no cure available, as for the
tEFIE, closing once for all the nebulous debate about the mysterious inability of
the tMFIE to deal with so-called “open surfaces”.

Additionally, a new formulation is proposed — the E-MFIE — that allows to fully
solve arbitrary perfectly conducting sheets according to the general canvas
described in chapter 3. Moreover, this new formulation yields a richer solution
than the one obtained with the cured tEFIE : the current densities on both faces
and around every edge are revealed instead of only their sum. The E-MFIE is
illustrated in chapter 6.

Fitting to the general canvas of chapter 3 with an easy implementation has a
price : a larger impedance matrix. If the generality and ease of implementation is
deemed less important than the resource needed to obtain the richer solution,
then an efficient implementation of the E-MFIE is proposed.
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5 Accuracy of the Method of Moments

The Method of Moments is expected to yield an accurate approximation of the
unknown exact solution. In this chapter we first review the various types of
errors that can be encountered and we explain how they can be controlled or
avoided. Next we concentrate on the numerical integration errors, especially
those occurring in the evaluation of singular integrals. The many ways to cope
with these problematic integrals are reviewed, with their advantages and
disadvantages. In line with our objective of generality, we choose the integration
strategy that offers the greatest versatility : high efficiency polynomial
quadratures. But to quantify how well the main objective of accuracy is also met
with this choice, we propose an original detailed three-level analysis. First the
accuracy of the numerical integration is measured with the help of self derived
exact solutions for the interaction between two adjacent triangles, regular and
elongated. Secondly we verify our observations at system level on a canonical
elementary body. Finally, in §6.12 at the end of chapter 6, we confirm our
conclusions with a double pyramid made of mixed material and meshed with
regular triangles, and with the challenging case of a very thin dielectric plate
containing elongated triangles.

5.1 Approximations introduced by the Method of Moments

The Method of Moments is a numerical technique where a set of exact
integro-differential equations are being discretized. In Electromagnetics, these
integro-differential equations are derived from Maxwell’s equations. For
problems involving only homogeneous and isotropic domains, they can be
expressed in function of two unknown surface current densities J and M . After
discretization, these integro-differential equations become a ZI=V matrix system
of equations, where the vector I contains all coefficients to determine an
approximation for / and M . This was the topic of chapters 2, 3 and 4.

The integro-differential equations involve two or more domains delimited by
closed surfaces. Except in a few specific cases where entire domain basis
functions can be used (see §2.2.3), the boundaries of these domains must be
partitioned into subdomains. When a rounded surface is replaced by a series of
flat facets, or when an exponential flaring is replaced by a spline fitting, a small
but sometimes non negligible geometrical error is introduced, illustrated by
Figure 70 (p.143) and quantified in Table 17 (p.153).

When subdomain basis functions (see §2.2.4) are used to represent the equivalent
current densities, the exact solution is generally replaced by a constant,
piecewise linear or higher order polynomial function. The physical error, due to
the approximation of the physical magnitudes of interest, is inherent to the
numerical method. As such it is unavoidable, but this error is expected to tend
towards zero if the polynomial order of the approximating functions is increased,
and/or if the size of the subdomains is reduced [1, p.70]. The influence of the

95



Chapter 5 : Accuracy of the Method of Moments

mesh density is shown in §§6.2.4 and 6.7. However this convergent behavior can
only be expected if some conditions are fulfilled :

- the basis functions must possess sufficient derivability with regard to the
integro-differential operator applied to them. For example, using pulse basis
functions (§2.2.6) to represent the equivalent surface current densities as
constant over every mesh element in a discretized equation where the
surface divergence of these current densities is present will not guarantee a
better approximation if the size of the subdomains is reduced [2, p.51].

- the basis functions must be able to represent the actual physical behavior of
the surface current densities.

o On some edges and corners, depending on the geometry and
electromagnetic properties of the domains as well as on the incident
fields, the surface current densities can be infinite, while their growth
towards infinity close to such edges and corners is usually very slow. Any
attempt to represent this specific behavior with a linear, or even a higher
order polynomial function, will always suffer from a large absolute error
in the close vicinity of the edges and corners, regardless of the fineness of
the mesh.

o As explained in §2.2.5 and illustrated in §6.6.2, basis functions must not
impose tangential continuity between subdomains to model equivalent
surface densities around edges and corners of a dielectric body.

In this book, we also explained and illustrated another aspect of the physical
error, appearing for example with RWG (§2.2.8) and rooftop (§2.2.9) basis
functions, because they are defined as incomplete linear expansions over a pair of
adjacent subdomains, imposing that the normal component of the surface current
densities be constant along every edge of the subdomains. Therefore surface
current densities showing a strong transverse gradient cannot be modelled and
lead to unphysical zigzagging (see for example Figure 68, p.141 - top left - and
Figure 138, p.215). In cases where the normal component of the surface current
densities must vary significantly along an edge, very distorted patterns result
(see Figure 116, p.192 and Figure 129, p.205).

As a result of the geometrical and physical approximations, the Method of
Moments produces a ZI=V matrix system of equations. The errors on the surface
current densities J and M are directly proportional to I=Z1V , thus also
strongly dependent on the accuracy of the elements of the impedance matrix Z
and the source vector V. Theses elements are obtained through numerical
integrations, called quadratures (§5.3.1). The elements of V are easy to obtain
with a very high accuracy, but in the formulations containing the I1/R3
singularity (§5.3.3), some crucial elements of Z require much more care. Poorly or
wrongly estimated z; and/or vi elements can induce moderate to high errors on
some I; elements, that can be greatly amplified if the Z matrix exhibits a large
condition number (§5.2.2). The quadrature errors are covered extensively in §§5.4
and 5.5.

96



Chapter 5 : Accuracy of the Method of Moments

5.2 Numerical issues and limitations

5.2.1 Problem size — CPU time limitation

If linear RWG basis functions are used over quasi equilateral triangles, their
edges a should be at most A/10 long. The average surface of such triangles is
aJ3i4 . A sphere of diameter D=nA has a surface zD* . Approximately
(40072 /~3)n* = 725n% quasi equilateral triangles are required to mesh it. For a
cube of dimensions DxDxD, using rectangular triangles with the same average
surface necessitates approximately 924n” triangles. For a PEC structure, the
number of complex elements in the Z matrix is NxN, where N is the number of
(triangle) edges. For a dielectric structure, the size of Z is 2Nx2N. A closed
surface completely meshed with 7T triangles counts exactly 1,57 edges. The
number of bytes required to represent complex numbers in double precision is
compiler dependant. Considering the ANSI-C minimum of 16bytes, mostly
encountered, the largest value of n for a PEC or dielectric sphere, and for a PEC
or dielectric cube that can be solved within 2GBytes of RAM memory in double
precision is reported in Table 6. If triangles smaller than A/10 are used, for
example to improve the overall accuracy, or when the structure presents details
possibly much smaller than A/10, the maximum dimensions of the total surface
that can be analyzed diminishes.

Table 6 : Largest size in nA units that fits within 2GBytes
PEC Dielectric

Sphere (diameter = nd) | n<3,26 n <231

Cube (side =nd) | n<2,89 n <204

It is clear from Table 6 that the classical Method of Moments cannot be used on a
single 32-bits laptop for structures stretching across many wavelengths, or even
for subwavelength structures containing too many dielectrics and very fine
details.

There are variations and improvements of the original MoM to handle these
situations, such as the use of macro basis functions [3], or aggregate synthetic
functions [4], and the multilevel fast multipole algorithm [5][6], but they are
beyond the scope of this book. Indeed in chapter 6 we analyzed only structures
small enough to allow global or local mesh refinements while keeping all
problems solvable within 2GBytes of RAM with the classical Method of Moments
explained in chapters 2, 3 and 4.

Nevertheless, a novelty has been introduced for the fine analysis of the surface
current densities close to edges or corners, and along the sides of very thin PEC
or dielectric plates : lin- and log-distributed meshes. These meshes use very
elongated triangles instead of quasi equilateral triangles, reducing thereby
drastically the number of unknowns and the size of the Z matrix. A detailed
analysis of the accuracy that can be obtained with such elongated triangles and
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meshes can be found in §§5.5.3, 6.2.5, 6.6, 6.8, 6.9 and 6.10, along with the impact
on the condition number (see §5.2.2).

5.2.2 Condition number

The Method of Moments leads to a ZI=V system of equations. It can be solved for
I either with a direct solver (such as LU, or QR decomposition) or with an
iterative solver (for example : Conjugate gradient method). For iterative solvers,
the speed of convergence to an accurate enough solution, or even the convergence
itself, can be jeopardized if the condition number of the matrix Z becomes too
large. Much work has been done during the last decennia to develop efficient
preconditioners and reduce the condition number of Z. This area is a whole field
in itself and will not be addressed in this book, where only direct solving has been
considered.

Direct solvers do not suffer from poor or lack of convergence, but they can suffer
from an excessively high condition number, especially if the elements of Z and/or
V are poorly estimated, as explained hereafter. Even if those elements are well
estimated, an excessively high condition number favours the propagation of
roundoff errors during the direct solving phases. This problem is further
enhanced for large matrices, and/or if single precision is used instead of double
precision. Our experience, in particular with very thin plates and elongated
triangles, shows that condition numbers in excess of 10!2 start to cause such
problems when double precision is used.

In the field of numerical analysis, the condition number of a function with respect
to an argument measures how much the function can change in proportion to
small changes in the argument. The "function" is the solution of a problem and
the "arguments" are the data in the problem. A problem with a low condition
number is said to be well-conditioned, while a problem with a high condition
number is said to be ill-conditioned. For example, the condition number
associated with the linear equation :

ZI=V (236)

gives a bound on how inaccurate the solution I will be if there is an error on the
elements of Z or those of V. Considering also the perturbed equation :

Z(I+AyI) =V +AV (237)

one can apply the Schwarz inequality to both (236) and (237) :
vi=lzl | (238)
lavr|<|z|lav] (239)

where any vector and matrix norms can be used. The most common is the
Euclidian 2-norm :
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M=V =[Sl (240)
2
2= | X2 J7) (241)
i

Combining (238) and (239), we conclude that :

< g2y i1 (242)

where the condition number x(7) is given by :
«2)=|2)|27| (243)

Considering now the perturbed equation :

(Z+AZ)I +A,1)=V (244)
one obtains :
I .
|r+az1] 12

When the Euclidian 2-norm is used for (243), it can be shown that the condition
number is equal to the ratio of the largest to the smallest singular value 6 of Z :

[0 e
K(Z)=+——-1% (246)
|O-(Z)|min
The identity matrix has a condition number equal to 1, while a singular matrix
has at least one null eigenvalue and therefore an infinite condition number.

Equations (242) and (245) show that small relative errors introduced in the
estimation of Z and/or V can be amplified by the condition number x(Z). These
errors are down-limited by the finite machine precision, especially when 8-digits
numbers (float) are used instead of 16-digits (double). They can become much
worse than the machine-precision limit when the elements of Z are evaluated
with low order or inappropriate quadratures (see §5.5).

When the Method of Moments is applied to two dielectric domains (e.g. a finite-
size dielectric body embedded in free space), the global matrix system of
equations is obtained after a combination of the local matrix system of equations
written in each domain D; and Dz :

aZF v oz gzt oz M M J } B { aVE + v }

= (247)
ﬁIZlHJJ + ﬁzzgl,t ﬁIZlHM,t +ﬁzz£1M,t ﬁlle,t +ﬁ2V2H,t

M

As explained in §2.3.1, this combination is only possible if the impedance Z; of
each domain D; is incorporated in the z; terms belonging to the ZiEJ” and Zl-HJ’t
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subblocks, while the I vector contains J and not Z;J. Doing so, those terms in Z
lose their adimensionality (see §§1.14 and 2.2.7). In the PMCHWT combination
scheme (see §3.6), as ai= 1 = i those terms become in the average approximately
Zop times larger than in the remainder of the Z matrix, where Zy=I120x is the
impedance of free space. Modifying the whole system of equations as shown in
(247) makes the whole Z matrix adimensional and rescales the elements of Z and
I to a similar order of magnitude. The condition number of the rescaled Z is
thereby approximately reduced by a factor Zo.

zEtyz, ZEM 7] vE ”
ZHJ,t/ZO ZHM. || Mo ||y H (248)

In the Miiller combination scheme (see §3.6), as =& and S=ui, the global Z
matrix can be made adimensional if the following rescaling is applied :

7,0 | VE g

] [ 10
M VT iy

The E-MFIE matrices (see §4.4) contain both a Z¥* and a Z#/*' subblock that

are both applied to the whole vector /. Dividing both subblocks by Zs as in (248)

has no effect on the condition number as the whole matrix is divided by a unique
value.

z5 ((eyz)  ZFM /g,
Z™ N uozy) 2™ 1

As the condition number can be greatly improved by the above described
operations, it becomes meaningless to make comparisons of condition numbers
from one problem to another unless a reference configuration for Z is adopted. In
the literature, condition numbers are very often reported, but without any clear
mention of eventual manipulations on Z.

To conclude this paragraph, we list below a series of observations revealed by the
examples treated in chapter 6. In these examples, when available, the condition
number (CN) has always been computed for the adimensional versions of Z
described by (248) or (249) with the built-in function ‘cond’ available in
Matlab 7.1™,

—  The CN of the tEFIEYLf and tEFIEYC-f are always quasi identical. We refer
hereafter to any of them as tEFIE-f.

—  The CN of the tMFIE-nxf is always 100 to 1000 lower than for the tEFIE-f.

- For homogeneous or regular meshes, the CN for the tMFIE-nxf is fairly
independent on the mesh characteristic length A, while it increases
approximately with 1/hA for the tEFIE-f.

—  The CN of both the tEFIE-f and the tMFIE-nxf increase if an irregular mesh
(with elongated triangles) is used instead of a regular one, but the increase
is more important for the tEFIE-f.

—  For a very thin PEC plate of thickness ¢ and with 90° edges the CN
increases proportionally to (1/£)?, for both the tEFIE-f and the tMFIE-nxf.
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- For a given structure, the CN of the PMCHWT-f-f in the dielectric case is
fairly identical to the CN of the tEFIE-f in the PEC case.

- The CN of the PMCHWT-nxf-nxf and Miller-nxf-nxf is much lower than the
CN of the PMCHWT-f-f and Miiller-f-f.

—  The CN of a dielectric sphere improves for higher permittivities & with the
PMCHWT-f-f and the Miller-f-f combinations, but it degrades with the
PMCHWT-nxf-nxf and the Miiller-nxf-nxf combinations.

5.2.3 Resonance

In 1949, when he derived the two alternative integral equations later named
EFIE and MFIE [7] for a volume enclosed in a bounding surface S, Maue already
noted the non-uniqueness of the exterior solution at interior cavity resonance
frequencies [8]. In the case of the EFIE applied to a PEC volume, the existence of
such internal resonances causing high spurious radiated fields can easily be
proved and understood from a physical and numerical viewpoint. They appear
because the boundary condition 7ix E = 0 imposed only on the outside surface S of
the PEC volume does not guarantee zero surface current densities, at the
resonant frequencies determined by the geometry of S, inside the PEC volume.
Mathematically, these spurious surface current densities do not radiate outside
the PEC volume. But the geometrical and numerical approximations involved in
the MoM induce some leakage that will contribute to a possibly large error in the
scattered fields [9]. The physical explanation for the even larger spurious fields
caused by the MFIE applied to the same PEC volume is less obvious [10]. At the
MFIE resonance frequencies, identical to the EFIE ones, non zero AixE are
allowed on S equal to the current densities of the interior cavity modes. We refer
to [11, §4.3.2] for a physical explanation of the resonances that can also occur in
presence of dielectric scatterers when either the EFIE or the MFIE alone is used.
Again, the resonance frequencies are identical to those encountered if the
dielectric object would be a PEC object solved with the EFIE or MFIE alone.

For a spherical cavity of diameter D filled with air, the lowest resonance
frequency is produced by the TMio1 mode. It corresponds to a wavelength
A0=D/1.145. Otherwise stated, there is no resonance if D<1.14549. For a cubical
cavity DxDxD, the lowest resonance frequencies of the TEi10, TM101 and TMo1:
modes are identical and correspond to D<0.70714¢. If the cubical or spherical
cavities are filled with a dielectric of relative permittivity &, then Ao must be
replaced by ﬂ:ﬂol\/; in the above formulas [12, Chap4].

r

For dielectric structures, the widespread use of PMCHWT or Miller formulation
(see §3.6), where both the EFIE and MFIE coexist, eliminates the resonances. For
PEC structures, many cures have been proposed, such as :

- inserting of a lossy object inside the region [13]. The resonance frequencies
become complex and are damped, but not completely suppressed. Moreover,
the number of unknowns and the complexity of the problem are increased.
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- inserting of shorts in the resonance cavity to push the resonance frequencies
of the resonant modes higher [14].

- searching for a minimum norm solution of the EFIE [15]. A disadvantage of
this method is that it requires to choose weights for the least-squares error
and the norms that need to be formed.

- augmenting the EFIE or MFIE with the boundary conditions for the normal
component of the fields on S [16]. This method increases the number of
unknowns and leads to an overdetermined system of equations, that must
be solved for example with a least-squares error procedure.

—  combining the EFIE and MFIE into a Combined Field Integral Equation
(CFIE). This last method is by far the most popular and will be shortly
explained hereafter.

The CFIE is based on various works [17][7][18] and was first established under
the following form :

CFIE =g tEFIEf + b tMFIE-nxf (250)

where a =a, b =Zo(1-0), 0 <o < 1 and Zo=120x is the impedance of vacuum. The
proof of the uniqueness of the CFIE solution has been given [18], but only partial
assertions have been published about its connection with the cavity problem [19].
Several variants have been proposed [20][21][22], but it is beyond the scope of
this book to enter into more details. Instead, for all examples treated in chapter 6
we took care to properly dimension the PEC objects to avoid this phenomenon.
Resonance problems are also avoided in all dielectric cases with the use of either
PMCHWT or Miller combination schemes.

5.2.4 Low frequency breakdown

If a PEC structure is solved with the tEFIE-f, it can suffer from the so-called low
frequency breakdown problem [23][24]. If the frequency is very low, or if the
mesh density is very high compared to the wavelength, the Z matrix becomes
very to extremely ill-conditioned. No clear limit is mentioned in the abundant
literature to quantify “very low” or “very high”. In fact, the condition number
degrades progressively with decreasing frequency or increasing mesh density.
The limit to an acceptable highest value for the condition number is
implementation dependent (single or double precision, direct or iterative
solving,...), and probably also problem dependent (single PEC volume, multiple
dielectric domains,...). We refer to §5.2.2 for a detailed discussion on condition
numbers.

The low frequency breakdown problem has also been reported for dielectric
scatterers solved with PMCHWT-f-f [25]. On the other hand, it has been proved
that tMFIE-nxf doesn not suffer from low frequency breakdown [26].

It is not within the scope of this book to address this specific problem, but we
mention the three main cures that have been proposed during the last
decennias : the loop-tree or loop-star decomposition [23][27][28][29], the
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stabilization of the EFIE [30][31], or the use of an appropriate Miller
formulation [32].

In the examples treated in chapter 6, the low frequency breakdown has been
avoided by choosing objects and meshes with a ratio characteristic dimension/A
large enough to ensure acceptable condition numbers.

5.3 Numerical integration

In §2.3.1 we have presented very general expressions for the discretized integro-
differential equations and the possible testing schemes. In §3.4 and for the
remainder of this book, we have restricted ourselves to the first form of the
tangential integro-differential equations (see §1.9), RWG basis functions ]7,,,,-(7')
(see §2.2.8) and RWG or nxRWG testing functions Tm,i(F). In every domain D;,
the elements of the local Z; matrix that we have to compute are double surface

integrals over Sm,; and Sy, the domains of definition of fn,i(?) and T,,;(F). They
have the form :
EJ] _ = =[5 =I7
Zmn,i - _ZiJ.Sm_, Tm,i(r) : [Di(r){fn,i}}ds (251)
HI _ = |5 ,—IF 7 ,,'(F)X]?,i(F)
Zmn,i - Jlsm‘[ Tm,i(r)' Ki(r){fn,i}_ L ) 2 ds (252)
with :
5}”{&&(7):%& { K2Gify i =V Foi ?'G,.]dS' (253)
W% Vo = - o '
K {fn’i}(r)_.[sw{fn,ixv G;}ds (254)

The free-space Green’s function Gi, the impedance Z; and the wavenumber ki
inside domain D; are defined with (56), (68) and (69). 7,,;(r) is the unit normal to
Sm,i.

In the next paragraphs, we examine in detail the non trivial problem of
accurately evaluating these integrals.

5.3.1 Quadratures over triangles

The double surface integrals (251) and (252) have no close form analytical
solution, they must be evaluated numerically. It was not long after the invention
of infinitesimal calculus by Isaac Newton and Gottfried Leibniz, during the
seventeenth century, that numerical quadratures for one-dimensional domains
have been developed. Just to name two of them, the Newton-Cotes formulas and
Simpson’s rules. Until recently, many variations and improvements to these
early methods have been proposed, but it was not before the mid twentieth
century that the first quadrature over triangles has been published [33]. Three
quadrature strategies have been reported : polynomial moment fitting, Duffy’s
transformation, and extrapolation [34].
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The extrapolation technique, based on the work of Richardson [35], was first
exploited by Romberg for one-dimensional integrations [36] to improve the
convergence rate of the trapezoidal integration rule. It was then easily extended
to the integration over a square by several authors during the 1960s. In the next
decade, it required much more effort to transpose this theory from the square to
regularly shaped triangles [37][38][39], then more recently to arbitrary triangles
[40].

With Duffy’s transformation [41], the two-dimensional integration over a triangle
is transformed into an integration over a square, that can be performed as the
product of two one-dimensional integrals. In principle, any pairs of one-
dimensional quadrature rules can be used, such as for example the Gauss-
Legendre or Gauss-Jacobi rules [42].

In the polynomial moment fitting method, the integral over the domain S; bis
replaced y a weighted sum on a set of nodes :

N
[ fi(ey)dudy = Yo w, fi (3.3, S; (255)

A quadrature is thus defined by the coordinates (xn,y») of N nodes and their
associated weights (wn), for example :

4/20

2/20

Figure 49 : 5 nodes quadrature

The number of nodes NV, their location and weights are determined such that the
integral is exactly identical to the sum in (255) when the integrand fi(x,y) is any
polynom in the two variables x and y up to a degree d. A quadrature rule is said
to be minimal when its number of nodes N reaches the lower bound determined
by the following results [43] :

N2 w if diseven

(256)
v @+D@+3)  (d+D)

8 4

if disodd

Long after the seven-points and fifth degree quadrature of Radon [33], a minimal
formula of degree 4 with all positive weights was constructed by Schmid [44].
Exploiting for the first time the symmetry groups of the triangle, Lyness and
Jespersen developed symmetric quadrature rules up to a degree 11 [45], later on
extended up to a degree 20 by Dunavant [46] and up to a degree 30 by Wandzura
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and Xiao [47]. These quadratures are given with 16 significant digits. Some of
them, but not all, are minimal.

In the fictive example shown in Figure 49 (p.104) :

- the sum of the weights equals 1/2 and not 1. This supposes using 2S; instead
of Si in the summation (255). This is common practice for quadratures over
triangular domains, for which the norm of the cross product of any two sides
of the triangle equals 28S.

—  the nodes are irregularly located inside the triangle, on its edges and
vertices

- some nodes are located outside the triangle
—  the weigths are positive or negative

The two last properties are undesirable. A good quadrature should have all its
nodes inside the integration domain (to avoid extrapolation of the integrand
outside the domain) and positive weights (to improve convergence and stability)
[34]. Quadratures where the nodes respect the symmetry groups of the triangle
are also regarded as preferable, but not indispensable.

In this book, we have restricted ourselves to polynomial quadratures. For reasons
that will be explained in §5.3.3, their nodes will be distributed strictly inside the
triangle, and not on their edges or vertices.

5.3.2 Practical integration within the MoM

Before investigating in detail the possible inaccuracies due to the quadratures,
we explain concretely how the numerical integration of the double surface
integrals must be performed to approximate (251) or (252) with a polynomial
quadrature. RWG functions span over a pair of adjacent triangles, as illustrated
by Figure 50 :

Test
Basis

Smi
’ Sn,i

Figure 50 : Test and Basis RWG

The double integrals involving the test triangle pair S, ;=7,,UT,; and the
basis triangle pair S,;=T,;UT,; will thus be decomposed in four separate
integrals :
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jsm,ffs,,,i :jT;.ijnfi _jmj;,.- _J‘T,;,,-J‘T*v +ITF;,,vj ” (257

Considering the example shown in Figure 51, the part of the analytical double
surface integral in (252), involving T,,; and 7,; and the vector function Kl-(l),
will be approximated by the following nested summation if the testing function
Tpi= i

m,i

[ il [ (7o VG, Jas" |as
P=3 _ 0=4 _ . _ .
= D i G| X i X[VGi, =7 [0S w850
p=1

q=1

Note that the number of nodes does not need to be the same, or even from the
same type of quadrature, for the inner (basis) and outer (test) surface integral.

J_Cn-:,i(FZ)

*h

Figure 51 : Numerical integration of a double surface integral

Any numerical integration scheme introduces an additional error in the
application of the MoM : the quadrature error. For a given quadrature type, the
accuracy required in the evaluation of every integral will dictate the required
number of nodes for this integral. On the other hand, the time needed to perform
all the nested integrations will increase as Px@, if P and @ are respectively the
number of nodes for the outer and inner integrals. The tradeoff is clearly to use
as few nodes as possible while guaranteeing the desired accuracy in the final
result.

Polynomial quadratures are very performant with integrands that can accurately
be approximated with polynomial expansions. Unfortunately, the free-space
Green’s function and especially its gradient introduce complications when the
test and basis domains Sn,i and Sy, are very close to each other, or even overlap.
The resulting Zmn,i terms have been called (quasi) self terms in §2.3.2, and were
shown to be dominant in the Z matrix. As such, they require special care and
must be evaluated with sufficient accuracy.

5.3.3 1/R and I/R?singularities

Equations (251) and (252) contain the free-space Green’s function and/or its
gradient. When the observation point 7 in the test element Sn,; also belongs to
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the basis element Sy, the distance R = ‘7 —7 | can become zero in the integration
process. As can be seen in its Taylor’s polynomial expansion (259), the free-space

Green’s function then goes to infinity as 1/R. The gradient of the free-space
Green’s function (260) is even more singular, going to infinity as 1/R?.

IR
i 4R
2 3 4
—ik.R —jk:R —Jjk;R
- 1+(—jk,-R)+(]’ Vo EHRR) | CIRR) (259)
4R 2 6 24
2
‘ . kR
ki 1 '_kl_R+ju+0(kiR)3
47| kR 2 6
v =1 kR jkif e MR R
47 R’
1+ kR (kR)  (-kR) (kR) |-
L 0 R 2w A (260)
47R 2 6 24

3 —
L ~+ ! —jl—(k"R)+0(k,.1'e)2 R
ar\ (kR 2kR) "3 8

With an integrand exhibiting such a behavior, the inner integrals cannot be well
approximated by a polynomial function of moderate order in the vicinity of the
singularity R=0. As shown in Figure 55, Figure 56 and Figure 57 (pp.115 to 117)
the accuracy of polynomial quadratures becomes extremely poor in such a
situation, even with a high number of nodes.

There are several strategies to cope with these singularities. The two last ones
actually avoid the singularities by eliminating them.

- A few specialized quadratures are available to handle singular integrals
over triangles [48][49]. Unfortunately they are tailored for specific singular
behaviors which are not those encountered here.

—  The extrapolation integration technique mentioned in §5.3.1 has been
extended to deal with several types of singular integrands, belonging to the
class of homogeneous functions [50][51].

- Adaptive quadrature schemes have been developed, mainly to accommodate
integration domains other than squares, circles or triangles. Based on
successive decompositions of the integration domain in affine subdomains,
they ensure convergence for regular and singular integrands. Being general
purpose in essence, they require a very large number of nodes to obtain
several exact significant digits, typically many hundreds [52].

- For integrand functions having a 1/R singularity on a vertex, Duffy’s
transformation naturally eliminates it by projecting the vertex on one edge
of a square [41]. Despite its mathematical elegance, this method has some
disadvantages. Firstly, it requires manipulations to accommodate
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singularities occurring all along an edge and not on a vertex only. Secondly,
it is not efficient for I/Rr» singularities where n is not equal to 1 [53].
Thirdly it has been shown to be accurate only on sufficiently regular
triangles [54], a drawback we cannot afford as we intend to make extensive
use of elongated triangles.

- In this book, we have considered the singularity extraction technique
[565][56], explained in §5.4.

5.4 Extraction of the 1/R and 1/R?2 singularities for the free-space
Green’s function

To explain in detail the extraction process for the I/R and I/R? singularities, we
repeat hereunder the two types of terms entering the Z; matrix that contain
double integrals of the free-space Green’s function and/or its gradient. We will
omit from here on the subscript i, but remember that every element Zm., in the
global Z matrix is a combination of elements Zmn: from local Z; matrices
originating from domains D; (see §3.6).

zE :—%IS Tm(F)-US (KGR 1, -V 7 () ?'G(R)}ds}ds (261)

Zy = [ TP

RAGLIAGN
2

1, V'G(R)YdS" |ds (262)
I Jos'|

As explained with (257), the integrals on S and Sy in (261) and (262) are a sum
of integrals on the triangles 7.}, T, and 7, , T, : Z,,=Z " +Z "~ +7 *+7 .
The expressions of the RWG basis functions on the triangles 7, and 7, are
given by (262), where A;f is the area of the triangle Tnt and L, is the length of
the edge common to T, and T, .

—+ - L, — —+ t, 5 = —t

f”(r):i2 —(r'=py)=*C, (=R + T —p;) (263)

n

The functions f,; /C,, and f;/C; are illustrated in Figure 52.

~d=-P'+d'=

|
Il
ol

—+
Pm

Figure 52 : Vectors involved in the two nested integrals
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When T and T share common points, R can go to 0, making the inner
integrand in (261) and (262) infinite by virtue of the I/R3 and I/R terms
revealed in (259) and (260).

5.4.1 Singularity associated with ZHJ

Let us consider first (262), containing only the gradient of the free-space Green’s
function. For self terms situations, the tangential testing function fm () 1is
perpendicular to fn(? YxV'G(R) and the tested inner integral reduces to its
principal value term (see also §2.3.2). For example the integral involving 7,, =T,
writes :

Zyy =], T () G o (P fo (ﬂj ds (264)

This integral presents no singularity and can be integrated analytically or
numerically. Details are given in Appendix D, and show that numerical
integration can be performed exactly with only 1 point for f,; (7):]7,;(7) but
requires 3 points for f,;(?) =n, (7)><]7,; 7).

If TS #T), the principal value term in (262) is identically zero and only the
surface integral remains in the inner integrand. For example :

H]—+ _ T= (7. TN '
Z = [ T UT;{fn (7)xV'G(R)}ds }dS (265)
For coplanar triangles, like 7,/ and T, , the three vectors involved in the dot and
cross product in (262) cancel the integral. For example :
VAR (266)

If the triangles share a common edge (7, and T, ) or a common vertex (7, and
T,) without being coplanar as in Figure 52 (p.108), the extraction of both the
1/R3 and 1/R singularities decomposes (262) into the sum of three integrals. For

example, for ZH~+ .
. _—+_, [ kR+1 _jp 1k a5l 267
A e )
T (7 __+ Ny R k2 '
(I, T | [, 55 @R o |las jas (268)
— [— = 1 .
.UT";Tm(r). I'[T”+_fn+(r)xR(4ﬂR3ﬂdS ]dS (269)

From here on in this paragraph indices ( ) ) or superscript ( ¢) will both be used
to refer to magnitudes related to 7, , thus depending on the variable 7', and not
on the variable 7 .
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Using (263), valid for a triangular domain, and the fact that RxR=0, (268) and
(269) can now be rewritten as :

T & R .
+CnIII;Tzn(r)'(r—P,1)Xg ”T;EdS ds (270)
+Cr ] T )G = )xﬁ[ﬁﬁgds ']ds @71

The integrand of (267) is bounded everywhere on T, . As shown in Figure 56 and
Figure 57 (p.117), this regular inner integral can be evaluated quite accurately
with polynomial quadratures, even with a limited number of nodes.

The evaluation of (270) and (271), having singular integrands on T, , can be
performed as follows : analytical closed form solution for the inner integral, then
numerical evaluation of the outer integral.

These analytical closed form solutions are expressed in function of local
coordinates and distances for the pair formed by the observation point 7 and the
triangle T;', explained hereafter and illustrated in Figure 53.

Figure 53 : Coordinates and distances involved in the inner integral

The unit normal to the triangle 7, is 7 . The orientation of 74, depends on the
global closed surface Si and on the domain D; the triangle T, belongs to, as well
as on the convention adopted for the orientation of the normal to S; (outwards or
inwards D;). The normal projection p of ¥ on T, determines the origin of a local
orthonormal coordinate system for all three edges 9,7, . The unit vector rh, is
normal to the edge 9,7, and pointing outwards 7, in the plane of 7, . Finally,
the unit vector ; =i xm; determines the sense of integration for line integrals
on every edge 9,7, on the contour 97, .
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The signed values d’, P, 17 and I'f are the coordinates in the A; l;,i) basis
respectively of 7,7 and ;' , that can be obtained from R =7 __ and

RT=7-1" as:

d'=R7-A"=R7-n} (272)
PY=—R7-m, =—R' -y (273)
15 =—R%F-m; (274)

In Figure 53 (p.110) : d’ <0, llj* <0, l;* >0 and P'0 >0. The positive values
R (resp. R;") are the distances between 7 and i (resp. i'M).

Finally, the vector R is decomposed into a surface component —P'(F') lying in
the triangle 7, and depending on the integration variable 7', and a normal
component d'=d"7,; ,independent of the integration variable 7'.

The integral (270) contains the 1/R singularity. The analytical solution for the
inner integral is fully derived in Appendix E.3. The final result is given
hereafter :

J’j —ﬂ'T s +jJ'T L s ot led K (275)

with :

i

I"+R'
(276)
,+ 0 — pi0
—|d|Z P gt LPT
(R'O) +|d|R} (R'?) +|d (R
"+ "+
1 =L R R (RO 1(ﬂj} (277
e R L P

For any observation point 7, (275) is finite and continuously differentiable. It
can therefore be integrated numerically on 7, in (270) with great accuracy.

The integral (271) contains the 1/R3 singularity. We observe from (260) that the
contribution of (271) to the real part of (265) becomes dominant as soon as
2/(kR)® > 1/(kR) , or approximatively R < A/5. This is always the case for adjacent
triangles in a MoM mesh, as their characteristic dimension should never exceed
M10 (see §2.2.4). It is therefore important to evaluate (271) with enough
accuracy.

The analytical solution for the inner integral is fully derived in Appendix E.3 :
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I} ;RAZdS':—U :%dS#J'HT;%dS':(s)+(n) 279)

If 7 is located anywhere in the plane containing 7, including inside T, or on
its boundary (d’=0), then (278) reduces to the surface component (s) only. In this
case indeed the vector R is at all times coplanar with 7" during the integration
over T, , hence the vector resulting from this integration cannot have a
component normal to 7, . This important remark solves the problem due to the
discontinuity of the normal component (n) across T, , mentioned hereafter.

The analytical closed form solution for (n) is a vector directed along n; with
norm Q(7), the signed solid angle from which the triangle 7, is seen from the
point 7 [57]. The norm of this vector is thus bounded between -21 and +2x. The
analytical expression of (n) is fully derived in Appedix E.3 and the final result is
given hereafter :

(n)=HT;%dS'=

(279)

ii tan ™! P} —tan”! PIIy (d'#0)
iy - |d'| - 0 2 | prt 0 2 | o=
= (RO) +[a R (RY) +[a R

0 (d'=0)

It is important to note here that (n) is a continuous function everywhere in space
except on T,}, including its boundaries 9,7, for i = 1,2,3. Indeed, if we consider a
trajectory passing through the triangle, the function (n) tends to 27 on the side
where 7 is pointing to and to -2x on the other side. There is thus a 4z
discontinuity across every inner point of the triangle 7, . For a trajectory that
would cross the plane of 7,/ via a point belonging to one of the three edges, (n)
tends to +7 or -n depending from which side of 7, we are approaching the edge.
Finally, on the three vertices, the function (n) is equal to the opening angle of T
as seen from this vertex, again with a + or — sign depending on the approach side.
For all points coplanar with, and outside T, the function (n) equals zero. We can
generalize this in (279) by choosing that (n)=0 for all points coplanar to T,
including inside 7, where (n) undergoes everywhere a jump with mean value
zero between both sides of T, . This choice is consistent with the remark made

earlier as a comment to (278), stating that (n) should be equal to zero when d’=0.

The analytical solution of (s) is also fully derived in Appendix E.3 :

T R NP MG RN
(S) = J]qn ?dS = ;mij.ai]:’ ? = lzml' In {m} (280)

It is easy to see that (s) is not bounded everywhere on 7,, [57][56], as opposed to
(n) : if 7 is located anywhere on the edge common to 7, and 7,, then (280)
becomes infinite, as R£7(7)+l£7(7):0. In this case the outer integral in (269)
possesses at its turn a singular integrand, with logarithmic behavior.
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A very elegant solution to avoid this logarithmic singularity in the outer integral,
resulting from the 1/R? singularity in the inner integral, has been proposed in
[54], but it introduces some programming complexity : line integrals appear aside
the surface integrals, but above all the order of integration on T, and T, must
be inverted, as can be seen in the two expressions below in the case ]_",;(7) = f,;(?)
and T, (F)=h, (F)x f (F)

G [, Tn P =B % [Hﬂ ]

(281)
==CiCufy,. (P ﬁI)x:ﬁ;(?)-[f . “47[’;"’) dS]dl
+c+” (A_(r)xfm(r)) F=Px— [”T j
-7l
= CrCo i ) () H;%ds dr (282)

— — = At — A — r
+CICm<ﬁaT+(pm—pI)XmI(r')-[nm(r)x (Mp’" ds]dl'

T,
It is further shown in [54] how the two surface integrals over 7,, can be reduced
to integrals of R" and RR" (n > -1), for which closed form solutions are presented

in Appendix E.

A very general iterative and adaptative numerical integration scheme is proposed
in [52] to cope with singular integrands, but it is far more complex to implement
than Gaussian quadratures and requires a lot of nodes, typically several
hundreds, to obtain three or more exact significant digits. Such a number of
nodes is acceptable to compute isolated integrals, but it becomes prohibitive if
used repeatedly to fill the complete Z matrix.

We also mention an original proposal where the logarithmic singularity is
extracted at its turn from the outer integral [58]. We have analyzed this
technique and concluded that it provides the announced superior performances
only in the case of quasi equilateral triangles. The results of this study are not
reported in this book.

Instead of those solutions, that are either tailored for specific (testing) situations,
or require ad hoc modifications to the MoM code, we chose to investigate the
possibility to use the high efficiency polynomial quadratures having only inner
nodes described in [46] and [47]. To assess the ability or not for these
quadratures to evaluate correctly the logarithmic singularity with a limited
number of nodes, we derived several analytical solutions in a canonical case,
presented in §5.5.

113



Chapter 5 : Accuracy of the Method of Moments

5.4.2 Singularities associated with ZEJ

The integro-differential expression (261), contains both the free-space Green’s
function and its gradient. Classically, when fm = fm = RWG , the derivative on the
free-space Green’s function is transferred to the test function. We show in
Appendix F how (261) then becomes :

iz N v .7 ,
zE - _TIS,,, js{ K25, () [, )+ Y, £,V 1} G(RYGS dS (283)
Doing so, Z,% does not contain the 1/R3 singularity anymore, but only the I/R
singularity from the free-space Green’s function. We will call tEFIEVEf the
alternate form (283), valid only when T, = f,, = RWG and tEFIEC-f the general
form (261), valid for any testing function T, .

If we consider Z,%_Jr , the extraction scheme leads to the following
decomposition :
— jkR
27=7). FH Z-wr  F+l] € 1 ,
J-T,;J.T”*{ K ) Y4V fV s fo }[ — —m]ds ds (284)
Ty T o w1
J‘T,; T,f{ szm (r)'f;—(r )+ Vs fmV s'fn+}mds as (285)

The singular term (285) can be integrated analytically on 7', then numerically

on 7, , as follows :

Ll O S
ol Fn @) [ Jy )asias

2
:%Cf{j/;JT,,:(F)‘_[T;(F—ﬁ:—I?)%dS'dS (286)

2 f
el 7o 7] o s o

o Vo TV T oSS = [V, TV T s s (287)
Both (286) and (287) contain the integral of 1/R and/or R/R, that both have
been treated with (275). The first term (284) is bounded everywhere on 7, and
can therefore be integrated numerically. In [54], it is observed that the first
derivative of the integrand is not continuous, what limits the accuracy of
polynomial quadratures. The extraction of a second term, responsible for the
discontinuity of the first derivative of the integrand, is therefore suggested :

TR g2 1 k2
¢ +~ R

—-——+—R|+———-—R (288)
47R 47R 8«7 47R 8«

GR) = [
A summary of the accuracy that can be obtained without or with extraction of one
or two terms and integration with high efficiency quadratures [46][47] is given in
Figure 55 (p.115). The computed integral is :
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jJ'TG(R)dS' (289)

The triangles 7T and the observation point 7 are in the xy plane, as depicted in

Figure 54. We consider three triangles 7 : one is right-angled and isosceles when
Y=A1/10 and two are (very) elongated when Y=4/103 (Y=1/10°).

Y

A

or(?

& Y=A10, A103 , N10°

X=X10

¥ x

v

Figure 54 : Triangles T for the integral (289)

The relative errors presented in Figure 55 are related to the real part of (289)
only, as the imaginary part does not suffer from any singularity. Expression (289)
has been computed without any singularity extraction (blue lines), with one term
extracted (red lines) and finally two terms (green lines). As the exact solution to
(289) is not known, we use as reference value to determine the relative error the
solution obtained with 73 nodes and two terms extracted.

Relative error

~>=No Extraction Y=A/10° [}
Y=110% |
Y=1/10 )
—o=1 Term Extraction Y=A/10° | |
Y=1/10% |.pd
Y210 H+
2 Terms extraction Y=/10°

Y=1/10°

Y=2/10

20 30 40
Number of quadrature nodes

Figure 55 : Relative error on (289)

It is made clear that for all triangles, from X/Y=10 to 105 :

Singularity extraction is indispensable when R can be equal to 0

The extraction of only one term allows to compute (289) with 4 to 5 exact
significant digits

The extraction of two terms allows to compute (289) with 7 to 8 exact
significant digits
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In this book we have extracted only one term in singular integrals involving the
free-space Green’s function.

When 7, =, X f,, =, xRWG the 1/R? singularity due to the gradient of the
free-space Green’s function can also be eliminated thanks to the Gauss
divergence theorem [54], but as the test function is not divergence conforming the
surface integral over 7, and 7, turns into a contour integral. For example, for
the part of the integral involving V'G(R) and T, in (261) :

ﬂTf(ﬁ,;G)Xf,;(?))-(jjS V' £, V'GR) dS'de
: (290)
=,y P (i@ T (7))(”5” G(R)V'- £, (") dS 'jdl

In this book, we have not used the transformation (290). Instead we have used
the high efficiency polynomial quadratures having only inner nodes described in
[46] and [47] to integrate either (283) when fm = fm =RWG or the general form
(261) for both T, = f, or T, =4, X[, .

In this latter very general case (261), the extraction scheme leads to the following
decomposition, for example for ZZ/=* .

_ —JkR
KFrG € 1
e >[ A
[ e L\ (dsias (291)
m n 4 _ ; . _
+V - fF fkRi:'le—JkR_%+k7 R
R R> 2R
1
e )
_ 1 ,
J’”;Tm(r).T;E o[ R ds'ds (292)
el TR

We have seen with (275) and (278) how to integrate (292).

The first term (291) is bounded everywhere on 7, and can therefore be
integrated numerically. Figure 55 (p.115) shows how accurate this numerical
integration can be for the first part of this integral, related to G(R). We now
present a similar accuracy study for the second part, related to VG(R). The
computed integral is now :

J’jT VG(R)dS' (293)

The triangles T and the observation point r are those depicted in Figure 54
(p.115). The integral (293) is complex and vector valued, having components in
the x and y directions. Only the real part is affected by singularities. The relative
error on the real part of the x and y component is presented in Figure 56 and
Figure 57 (p.117). Expression (293) has been computed without any singularity
extraction (blue lines) and with two terms (green lines). As the exact solution to
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(293) is not known, we use as reference value to determine the relative error the
solution obtained with 73 nodes and two terms extracted.

Relative error
3

Relative error
3

T T
| |
I |
| ]
] i
| |
****** - — — — L [ \¢ Extraction Y-1/10° F -
l l l e Yt |
| | | | Y=n10 |
e i i Tt T ~=2 Terms extraction Y=1/10° -1
| | | L Y=wi0t |
I I I I Y110 I
****** e e e Ay M |
| T — 1 | I |
| | [ | | I
—————— e Bttt e i e
| | | | | |
| | | | | |
| | | | | |
0 10 20 30 40 50 60

Number of quadrature nodes

Figure 56 : Integral of §GX

|
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e o ___L]— Yt |-
1 | | i Yor/10 |
: : : : =2 Terms extraction Y=1/10 :
,,,,,,,,,,,,,,,,,,,,,,, y=w10® | _ |
1 ! ! r Y=1/10 !
| | | | |
T . I | | | |
—————— oS T A o C T e e o - — - — - = — — — o
| | | | 1 |
| | | [ T T
| | | | | |
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Number of quadrature nodes

Figure 57 : Integral of §Gy

Again, singularity extraction proves indispensable. With as few as 7 nodes,
integral (293) can be computed with at least 5 exact significant digits.

5.5 High efficiency quadratures and I/R? singularity

5.5.1

Analytical analysis — regular triangles

To quantify the accuracy that can be obtained with high efficiency polynomial
quadratures in the evaluation of (271), containing the logarithmic singularity
(280) in the outer integrand, exact analytical expressions have been derived with
the aid of [59] for the following integral :

I= +4%”Tf(7) (7 - ,‘;')x[jjT,_R—I?dS']ds

(294)
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The integral I has been calculated in the canonical situation depicted in Figure
58 for both weighting function 7 = f = RWG and T =ax f , but only for o = 90°. It
has also been computed numerically, and the two solutions are compared.

\ Z

Sin(a)

A/(l,o,o) (0,1,?7;\ .,

X

Figure 58 : Geometry of the canonical case solved analytically

All details are given in Appendix G, and summarized hereafter.
When o = 90°, (294) reduces to :

_\2 B e
Rt _12)_5([11 ~i |- }) (295)
with :
I; J‘;_)v Feein [m +(1- x)} dxdy
hi=y =5 -1 (296)
ol P -
I P 7+ 2
h= % =I3-1I; (297)
_Il I_XP(X,Y)ln[erx—_l}dxdy
0J0 \/5
and :
Pf=f(x’ y)=-x .
By g (5:3) = Cayioy (299)

No analytical solution could be found for I3 . As this integral is regular (the
integrand is bounded everywhere on 7), it can be evaluated very accurately with
the high efficiency polynomial quadratures, as shown in Table 7 (p.119). In the
absence of analytical solution for I, the numerical solution obtained with 73
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nodes is used as a reference to measure the relative error when less nodes are
used. Table 7 shows that the relative error improves very quickly, in a way
similar to the inner integral (293) summarized in Figure 56 and Figure 57
(p.117).

Table 7 : Numerical integration of I3

# Iz ¢ Numerical | Rel error| Iz nxs : Numerical | Rel error|
1 -0.08450337367004 0.11e-0 -0.028167791223347 4.90e-0
3 -0.094612293851424 1.37e-3 +0.007012501289788 | 21.4e-3
4 -0.094697637869101 2.28e-3 +0.006604208568921 | 78.4e-3
6 -0.094483384173796 10.3e-6 +0.007157053742892 | 1.20e-3
7 -0.094478779228638 38.5e-6 +0.00717151008889 0.81e-3
12 | -0.094482452578854 0.42e-6 +0.007165729119605 | 1.30e-6
16 | -0.094482394759082 0.20e-6 +0.007165750921513 | 4.40e-6
19 | -0.094482408305059 54.9e-9 +0.007165727125872 | 1.05e-6
25 | -0.094482413691372 2.09e-9 +0.007165719331997 | 34.6e-9
42 | -0.094482413496551 | 28.7e-12 +0.00716571957576 0.56e-9
61 | -0.094482413493793 | 0.47e-12 +0.007165719579858 | 7.82e-12
73 | -0.094482413493837 Ref +0.007165719579802 | Ref

The exact analytical expressions for I, I; and I; are:

Table 8 : Exact solutions

T =f=RWG T=haxf
I [11+9421n(v2 +1) /36 |22 (2 +1)]116
I [11—12111(\/5+1)}/36 [2—3\/§+ln(ﬁ+l)}/24
Iy 11+3ﬁ(1n(ﬁ+1)—n/2)+31n2 1+In(v2 =) +~/2(7/8-1)
3612 12V2

The singular integrands in J;',I] and I; become infinite only on the edge i7"
with a smooth logarithmic behavior. The relative error obtained with the high
efficiency polynomial quadratures in the evaluation of the total terms I f and
I+ given by equation (294) is presented in Table 9 (p.120).

The relative error is now improving much slower with the number of quadrature
nodes. Surprisingly enough, the 16 and 42 nodes quadratures outperform all the
other choices for both T = ]7 and f=ﬁ><]7, still showing a relative error around
0,3% and 0,07% with 16 nodes. Table 7 shows that 3 (respectively 7) nodes are
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necessary and sufficient to obtain a similar accuracy with the non singular
integral I;,f (Iinxf ).

Table 9 : Relative error on I

# nodes 1, =-0,03505 Inxf =0,01074
Numerical | Rel error | Numerical | Rel error
1 -0,01693 | -0,52 -0,00564 -1,53
3 -0,02545 | -0,27 +0,00384 -0,63
4 -0,02613 | -0,25 +0,00384 -0,64
6 -0,02969 | -0,15 +0,00685 -0,36
7 -0,03102 | -0,12 +0,00775 -0,28
12 -0,03217 | -0,082 +0,00868 -0,19
16 -0,03517 | +0,0033 +0,01074 +0,0007
19 -0,03341 | -0,047 +0,00954 -0,11
25 -0,03420 | -0,024 +0,01026 -0,044
42 -0,03510 | +0,0012 +0,01088 +0,0136
61 -0,03450 | -0,016 +0,01034 -0,037
73 -0,03481 | -0,007 +0,01056 -0,017

Even with 16 or 42 nodes, the relative error on the I/R? singular term (294) is
quite moderate. We must remember though that (294) is only a part of the total
element Z,,=Z\*+Z +Z,*+Z, entering the Z matrix, for example Z, .
Also the main term (267) and the 1/R singularity (268) must be added to (294) to
obtain Z}*. To quantify the global impact of the 1/R?® singularity, integrated
numerically with polynomial quadratures, an elementary numerical example is
analyzed in §5.5.2.

5.5.2 Numerical example

The four faces PEC pyramid depicted in Figure 59 is 1m x 1Im x 1m and
illuminated by a 10 MHz plane wave polarized along X and travelling from —Z to
+Z. The six edges are numbered from 1 to 6.

Figure 59 : Canonical PEC pyramid

The electric current densities in the middle of each of the four faces obtained with
the tMFIE-nxf are depicted with arrows, showing a strong X-Z orientation, as
expected.
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In Figure 60 we see the influence of the number of quadrature nodes in the
evaluation of two singular terms : firstly Z;s, the interaction between the RWGs
defined on edges 1 and 2, then Z3s, the self interaction on edge 8. For both
elements it is apparent that the 16 and 42 nodes quadratures lead quicker to the
correct value for these two elements. With the pyramid Z;5" corresponds to the
analytical example of Figure 58 (p.118). The total value for Z5 , computed for
the pyramid with 16 nodes, equals 0,01076. In Table 9 (p.120) we read that the
exact analytical value of the part of Z5" due to the 1/R? singularity equals
0,01074, showing that the I/R?* term is highly dominant in Z5 . On the other
hand, Z{5" is only approximately 8 times smaller than Ziz, for which the value
computed with 16 nodes is close to 0,0849. The relative error on Z;2 is therefore
approximately 8 times smaller than the relative error on Zj;" reported in Table 9
(p.120).

0,0885 -0,574
‘
0,0880 1 0576
0,0875 —a—712
T -0,578

0,0870 \ —e—2733
0,0865 \ -0,58
0,0860

\ +-0,582
0,0855 \/\

0,0850 \2 \ﬁ T 0584
0,0845 : : : : : : : 1 -0,586
3 7 12 16 19 25 42 61 73
# nodes

Figure 60 : Numerical integration of two singular terms

In Figure 61 we show the real part of J3 and J5, the coefficients of the RWGs
defined on edge 3 and 5, contributing to the strongest electric current densities
present on the pyramid.

2,23

2,22

3,064
- 3,063
r 3,062

2,21

NANPAS

- 3,061

2,20

2,19

2,18 1

— e

3,060
- 3,059
- 3,058
- 3,057
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19
# nodes

25 42 61 73

3,056

Figure 61 : Values of J3 and J5 on the pyramid of Figure 59
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Both curves show a convergent behavior with higher number of nodes, from
which we can roughly extrapolate the limit value for Js (~2,1840,01) and Js
(~3,063%£0,001). Again it is clear that the 16 and 42 nodes quadratures lead much
quicker to the extrapolated limit value.

5.5.3 Analytical analysis - very elongated triangles

This canonical case represented in Figure 58 (p.118) and Figure 59 (p.120) is only
representative of meshes where quasi equilateral triangles are used. In some
instances though, as will be shown in §§6.5 and 6.7, (very) elongated triangles are
useful to greatly diminish the total number of triangles in the mesh, thus the size
of the Z matrix, equal to the number of triangle edges for PEC bodies, and twice
this number for dielectric bodies embedded in free space. To this end, we
generalize for arbitrary S, T and Z the analytical solution already presented in
§5.5.1 and we examine again the ability of the 16 and 42 nodes quadratures to
integrate (294) over very elongated triangles.

Z
A} ~
Z
Ln . 7' _
p' A

»n
™~
3
[~
~|
N

|

Figure 62 : Elongated triangles

This analysis provides quantitative arguments to the warning expressed in
[60, p.34] regarding Gaussian integration rules on elongated triangles.

The many symbolic integral expressions involved towards the final exact solution
presented hereafter are given in Appendix H. They are so complex and lengthy
that they have been calculated for the T =r7><f case only, with the aid of [59].
This testing function occurs for example when the tMFIE-nxf is applied to PEC
bodies (see §2.3.2). It is also advised if the Miiller scheme is applied to dielectrics
[32].

For the situation depicted in Figure 62, the integral (294) reduces to :

§2+22 ;- + -
I=— U -1I)-U; -1 300
AZSTZ (111)(212) (300)
! P

where :
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Ifnxf = I()Tj(f(liyln(xz + y2 - yT)ln[S —x+4/(S —)c)2 + y2 }dxdy
_12(s2 —Tz)ln[S+\/S2 +T2 }
_sT _185ys2 + 72 (301)

a4 +6S?31n[T/S+J(T/S)2+1}

| -s%+1377

11_,n><f = I(Z-J.(f(l_y/n(xz + y2 - yT)ln[ﬂx2 + y2 - x}dxdy

[ _435% +1253T 365272 +18ST> +137* |
(S2+7%)

ST\, 65°@s2 472 | | (S/T +1-5/T (302)

1442+ ) sy 4141158

+12(82=T*)InT

_ S S ¢T(1-x/S) > > 2 2 S(S _ x)
DLoxf =5— 2+ y7 = 3T [In| (S —x)* + y? ——————|dydx (303)
G 5 5 N

O @ 3

with :
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ST S
D="[+12In5-13+12C , |——2
w 144[ sz\/s2+Z2

ST3 S
2 =—[+121nS—3+12C J— 304
=17 N e (309

3

(3)=£[—241ns+8+12cﬂ] S

144 st z?

Co=In|\1+(T/S)* N S
J1+(Z18)?
b3 tan_l[T/S\/1+(S/Z)2}+tan_1 __rz (305)
J1+(572)2 J1+(T18)?
—Lln[wsh/n(wsﬂq
J1+(Z/8)?
1 SIT? 1
C.,=In|[\1+(T/5)* - n L
y { \/1+(Z/S)2] 1+(5/2)* 3

3
_L)m tan-l[T/s,/H(S/Z)z}Han‘l 1z (306)
J1+(T/8)?

[1+(S/Z)2}
(S/T)3 1+3(Z/S)2 i
' [ 37 Ln[“hm}_w
2[1+z/5)?] fiearsy

sV 1 SV A1+T78)? -1
Cyr=2| 2| In|1- |42 2 | 22—
J1+(Z18)? T 1+(Z/9)?
2 2 2
+{—<S/T) 2:lln 1+(£j +[£]
1+(2/5) z) s
(307)
o N1+ @182 14218 +1 \1+Z15)7 -1
S+ @182 \1+z19)> =1 J1+z15) +1

2
-2 1+(£J In| \1+(T/$)? SRS S
T J1+(Z18)?

Again the last integral 1{ axs could not be solved analytically, but it is bounded
everywhere on 7, as can be deduced from its expression :
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«[x2 + y2 +27?

(P43 =3T)n| gy 2 |audy (308)
+—
V§*+2z?

This regular integral will be integrated very accurately with the same high
efficiency polynomial quadratures that will be used in the evaluation of the
singular Iy, , I, and Iy, [46][47].

S J~T J~S(1—y/T)

+ —
I2,n><f—\/S2+—Z2 0Jo

Figure 63 to Figure 65 show the relative error committed on (300), the total term
1, in function of the number of quadrature nodes for fixed values of S, T and/or Z
and across a wide variation range of S, T and/or Z. We define :~

Relative error in % = 100*Abs(Numerical/Exact-1) (309)

where :

« » _ gt - + -
Exact” = Il,Exact - Il,Exact - (IZ,NumerimI T3nodes ~— IZ,Exact) (310)

Relative error in %

Figure 63 : Relative error as a function of S for T=1=7
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Relative error in %

61—25

73=—42 =

Relative error in %

Figure 65 : Relative error in function of Z for S=1=T

The 16 nodes quadrature does not always show the best relative error
performance across the wide range of variation of S, 7' and Z , but it clearly
provides the best overall relative error, nearly always better than 1%, sometimes
close to 0,1% but sometimes as high as 10%. The peak areas on the vertical
dotted line correspond to I=0, a region where the relative error grows artificially
high due to its definition (309). One also observes, in Figure 64 and Figure 65,
that when the ratio Z/T becomes smaller than 0.01, the twelve available high
efficiency polynomial quadratures fail. lnumericat tends to zero and the relative
error converges to 100 %. A detailed analysis shows that the twelve quadratures
still perform well and estimate the three terms Ij, I, I, with their respective
accuracy (say for example 0.1% with 16 nodes and 10% with 3 nodes). The
problem is that when Z/T becomes small(er than 0.01) the final result I is a
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small number to be obtained from the difference of much bigger numbers I; and
I2. As can be seen in Table 10, when Z/T = 10 the relative error requested on I;
and I> must be lower than 0.01% to estimate I =I;-I>. with at least one exact
digit. Such an accuracy on I; and I2 is not attainable, even with the 16 nodes
quadrature.

Table 10 : I; and I2 when Z/T becomes smaller than 0.01

Exact Numerical (16 nodes)
S |7 |Z I I I )] I I
1 |1 [10¢ 0.1461837 0.1461574 0.0208581 0.1459128 0.1459126 0.0001108
1 |1 |103 “ 0.1459238 0.0206738 “ 0.1458989 0.0011058
1 |1 |10 “ 0.1436958 0.0197986 “ 0.1447217 0.0094784
1 |1 J10! “ 0.1260032 0.0161391 “ 0.1232675 0.0181104
1 |1 J1 “ 0.0507840 0.0107362 “ 0.0504452 0.0107438

It should be remembered though that the singular integral I is only a fraction of
the total Zm, element entering the Z matrix, sometimes negligible but not always.
One could also argue that the vast majority of the Z matrix elements are related
to non adjacent triangles. These elements do not lead to a singular integral such
as (263) and can be computed very accurately. But on the other hand the few
elements in Z related to adjacent or overlapping triangles should be the largest
ones. In many cases, a poor estimation of the singular I elements has no
significant impact on the final solution J and M. Still, as shown in §6.12, we have
identified situations where the accuracy provided by the 16 nodes quadrature is
essential for a good solution.

As a conclusion, it is probably a safe idea to avoid the 1/R3 singularity with the
transformation of the double integrals proposed in [54], but as will be shown in
chapter 6, an efficient integration scheme including a 16 nodes quadrature only
where needed is a good and moderately costly alternative, but without guarantee
to work in any situation.

5.6 Summary

In the previous chapters new expressions, theorems and formulations have been
presented, with an often repeated objective of generality. In this chapter we
focused on another important objective of this book : ensuring the accuracy of the
approximate result delivered by the Method of Moments.

Before concentrating on the error produced by the numerical integrations
occurring during the filling of the impedance matrix, we first reviewed the many
numerical issues and limitations inherent to the application of the Method of
Moments to electromagnetic problems : laptop resource limitations, high
condition number, resonance and low frequency breakdown. In the examples
treated in chapter 6, we deliberately chose to avoid those well-known pitfalls to
make sure we isolated the numerical integration issue, if present.

Numerical integration can be performed with several techniques, many of them
being very accurate, but sometimes at the expense of complex programming.
After reviewing most of these techniques, we justified our choice (high efficiency
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polynomial quadratures) with the desire to maintain an easy and very general
implementation. We also assessed the validity of this choice, especially in the
integration of the singular integrals, that appeared to yield the main elements of
the impedance matrix. To this end, extensive analytical effort has been put in the
derivation of exact expressions for the singular interactions between two
orthogonal triangles, regular and elongated. A direct comparison between
analytical and numerical results has permitted to observe that two quadratures
provided a much higher accuracy in the singular case : the 16 and 42 nodes ones.
This observation was further supported at system level with the example of a
simple canonical pyramid, then confirmed in chapter 6 with two large examples
showing that the accuracy provided by the 16 and 42 nodes quadratures is
necessary in some cases.

These observations and confirmations do not form a complete and definitive
demonstration though. The overall superiority of the 16 and 42 nodes
quadratures have only been demonstrated in some cases, but not at all in
general. Moreover, this superiority is limited : the absolute accuracy provided by
those two quadratures remain quite modest as compared to the accuracy
provided by the same family of high efficiency quadratures in the regular cases.
As it is not at all guaranteed that some examples could be found where even the
16 and 42 nodes quadrature would fail as well, we recommend for example to
select an alternative where the 1/R? singularity is eliminated, but at the expense
of generality.
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6 Numerical examples

Part II of this book is entirely devoted to a large series of examples. Our
originality and contribution resides in the analysis down to current density level.
We believe that many of the observations and conclusions made in Part I are not
accessible to whom only compares magnitudes resulting from the integration of
those current densities, such as far fields or scattering coefficients.

The examples have been selected and are presented in an evolutive sequence to
serve several purposes.

First of all, they illustrate and compare many concepts elaborated in Part I.
Extensive cross-referencing is provided between Part I and Part IT to help the
reader either to find the example(s) illustrating a theory, or to refer to the theory
supporting the observations or conclusions related to a given example.

The second objective is to show and quantify the accuracy of the MoM in the
interesting and useful case of a PEC sheet deposited on a very thin dielectric
substrate. To reach this goal, we make extensive use of the reference solution
described in §6.1.4, but we also start from the sphere and progressively deform it
into a rounded cube, then a cube and finally a very thin plate. In the almost
unique case of the sphere, the analytical solution is available for both the PEC
and dielectric case. Moreover, the absence of sharp edges eliminates high
gradients of surface current densities, what proves to yield the best accuracy for
all tested formulations, as well as an excellent match between the tMFIE-nxf and
the two tEFIE-f formulations. The sphere also offers a unique opportunity to
precisely measure the flat facet error, due to the approximation of the curved
surface with flat triangles. Armed with the solid and rich accuracy references
provided by the sphere, we can measure the progressive degradation of the
accuracy throughout all the above mentioned transitional geometries, until the
very thin dielectric plate with a PEC coating.

The third objective is to support with two full-scale geometries the conclusions
drawn in chapter 5 : the superiority, or even the necessity, of the 16 and 42 nodes
quadratures if our general and versatile integration strategy is chosen among the
others, presented in chapter 5.

The fourth objective is to extensively compare the two tEFIE-f and the tMFIE-nxf
solutions for various PEC objects, and verify when or where both formulations
provide convergent independent solutions.

Great attention has been paid to provide every details necessary to reproduce all
the results. Those details include the numerical integration parameters, as they
play an essential part in this book.
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6.1 Introduction

6.1.1 Parameters common to all examples

Except in §6.12 the incident field is always a plane wave with wavelength Ao in
free space (A is the wavelength in dielectrics). The incoming electric field has
unitary amplitude |Ei¢| =1 V/m, whereby the incoming magnetic field has an
amplitude |H»c| =2.653 mA/m = 1/Zo. The zero phase reference of the plane
wave is located at (x,y,2z) = (0,0,0).

z

Figure 66 : Angles definition for the incident plane wave

As an example, the angles (0, ¢, o) defining a wave coming from -Z going to +Z
and polarized along X are 6 = 180° and ¢ - o = 180°.

The first form of the integro-differential equations has been used (§1.9), along
with the tangential projection of the integro-differential equations: tEFIE or
tMFIE (see §1.11).

The mesh, made of flat triangles, is unique for every interface between adjacent
domains, and also for both faces of perfectly conducting sheets. The length of any
edge in the mesh is always smaller than or equal to A/9. The basis functions are
always RWG, for both the electric and magnetic surface current densities (see
§2.2.8).

The E-MFIE used for sheets is always based on tEFIEYG-f (see §5.4.2) and the
tMFIE-nxf.

Every element of Z, V and I has been generated, stored and used in double
precision, with 16 significant digits. The ZI=V system of equations is solved with
a direct LU decomposition.

6.1.2 Variable parameters

For PEC sectors (see §3.2), we can choose among :
—  tEFIEYE-f or tEFIEYC-f (see §5.4.2)

—  tMFIE-nxf

—  E-MFIE for embedded edges
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For Dielectric sectors, we can choose a PMCHWT or a Miiller combination (see
§3.6) of either :

— tEFIE-f (for VG’) and tMFIE-f or
—  tEFIEYG-nxf and tMFIE-nxf

For PEC and dielectric sectors, more insight about the testing functions (denoted
with the subscript -f or -nxf) is given in §2.3.2.

To compute every zmn,; elements entering the Z matrix, the distance Rmin between
the triangle pairs Sm,i and Sy, is first determined. Singularity extraction (see
§5.4) is applied only if Rmin<A/10. When Rmin=0, it is also detected individually
for the four interactions between the two pairs of triangles which interactions are
self terms, as they require a special treatment. For example, self terms reduce to
the principal value in the tMFIE-nxf (see §2.3.2), but not in the tEFIE-f. The
number of nodes used in the outer and inner integrals is different, and varies
with Rumin.

n,i
m,i

min

Figure 67 : Geometry to determine the number of quadrature nodes

An example is given in Table 11, including also the number of nodes used in the
numerical computation of the elements vm, of the source vector V.

Table 11 : Example of a scheme for the number of integration nodes

Tself Rumin< 1100 | Rumine [M100: ¥/10] |  Rmin > 1/10 v
erm

Inner 3 3 3 3 --
Outer 42 16 7 3 3

6.1.3 Presentation of the results

After solving I=Z1V, the vector I is used to compute the electric and magnetic
current densities in the middle of every triangle inside every dielectric domain,
as shown in §2.2.8 with (147) and (148). As we have used the harmonic version of
Maxwell’s equations, the surface current densities we obtain are complex valued.
We refer to (12) in §1.2 to relate these complex surface current densities to the
physical surface current densities varying with time at frequency f = w/(2m).

The electric and magnetic surface current densities are normalized respectively
to |Hir¢| and |Eir¢|. The resulting magnitudes are thereby adimensional and
vary in a limited range of values that is similar for J/| Hin¢| and M/| Eir¢|, easing
comparisons between them.
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For a visual and qualitative representation, the real and imaginary parts of the
surface current densities are represented as oriented arrows, superimposed on
the (meshed) geometry. Their length and color both indicate the amplitude of the
surface current density. When the amplitude variation of the surface current
densities is large, for example close to sharp edges, a logarithmic scale is used.
Otherwise, a linear scale is used.

We refer to §6.2.1 for a complete description of the quantitative analyses that are
performed on every component of the current densities.

The condition number of Z is computed with the function ‘cond’ in Matlab™ 7.1
and denoted CN. For dielectric domains, CN is computed for the appropriate
adimensional version of Z, as explained in §5.2.2.

6.1.4 The e, =1 reference solution

One can imagine a body V with arbitrary bounding surface S, filled with a
dielectric of relative permittivity & = 1, or even equal to one. To show that such a
situation is not a trivial mathematical exercise, we give in Table 12 the relative
permittivity of some gases.

The solution for the scattering by a volume filled with a linear, isotropic and
homogeneous dielectric with relative permittivity equal to one is very simple : the
surface current densities anywhere on S inside free space are given by :

Jo=+ngxH,,. (311)

MO = _ﬁ() XEim‘

(312)

The surface current densities on S inside the dielectric body are identical but
with opposite sign. We will make extensive use of this simple reference solution
throughout this chapter to assess the accuracy of several MoM formulations for
various structures.

Such a void body can also be combined with another non trivial body, PEC or
dielectric. The void body can be loose from the other body, touch it or even
completely embed it. The solution for the electric and magnetic current densities
on the surface of the non trivial body should not be altered by the presence of the
void body, independently of the shape, size and location of this void body. We will
also make use of this property to examine the behavior of the MoM solutions in
presence of more than one dielectric or PEC body (§§6.3.1 and 6.10.1).

Table 12 : Relative permittivity of some gases

Gas name &
Air 0°C 1,00059
40 atm 1,0218
80 atm 1,0439
C02, 0°C 1,000985
H2, 0°C 1,000264
Water vapor, 145°C | 1,00705
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6.2 Sphere

A sphere with radius Ao/6 is illuminated by a plane wave travelling in free space
from -Z to +Z and polarized along X. The incoming electric field has unitary
amplitude |Ein¢| =1 V/m. The zero phase reference of the plane wave is located
at (x,y,2) =(0,0,0).

To illustrate how the electric and magnetic current densities look like, a first
very accurate solution obtained with the MoM on a 748 triangles mesh is
presented. The longest edge among all triangles has a length of 10/20 when &= 1
and M10 of it when &= 4. The magnetic current density being identically zero on
the PEC sphere, it is not represented.

Re [M/| Einc| ] Im [M/| Eine|]

Figure 68 : M/| Eirc| : &,= 4 (Top) / &= 1 (Bottom)
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Re [J/| Hinc|]

Im [J/| Hine|]

N~
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Figure 69 : J/| Hinc| : PEC (Top) / &= 4 (Middle) / &= 1 (Bottom)
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The electric surface current density is the highest on the PEC sphere, and
decreases with & on the dielectric sphere (Figure 69, p.142), while the opposite is
true for the magnetic surface current density (Figure 68, p.141). Table 13 shows
the largest amplitude of the surface current density J and M on the sphere :

Table 13 : Maximum values of the surface current densities

Max(J/ | Hire] ) Max(M/ | Einc|)
PEC 2,386 0
e=4 1,523 0,937
&= 1 1,000 1,000

6.2.1 tEFIE-f

To quantify the accuracy of the tEFIEYEf and the tEFIEVG-f (see §5.4.2) for
several integration schemes, we compare the MoM solutions for the surface
current density computed at every triangle centroid with the exact Mie solution
[1] computed, with at least 6 correct significant digits, on the sphere at the same
spherical coordinate as the triangle centroid. As illustrated in Figure 70, the flat
facet mesh introduces an unavoidable geometrical error.

Figure 70 : Mesh error on the sphere

We use the mesh of Figure 71 (p.144), containing 608 quasi equilateral triangles.
The largest triangle edge has a length of Ao/19.

EFIE resonances are excluded as the sphere diameter is smaller than 1.145A0
(see §5.2.3).
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Figure 71 : Regular Ao/19 mesh of a sphere with radius Ao/6

The absolute error is computed separately for every component of the real and
imaginary part of J , namely Re(Jx), Re(Jy), Re(d,) and Im(Jx), Im(Jy), Im(J.). To
obtain relative errors in percent, these absolute errors are then multiplied by 100
and divided by Maxd, where :

max(ReJ ), max(Re Jy ),max(ReJ ),
(313)

MaXJ(Mie Solution) = max{max(lm ]x)’max(lm ]y ). max(Im ]Z)
These relative errors, calculated at the spherical coordinate of every triangle
centroid, are represented by a blue dot in Figure 72 (p.145). For all six
components of J , the average and the standard deviation of every relative error
are indicated, and the average is also illustrated by a red horizontal line. The X
axis of every subplot is the Mie solution, scaled between —Maxd/|Hin¢| and
+Maxd/ | Hine |,

We compare hereafter the tEFIEVLf and tEFIEYG-f solutions for the eleven
integration schemes listed in Table 14. In the 1 node integration scheme, all
integrations are performed with only one node. In all other integration schemes,
one or three nodes are used for the inner integrals and outer integrals for which
Ruin > A/100.

Table 14 : Eleven integration schemes with tEFIE-f for the sphere

Self | p <100 | Rmme [V100: /10] |  Rumin > A/10 v
Term
Inner 1
Outer 1 1 1 1
Inner 3 3 3
3,6,7,12, 16, 19,
Outer 95, 42, 61, 73 3 1 3

A comparison between the tEFIEYLf and tEFIEYG-f solutions obtained with the
16 nodes quadrature can be found in Figure 72 (p.145). For the other integration
schemes listed in Table 14, only the average relative error is reported in Table
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15. For both the tEFIEYEf and the tEFIEYG-f, the distribution of the relative
errors on the 608 triangles is quite similar but also very good, with an average
around 1% for all six components of /, and a maximum below 5%. The condition
number of both Z matrices is quasi identical (500 and 515).

\% Vi
tEFIEYEf tEFIEYG.f
100|MoM-Exact/MaxJ PEC sphere 100|MoM-Exact/MaxJ PEC sphere
10 10 10 10
Avg=0.862 Avg=0.706 Avg=0878 AVg=0.746
. | Std=0.695 Std=0.559 Std=0.692 Std=0.588
X X x L
g° . ES ¢ B
i’;.v’av:".‘i o
%3 "o 2 ) 0 2
O avg=0734 O Avg=0 808 10 Avg=0850 0 avg=0853
5 | SUW0543 .| ste=0.697 5 | SUS0676 .| St=0743
3 5 2 5 3 5 e 5
© M - I © ":xu - ke
o il . & o A
2 0 2 2 0 2 2 0 2 2 0 2
10 10
10 Avg=0.692 O avg=1.114 Avg=0844 Avg=1.131
Std=0535 Std=0.835 Std=0.675 Std=0.858
2 |3, H N
& . £ & B
T T
i
) 0 2 ) 0 2 - 0 2 - 0 2
JIH™| (Mie solution) JIH™] (Mie solution) C JIH™| (Mie solution) JIH™| (Mie solution) C

Figure 72 : Relative errors and CN (tEFIE-f, 16 nodes quadrature)

Table 15 : Average relative error with tEFIE-f on PEC sphere in function of the
number of integration nodes

tEFIEYEf tEFIEYC-f

Re Im Re Im

Jx Jy Jz Jx Jy Jz Jx Jy Jz Jx Jy Jz
0,9310,75 10,741 0,76 | 0,83 | 1,11 1293 1,70 | 1,94 ] 1,68 | 1,26 | 1,62

0,8710,74 10,691 0,72 | 0,81 [ 1,11 ] 1,07 [ 0,94 | 1,02 ]| 0,97 | 0,93 [ 1,23

0,86 10,73 10,69]10,71 (0,81 {1,11]0,89]0,92]|0,96] 0,87 0,95 | 1,18

-~ [0 0O |

0,86 10,73 10,69]0,71 10,81 1,11]0,85(0,89]0,92] 0,84 | 0,94 [ 1,17

12) 0,86 | 0,73 | 0,691 0,71 | 0,81 | 1,11 0,83 | 0,87 [ 0,88 ] 0,81 | 0,92 | 1,16

16} 0,86 | 0,73 1 0,691 0,71 | 0,81 ] 1,11 0,88 ] 0,85 [ 0,84 ] 0,75 | 0,89 | 1,13

191 0,86 | 0,73 10,691 0,71 | 0,81 ] 1,11 0,84 | 0,86 [ 0,86 0,78 | 0,91 | 1,15

25| 0,86 1 0,73 10,691 0,71 | 0,81 [ 1,11 ] 0,85 | 0,86 | 0,85] 0,76 | 0,90 [ 1,14

42] 0,86 |1 0,73 10,691 0,71 | 0,81 [ 1,11 ] 0,88 | 0,85 0,85] 0,75 | 0,89 [ 1,13

61} 0,86 | 0,73 10,691 0,71 | 0,81 [ 1,11 ] 0,86 | 0,85 )| 0,85] 0,76 | 0,90 [ 1,14

73] 0,86 {0,731 0,69]0,71) 0,81 1,11)0,87 | 0,85 ]0,85] 0,75 | 0,90 | 1,13

The tEFIEYL-f contains only the I/R singularity. After its extraction from the
inner integral, the outer integral is never singular and can be integrated very
accurately with only a few nodes. There is indeed no significant accuracy
improvement if more than 6 nodes are used in the outer integral when
Rmin < M100. Even an integration with only 1 node everywhere already yields an
accuracy quite similar to the best one obtained with more nodes. The difference
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between a 1 node and a 16 nodes integration is so tiny that is not perceptible in

Figure 73.

Re (7)) — 16 nodes

Im (J ) — 16 nodes

Figure 73 : tEFIEVEf with only 1 or 16 integration nodes

The tEFIEYG-f contains a I/R and a I/R*? singularity. After their extraction, the
1/R? singularity leaves a logarithmic singularity in the outer integral. As shown
in §5.5 a higher number of nodes might be necessary to obtain acceptable
accuracy, while the 16 and 42 nodes quadratures outperform the others, at least
in the analyzed canonical cases. Table 15 (p.145) shows indeed an extremely
small advantage of the 16 and 42 nodes quadratures, but this effect will be more
convincing with other examples (§6.12). On the other hand, as can be seen in
detail in Figure 74 (p.147), the relative error pattern with the 1-node integration
scheme is visibly worse than the others, though still surprisingly acceptable.
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Vv \4
tEFIEYG-f (1 node) tEFIEYG-f (16 nodes)
100|Mo-Exacty/MaxJ PEC sphere
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E hal,
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Figure 74 : Relative error with tEFTEYS-f and 16 nodes quadrature

6.2.2 tMFIE-nxf

We solve now exactly the same sphere scattering problem as in §6.2.1, but with
the tMFIE-nxf. In this way we can measure the accuracy of this solution with the
help of the exact Mie solution, and then compare the tMFIE-nxf solution to the
tEFIEYG-f solution, both containing the /R singularity. Table 16 shows that the
evolution of the average relative error with regard to the exact Mie solution, as a
function of the number of integration nodes chosen for the outer integral when
Rmin < M100, is quite similar for both solutions. A detailed comparison, presented
in Figure 75 (p.148), shows that the tMFIE-nxf performs slightly better than the
tEFIEYG-f, especially for the 1-node integration scheme. MFIE resonances are
excluded as the sphere diameter is smaller than 1.145k0 (see §5.2.3).

Table 16 : Average relative error with tMFIE-nxf and tEFIEYC-f

tMFIE-nxf tEFIEYC-f

Jx Jy Jz Jx Jy Jz Jx Jy Jz Jx Jy Jz
2,41 1,01 1,16] 0,99| 0,72| 1,06] 2,93 [ 1,70 [ 1,94] 1,68 | 1,26 | 1,62

1,44| 0,81 0,83 0,77 0,80{ 1,07] 1,07]0,94|1,02] 0,97 | 0,93 | 1,23

1,15| 0,76 0,75 0,75 0,80[ 1,06] 0,89 | 0,92 | 0,96 ] 0,87 | 0,95 | 1,18

-3 (O [CO |

1,10 0,75/ 0,73] 0,75 0,81 1,06] 0,85 | 0,89 | 0,921 0,84 | 0,94 [ 1,17

12) 1,03 0,74 0,72] 0,75 0,81] 1,06} 0,83 | 0,87 [ 0,88 ] 0,81 | 0,92 | 1,16

16] 0,83 0,72| 0,68] 0,77 0,82] 1,06 0,88 ] 0,85 [ 0,84 0,75 | 0,89 | 1,13

19] 0,97 0,73] 0,701 0,75 0,81] 1,06 0,84 | 0,86 [ 0,86] 0,78 [ 0,91 | 1,15

25| 0,94| 0,73| 0,69] 0,75 0,81 1,06] 0,85 | 0,86 | 0,85] 0,76 | 0,90 [ 1,14

42| 0,91] 0,72| 0,68 0,76/ 0,81 1,06| 0,88 | 0,85 ) 0,85] 0,75 | 0,89 [ 1,13

61| 1,07 0,75/ 0,74] 0,76/ 0,79 1,05] 0,86 | 0,85 0,85] 0,76 | 0,90 | 1,14

73] 0,92 0,73 0,69] 0,76) 0,81 1,06] 0,87 | 0,85 ] 0,85 0,75 | 0,90 | 1,13
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Both solutions, when integrated with 16 nodes, show a maximum relative error
with regard to the exact solution of less than 5%. If we compare directly the
tMFIE-nxf and tEFIEYCG-f at every 608 triangle centroid, we find that the
maximum difference between the two solutions is less than 3%, as shown in
Figure 76 (p.149).

The condition number is two orders of magnitude better with tMFIE-nxf than
with tEFIEVC-f in the 16 nodes case. It is only 6 times lower in the 1 node case.

v
tMFIE-nxf (1 node) tEFIEYG-f (1 node)
100|MoM-Exact|/MaxJ PEC sphere 100|MoM-Exact|/MaxJ PEC sphere

- 0 o 0
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= X % P X .
8 5 o TES g 5 g5
S SN . . K . . .
93 0 2 o5 0 2 9% 0 2 93 0 2
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B ES o g3 ; E fn
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N N
3 1 =]
& : £
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3 5 © 5 25
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10 10
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sl 5 3
& ] ] E o g it
Y i i AV
93 0 2 03 0 2 -2 2 2 0 2
. . 10 10
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Figure 75 : tMFIE-nxf and tEFTEVG-f relative errors for a PEC sphere
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Re Jx Im Jx

Avg=0.4 Avg=0.4

100|EFIE-MFIE|/MaxJ
§ o e
100|EFIE-MFIE|/MaxJ
a3

/|Hinc|

JEFIE

Figure 76 : Direct comparison tMFIE-nxf / tEFIEVG-f for a PEC sphere

6.2.3 Homogeneous and inhomogeneous mesh

We compare in Figure 77 (p.150) the relative errors obtained with tEFIEYG-f and
tMFIE-nxf with a uniform and with a less uniform mesh, both having a
comparable number of similarly sized triangles.

We use the following integration scheme :

Self | p o <W100 | Rumne [M100; M10] |  Ruin> W10 v
Term

Inner 3 3 3

Outer 16 7 3 3
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Figure 77 : Relative errors on a (non) uniform mesh of a PEC sphere

The tEFIEYC-f and tMFIE-nxf solutions obtained with the uniform mesh are
twice better than the solutions obtained with a mesh containing triangles
moderately stretched around the -X and +X poles. The condition number follows a
similar trends for both the tEFIEYG-f and the tMFIE-nxf, while being much lower
in the tMFIE-nxf case.
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6.2.4 Mesh density

In Figure 79 (p.152) we compare the relative errors of the solutions obtained with
the tEFIEYLf for the PEC sphere meshed uniformly with finer and finer meshes
presented in Figure 78. The maximum dimension of the triangle sides in each of
the four meshes ranges from Ao/11 to Ao/51.

A0/36 : 3982 triangles Ao/51 : 8824 triangles

Figure 78 : Four uniform meshes of a sphere

The number of rows and columns of the Z matrix for the PEC sphere embedded
in free space is NxIN where N=1,5T is the number of mesh edges and T is the
number of triangles in the mesh, mentioned in Figure 78.
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Figure 79 : Relative error of the tEFIELf with four meshes

The relative errors do improve when the mesh is refined, proportionally to 1/A,
where A i1s the mesh characteristic dimension [2]. This linear improvement is

quite slow in comparison with the huge increase in solving resources

the

required memory and the fill time of the Z matrix is proportional to N2, while the
solving time is proportional to N3 with a direct solver and to 2IN? with an iterative

solver.
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6.2.5 Dielectric sphere

Next we analyse the dielectric sphere, for which a solution is sought with the
PMCHWT and the Miiller combination schemes, where the tEFIEYG and tMFIE
are both tested either with -f or -nxf. The inhomogeneous mesh contains 748
triangles and is shown in Figure 77 (p.150). The length of the edge of every
triangle is comprised between Ao/75 and Ao/20. On a dielectric sphere, not only an
electric but also a magnetic surface current density is present. Both surface
current densities will be considered in the comparisons.

We use the following integration scheme :

Self | < W100 | Rmine [W100; W10] |  Runin> /10 v

Term
Inner 1 1 1 --
Outer 16 7 3 3

The first analysis concerns a dielectric sphere with .= 1.
In this specific case, we can use two different reference solutions :
- the “Mie” solution, computed on the sphere (see Figure 70, p.143)

- the exact analytical solution (see §6.1.4), computed exactly at the triangles
centroids, called hereafter “Facet” solution.

Note that for & =1 =, the PMCHWT and Miiller combination schemes (§3.6)
are identical.

Table 17 : Average relative errors for a dielectric sphere with er=1

Re J ImJ Re M ImM
X y z X y z X y z X y z
PMCHWT-f-f Ref = Mie 3,0 0,7 3,2] |12,1 1,1 2,0 0,5 3,3 2,9 |09 1,7 2,5
PMCHWT-nxf-nxf 3.1 05 33] 122 1.0 2.1 0.4 33 2910718 25
PMCHWT-f-f Ref = Facet 0,6 0,6 0,6] 10,8 1,0 1,1 0,5 0,5 O,E-SI 0,9 0,8 0,9
PMCHWT-nxf-nxf 0,4 0,5 0,5} 10,8 1,0 1,1 0,4 0,5 0,4 ]0,8 0,8 0,9

Table 17 shows that the average relative errors of the MoM solutions, relatively
to the “Mie” solution (2 to 3%), are a factor 3 to 6 higher than the average error of
the MoM against the Facet solution (0,4 to 1,1%). This was expected, and it
reveals that the main contribution to the errors measured for the PEC sphere in
the previous paragraphs is due to the flat facet approximation of the curved
surface of the sphere (see Figure 70, p.143).

In the second analysis, we compare the condition number and the average
relative errors on various MoM solutions against the “Mie” reference solution for
dielectric spheres with a relative permittivity ranging between &= 1 and &= 4.
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Table 18 : Average relative error and condition number

for dielectric spheres

Red ImJ Re M Im M

CN X y z X y z X y z X y z
e =1 |pMcHWT f-f 1500 3,0 0,7 3.2 2,1 1,1 20 05 33 29109 1,7 25
nxf-nxf 13 3,1 0,5 3,3 2,2 1,0 271 04 33 29| 107 1,8 25
PMCHWT f-f 1486 2,7 0,7 2,8 2,3 1,2 22 0,8 35 29| 106 20 26
e =2 nxf-nxf 36 2,7 0,6 2,8 2,3 1,2 2,3 0,8 3,7 32| 105 22 28
' Muller f-f 993 2,7 0,7 2,8 2,3 1,2 22 0,8 35 29| 106 20 2,6
nxf-nxf 19 2,7 0,6 2,8 2,3 1,2 2.3 0,7 35 29| 105 20 27

PMCHWT f-f 1471 2,6 1,0 2,3 2,2 1,3 22 1,1 2,6 2,0 1,0 24 2,6

e =4 nxf-nxf 59 2,6 1,0 2,3 2,2 1,3 22 1,5 3,2 29 1,3 2,8 30
' Muller f-f 590 2,6 1,0 2,3 2,2 1,3 22 1,1 2,6 2,0 1,0 24 26
nxf-nxf 32 2,6 1,0 2,3 2,2 1,3 2,2 1,0 2,6 1,9 1,0 24 26

This comparison summarized in Table 18 shows that :

- The average relative errors on Red, ImJ, ReM and ImM do not vary
significantly when & increases from 1 to 4.

—  All combination and testing schemes perform evenly, but PMCHWT-nxf-nxf
shows a slightly higher average relative error for higher &;.

—  The condition number for the PMCHWT-f-f is the highest. It slightly
decreases with increasing .

—  The PMCHWT-nxf-nxf and Miiller-nxf-nxf schemes exhibit a very low
condition number, that seems to increase proportionally to €.

In the third and last analysis, we compare the two meshes of Figure 80, the first
one containing 748 triangles, the second one 1748.

Figure 80 : Two meshes for a sphere

For the 748 triangles sphere, the longest triangle edge has a length of Ao/20 when
& =1 and M10 when &= 4. For the 1748 triangles sphere, the longest triangle

edge has a length of Ao/27 when &:= 1 and A/13 when &= 4.
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Table 19 : Influence of the mesh size
on the average relative error and the condition number

Re dJ ImJ ReM ImM
CN X y z X y z X y z X y z
e, =4 [Ref = Mie 748] 1471 26 10 23 22 1,3 22 1,1 26 20 1,0 24 26
1748 17861 1,3 06 12 10 08 13 04 10 06|]o05 10 13
Rt = Mic 748] 1500 30 07 32 21 11 20 05 33 29|]09 17 25
e 1 1748 18062 17 04 18 1,1 07 14 03 1,7 14|06 1.0 15
Mol Facet 748 0,60 0,60 0,60] |0,80 1,00 1,10 0,50 0,50 0,60 | 0,90 0,80 0,90
1748 0,34 043 044| | 057 0,72 0,75 0,33 0,36 0,36 | 0,58 052 0,65

As we observed with the PEC sphere, the average relative errors improve
approximately as I1/h, if we define a characteristic length A in these
inhomogeneous meshes as :

h= Ssphere (314)
Number of triangles

In the case &= 1 the same quantitative observation is true for both the Mie-MoM
and the Facet-MoM comparison.

The condition number is multiplied by more than a factor 12 between the
inhomogeneous mesh with 748 and the one containing 1748 triangles. In
comparison, the condition numbers computed in §6.2.4 with four homogeneous
meshes increase much slower with higher mesh density.
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6.3 Sphere in a half spherical shell

We analyze now the mixed material body presented in Figure 81.
The mesh has edges that are at most Ao/19 long, and the global Z matrix counts
1726 J unknowns and 796 M unkowns.

Figure 81 : Sphere in a half spherical shell

We use the following integration scheme :

Self | < W100 | Rmine [W100; W10] |  Runin> /10 v

Term
Inner 3 & 3 --
Outer 16 3 1 3

6.3.1 PEC sphere inside a &:=1 shell

We begin with a PEC sphere and a €:= 1 shell. The electric current density on the
sphere should not be altered by the presence of a & = 1 shell. This is confirmed by
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Figure 82, where we compare the Mie and MoM solutions for  on the PEC
sphere, with or without the & = 1 shell.
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Figure 82 : Relative error on a PEC sphere, with and without &= 1 shell

As opposed to the current density on the PEC sphere, the current density on the
& =1 shell is not the same as what it would be without the presence of the PEC
sphere.
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On the inside part of the shell :

the magnetic current density is identically zero, because this part of the
shell is in contact with a PEC body

the electric current density is the one expected on the bottom half of the
PEC sphere if it were alone fully embedded in free space.

On the outside part of the shell, as suggested in Figure 83, the electric and
magnetic current densities must produce everywhere in space the same electric
and magnetic fields that would be scattered by the electric current density on the
hidden bottom part of the PEC sphere.

On the thin annular part of the shell :

the electric current density must be zero, because in the plane of the
annular ring the incident and scattered magnetic fields are both lying in the
XZ plane

the magnetic current density is expected to be quite high as the total electric
field is the highest close to the PEC sphere and lies in the plane of the
annular ring

4

— —> Inside free space
--» Inside the shell

Figure 83 : Equivalent radiating electric and magnetic current densities

On the outer spherical part of the shell :

the magnetic current density is expected to be very small as the total
electric field is quasi radial at close distance from the sphere (it is exactly
radial everywhere on the sphere)

the electric current density is expected to be very similar in shape, but
somewhat lower in amplitude than the electric current density on the
bottom half of the PEC sphere.

All the observations made are confirmed by Figure 84 (p.159), where we present
successively the current densities around the isolated sphere, in free space
surrounding the half sphere and its shell, and in the shell alone :
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Re [ J/|Hire|] Im [ J/|Hire|]

0 1,206 2,412
-

Re [ M/| Eire|] Im [ M/|Einc|]

0 1,485 2.970
——— C ——

Figure 84 : J and M on the & = 1 shell and on the isolated PEC sphere
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6.3.2 PEC sphere inside a e:=9 shell

In Figure 85 we compare the electric and magnetic current densities on a &= 1
and a & =9 shell, partly embedding the same PEC sphere as in §6.3.1. To make
sure that all triangle edges are at most A/9 long when & =9, a mesh is used
where the triangle edges are twice smaller than in §6.3.1. The size of the global Z
matrix is 10212x10212. The tEFIEYf is used for PEC sectors and with tMFIE-f
in dielectric sectors in the PMCHWT-f-f scheme.

As in Table 13 (p.143), the electric surface current density gets higher in a
dielectric with high permittivity : max[ J/|Hir¢|]=2,896 in the & =9 shell and
2,412 in the &= 1 shell ( see Figure 84, p.159).

Re [ J/| Hire|] Im [ J/|Hire|]

=1

&=9

(0] 1,448 2.896
B |

Figure 85:Jona&=1and a &=9 shell
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We have also seen with Table 13 (p.119) that the magnetic current density
decreases on a dielectric with high permittivity. While max[ M/| Eir¢|] = 3,150 in
the &= 1 shell, it is only 0,850 in the &= 9 shell.

Re [ M/| Einc[] Im [ M/| Einc|]

&=1

hbidat
phudtititite
M,.W‘,\v@‘ ‘\Q\ ;

&=9

0 1,575 3.150
——— C ——

Figure 86 : M on a &= 1 and a &= 9 shell
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6.4 Rounded cube

Halfway between the perfect shape of the sphere and the more challenging case
of a cube, we analyze the cube with rounded edges and corners shown in
Figure 87.

R e A i

e PP

i
b
Figure 87 : Mesh of a cube with rounded edges and corners

The length of the sides of the cube is Ao/4 and the radius of the rounded edges and
corners is Ao/40. It is illuminated with the same plane wave used in §6.2 and §6.3,
a plane wave travelling from -Z to +Z and polarized along X. The incoming
electric field has a unitary amplitude |Ein¢| =1 V/m and its phase is zero at the
centre of the cube. The mesh contains 1866 triangles of various sizes and shapes.
The largest triangles, in the middle of the flat faces, have edges not exceeding
Ao/13, while the smallest are Ao/127.
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6.4.1 Dielectric rounded cube

The only exact solution available for the rounded cube is the case & =1 (see
§6.1.4). This reference solution will allow to quantify the accuracy of the MoM,
and compare it with the accuracy obtained with the sphere. Note that there is no
flat facet approximation error : the current densities / and M are calculated at
the same location with the MoM solution and with the exact solution, namely at

every triangle centroid.

Re [J/|Hinc|] Im [J/| Hine|]

MoM solution (tEFIEYS-f based)

i

W
! \\\

)
{\ﬁ\

!
\S\xx\

RN

s

AR

A

0 0,502 1,004
]

Figure 88 : J/| Hin¢| on the & = 1 rounded cube
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Re [M/| Eirc|]

Im [M/| Eire|]

MoM solution (tEFIEYG-f based)

—_—
-

e

0,505

Figure 89 : M/| Ein¢| on the & = 1 rounded cube

Visually, there is no difference between the MoM and the exact solution.
A quantitative comparison is given in Figure 90 (p.165).
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Two solutions have been obtained with the PMCHWT-f-f, based on the tMFIE-f
and either tEFIEYE-f or tEFIEYG-f. The following integration scheme has been
used :

Self
Rmin< M/100 Rmine [)\./100, )\./10] Rumin > AM10 \
Term
Inner 3 3 3 --
Outer 16 16 3 3
N V. . Vv
PMCHWT-f-f with tEFTE"f-f PMCHWT-f-f with tEFTE"G-f
CN=14294 CN=14360
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MAE™) ( Exact Solution ) M/E™] ( Exact Solution ) MAE™) ( Exact Solution ) M/E™] ( Exact Solution )

Figure 90 : Relative error for the &= 1 rounded cube

The observed relative errors are comparable to those already reported for the
&= 1 sphere in Table 17 (p.153). Extrapolating the conclusions of Table 18
(p.154), we can expect similar relative errors for the & =2 and & =4 rounded
cube, for which no exact solution is available. The condition numbers are similar
to those already reported in Table 19 (p.155) for the sphere meshed with a mix of
1748 regular and stretched triangles.
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6.4.2 PEC rounded cube

No analytical solution is available for the PEC rounded cube. But we can
construct and compare two independent numerical solutions, for example with
the tEFIEYG-f and the tMFIE-nxf.

Re [J/| Hinc|] Im [J/| Hirc|]

1,94

Figure 91 : tEFIEVC-f and tMFIE-nxf solutions ( PEC rounded cube )

As already observed in §6.2.2, the condition number of the tMFIE-nxf is
significantly lower than the tEFIEYC-f one.
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The following integration scheme has been used :

Self | R n< W100 | Rumine V100; M10] | Ruin>N10 | V

Term
Inner 8 8 3 -
Outer 16 16 3 3

We have seen in §6.2 with the PEC sphere that both integro-differential
equations yield very accurate solutions, when compared to the exact Mie solution,
and both are very similar when compared against each other (see Figure 76,
p-149). As both integro-differential equations also produce similar solutions for
the rounded cube, and as both solutions are sound from a physical point of view,
we can reasonably assume that these two MoM solutions are accurate within
their differences.

As can be seen in Figure 92, the difference between tEFIEYG-f and tMFIE-nxf is
somewhat larger for the rounded cube than for the sphere. This is especially true
for the largest current densities, namely those flowing along the horizontal
rounded edges. A closer look at Figure 91 (p.166) reveals that these highest
current densities are somewhat intenser in the tEFIEYG-f solution. This behavior
will be amplified with the upcoming examples, where sharp edges will be present.

PEC sphere PEC rounded cube
(regular Ao/19 mesh ) (Ao/13 to Ao/127 mesh )

Im Jx

Avg=0.8

%

100|EFIE-MFIE|/MaxJ
100|EFIE-MFIE|/MaxJ
o
o

0 2 D»2 0 2
inc inc
e JereH

JH|

Jerie

Figure 92 : Comparison tEFIEYC-f and tMFIE-nxf for the PEC sphere
and for the rounded cube
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6.5 Cube : regular meshes

The cube with rounded edges is modified to become a cube with sharp edges. To
allow direct comparisons with the cube with rounded edges and corners, the
dimensions of the cube remain identical (Ao/4 x Ao/4 x Ao/4) as well as the
incoming plane wave (travelling from -Z to +Z, polarized along X, the incoming
electric field has unitary amplitude | E¢| =1 V/m and zero phase at the centre
of the cube).

We analyze the solutions obtained for two uniform meshes, with characteristic
length Ao/11 and Ao/25, where the characteristic length is the largest side of any
triangle in the mesh.

Ao/11 : 240 triangles Mo/25 1 1208 triangles

Figure 93 : Two uniform meshes for a cube with side Ao/4

6.5.1 Dielectric cube

In Figure 94 (p.169) and Figure 95 (p.170) and we superimpose the MoM and
Exact solutions for &= 1, for both the electric and magnetic current density. This
qualitative comparison shows only distinguishable differences close to the
vertical edges. The quantitative comparison reveals that :

- The maximum relative error is in the order of 3 to 6% while the average
relative errors are around or below 1%

—  The mesh refinement by a factor somewhat larger than 2 induces a
reduction in both the maximum and average relative errors by a similar
factor.

The condition numbers are respectively 167 and 1014 for the Ao/11 and Ao/25
meshes.

168



Chapter 6 : Numerical examples

Re [J/| Hinc|]

N - -
— )
5
=] P 2
— 3 @
- 12 =) © — o) o 8
] ] fre] 2
[T=] 0 < fin}
P =] o (=] ~—
T T I e
g g g £
< ~ < < ~ =
o ) o o [3) o [3) o =
xrw Apwi zrw
2 - —_
% S
8 5 S
= A 3
Z &
w e
g o | o %
=83 S S ]
[il=] =] fe} —
£ L, L £
[=) =
Sz - 2 < k-3
s w o S © o © oS
xroy Aray zray
9
8
jun} ©
- =
— .,07
) =
— -
- ~c
2
- 3
o . <]
3 : 2
° e o IpE—— - I
S (= 2
w3 3 S ]
"R L L £
> > > g
< ~ < < ~ =z
o © o o © o ® o'S
Xpwi Arwi zrwi
2 ~ P
3 L A
= = 5
= <]
Gy o @ — N o8
= [© ~ ~ fin}
° -~
e % T L
= - centl| £
ol Bk - & 2 T
o ® o o © o ® oS
xroy Ared zray

Figure 94 : J current density on a &= 1 cube
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Figure 95 : M current density on a & =1 cube

The above solutions have been obtained with the PMCHWT-f-f, combining the

tEFIEYC-f and the tMFIE-f.
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The following integration scheme has been used :

Self | g <N100 | Rmne [M100; W10] | Run>N10 | V
Term

Inner 3 3

Outer 16 3 1 3

The average relative errors obtained when reducing or increasing the number of
nodes in the outer integral when Rmin<A/100 are listed in Table 20, and
illustrated in Figure 96 for the highest surface current densities components. The
advantage of the 16 nodes quadrature is visible, though very limited.

Table 20 : Average relative error on the Ao/11 cube (&= 1), PMCHWT-f-f

Re Im Re Im
Jx Jy Jz Jx Jy Jz Jx Jy Jz Jx Jy Jz

1,68 1,13| 3,54| 1,86 1,67 2,13] 1,39| 1,56| 3,35 1,69| 1,71| 2,11

0,72] 0,71] 1,79 0,53 1,42] 1,48] 0,70] 0,60 1,74] 1,34] 0,53] 1,63

0,76 0,70] 1,12] 0,46| 1,40] 1,34] 0,69 0,53| 1,08] 1,31] 0,41] 1,39

-3 (O [Co |

0,74 0,69 1,001 0,45] 1,40] 1,32] 0,68 0,51] 0,97] 1,30 0,39] 1,36

12) 0,71 0,69| 0,87] 0,43| 1,39] 1,29 0,68 0,48 0,87] 1,30 0,38] 1,33

16] 0,68 0,71| 0,73] 0,44| 1,40 1,25| 0,69] 0,45/ 0,82] 1,31| 0,39| 1,27

19] 0,69 0,70 0,77] 0,43| 1,39] 1,27 0,68 0,46 0,82] 1,31| 0,38] 1,30

25| 0,68| 0,70/ 0,74] 0,43 1,40[ 1,26] 0,69| 0,45 0,80] 1,31 0,38 1,28

42| 0,68| 0,71 0,73 0,44 1,40[ 1,25 0,70] 0,45 0,82 1,31 0,39 1,27

61| 0,68| 0,71 0,73] 0,43 1,40[ 1,25] 0,69| 0,45 0,81] 1,31 0,38 1,28

73] 0,68 0,71 0,73] 0,43] 1,40] 1,25] 0,69 0,45 0,81] 1,31] 0,39] 1,27

=+ Re Jx =+ Re Jz —+Re My = Re Mz
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2 g 091
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Figure 96 : Relative error in function of the number of quadrature nodes
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6.5.2 PEC cube

There is no exact solution for the scattering by a PEC cube. As for the rounded
cube (§6.4.2), we assess the accuracy of the MoM by comparing the tEFIEVG-f and
tMFIE-nxf solutions. In Figure 97 and Figure 98 we show the real and imaginary
part of the electric current density for two uniform meshes with characteristic
length A = Ao/11 and A = Ao/25.

EFIE and MFIE resonances are excluded as the cube side is smaller than
0,7071 Ao (see §5.2.3). The condition number (CN) is much lower for the
tMFIE-nxf, and nearly independent of A. It increases much faster than 1/h for
the tEFIEYG-f.

tEFIEYG.f

tMFIE-nxf

2,054 4,109
-

Figure 97 : Re[J/| Hine|] with tEFTEC-f and tMFIE-nxf ( PEC cube )

172



Chapter 6 : Numerical examples

tEFIEYC.f

2,054

4,109

Figure 98 : Im[J/| Hirc|] with tEFIEVG-f and tMFIE-nxf ( PEC cube )

To allow direct visual comparison, every current density patterns in Figure 97
and Figure 98 have been scaled to 4,109. We give in Table 21 the actual
maximum electric current densities for every case :

Table 21 : Max [ J /| Hixc|]

tEFIEYG-f | tMFIE-nxf
Ao/11 mesh 3,306 2,930
Ao/25 mesh 4,109 3,687
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In Figure 99 we present a summary of the differences between tEFIEVG-f and
tMFIE-nxf solutions for the PEC sphere, the PEC rounded cube and the two PEC

cubes analyzed in §6.2, 6.4.2 and 6.5.2.

PEC sphere
(regular Ao/19 mesh )

PEC rounded cube
(Ao/13 -- Ao/127 mesh)

Re Jx

Avg=0.4

N

100|EFIE-MFIEl/MaxJ

=]

0
JEFIE/‘Hmc‘

%

100|EFIE-MFIE|/MaxJ

Hine|

0
JEFu:J‘HmCl Jerell

PEC cube
(regular Ao/11 mesh)

PEC cube
(regular Ao/25 mesh )

Im Jx

Avg=2.3

20,

JH™| JereH™

Jerie

ne
JEF\E/IH |

Jerie/H™1

Figure 99 : Comparison tEFIEVG-f and tMFIE-nxf for several PEC bodies

With the PEC rounded cube, the largest differences between tEFIEYG-f and
tMFIE-nxf were found to be due to the high current densities flowing close to the
horizontal edges. This pattern is further enhanced with the PEC cube, and

clearly visible in Figure 97 (p.172) and

Figure 98 (p.173).
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6.6 Cube : Log-distributed meshes

To better capture the high current densities flowing along the horizontal edges,
we introduce log-distributed meshes. As can be seen in Figure 100 the triangles
of such a mesh are constrained in a multi level square grid. In a local XY
coordinate system centered at every face the coordinates of the X and Y straight
lines forming the three-level grid in Figure 100 are [-1 -0,99 -0,9 +0,9 +0,99
+1]C/2 where C is the length of the side of the cube. This mesh is called
log-distributed as the coordinates of the grid follow a logarithmic distribution and
not a linear one. This distribution allows to compute the current densities very
close to the edges and corners (1o/800) with only 1238 triangles at the expense of
reasonably stretched triangles. In comparison, meshing this C = A0/4 cube with
only right-angled “Ao/800” triangles would require 6x2x200?=480.000 triangles.
The largest triangles, in the middle of the flat faces, have edges not exceeding
Ao/13, while the smallest edges of the triangles located in the eight corners are as
small as A/1131. The triangles adjacent to these smallest triangles as well as
those defined all along the 12 cube edges are stretched with a largest to smallest
edge ratio of 10:1.

Figure 100 : Log-distributed mesh of the Ao/4 cube
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6.6.1 Dielectric cube : er=1

In this paragraph we quantify the accuracy of the MoM solution with a
log-distributed mesh by comparing it to the exact solution in the case &= 1. Two
solutions are obtained with PMCHWT-f-f, using tMFIE-f and either tEFIEL-f or
tEFIEYC-f,

The following integration scheme has been used :

Self | p o <W100 | Ruine [V100; M10] | Ruin>M10 |V

Term
Inner 3 3 3 o=
Outer 16 16 3 3

In Figure 101 (p.177) and Figure 102 (p.178) the same amplitude and color
scaling is used for the Exact and the MoM solutions, to allow direct visual
comparison between the current densities.

We give in Table 22 the actual maximum electric current densities for every
case :

Table 22 : Max [ J /| Hir¢|] and Max [ M /| Einc|]

tEFIEYL-f tEFIEYC-f
Max e=1 1,101 1,052
[J /| Hine|] & =2 1,252 1,223
Max a=1 1,10 1,05
M/|E®|] | &=2 1,24 1,21

The exact solution in the case & = 1 gives maximum normalized current densities
J/|Hinc| and M/|Einc| equal to 1 (see §6.1.4). The MoM solutions in this case
overestimate these maximum current densities by 5 or 10%.
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Figure 103 : Relative error for the &:= 1 cube

of §6.5.1.

The electric current density J obtained with the MoM differs from the exact
solution by as much as 12%. In comparison, the relative error was only 4% in the
case of the rounded cube (Figure 90, p.165) and 3 to 6% for the uniformly meshed
cube (Figure 94, p.169).

The magnetic current density M obtained with the MoM differs from the exact
solution by at most 14%. In comparison, the relative error was only 4% in the
case of the cube with rounded edges and corners (Figure 90, p.165) and 3 to 6%
for the uniformly meshed cube (Figure 95, p.170).

The PMCHWT-f-f solution based on the tEFIE'Lf and on the tEFIEYC-f give
comparable solutions with very similar relative errors. Also the condition
numbers are quite similar, and both very high as compared to the homogeneous
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6.6.2 Dielectric cube : &= 2

There is no analytical solution for the dielectric cube, and we do not have two
independent MoM solutions that we can compare against each other, such as the
tEFIE-f and tMFIE-nxf for the PEC cube. In Figure 104 we present the solution
obtained with PMCHWT-f-f ( tEFIEY{-f+tMFIE-f ) for the Ao/4 cube with & = 2.

Re [J/|Hinc|] Im [J/ | Hine|]

0,612

Re [M/| Eirc|]

AN
.?“\\\ il W

0 0,505 1.210
C ——

Figure 104 : J and M current density on a Ao/4 cube with &= 2

We expect the & =2 solution to be a smooth evolution away from the &=1
solution. This is the case if we compare Figure 101 (p.177) and Figure 102 (p.178)
to Figure 104 (p.180). Remember that we have scaled the current densities
identically for the &:= 1 and &= 2 cases in all these figures; the actual maximum
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amplitudes, reported in Table 22 (p.176), show that the maximum current
densities when &= 2 are 20 to 25% higher than when &= 1.

A closer look to the upper front corner (C/2; C/2;-C/2) and surrounding edges
shows a surprising behavior. In Figure 105 we see that the magnetic current
density loops around the corner. This creates a sheer discontinuity in the
tangential component of M across the edges : near the corner the magnetic
current density bends to flow in opposite directions on every face. Another sheer
behavior can be observed close to corner (C/2; C/2; C/2) with the electric current
density.

To understand these sheer behaviors, one has to think of the exact solution for a
&= 1 cube illuminated by a plane wave where the incident electric field E;,. is
neither normal nor parallel to any of the faces and compute the magnetic current
density M =nxE,, on every face around a corner. Due to the abrupt change of
orientation of the normals to the faces, the same sheer behavior is observed for

M.

Electric current density Magnetic current density

Figure 105 : Sheer current density on the edges of a dielectric

It is possible to model these sheer tangential discontinuities with RWG functions,
but it would not be possible with curl conforming functions (see §2.2.5).

The condition number is 3,216x107, slightly lower than the &= 1 case in §6.6.1.
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6.6.3 PEC cube

Again we present a comparison between the tEFIE-f and tMFIE-nxf solutions, as
previously for the PEC sphere and (rounded) cube. The following integration
scheme has been used :

Self | p w<A100 | Rume [W100;W10] | Ruin>A10 |V

Term
Inner 3 8 3 --
Outer 16 or 42 16 or 42 3 3

To allow direct visual comparison, all current density patterns in Figure 107
(p.183) have been scaled to 10,48. We give in Table 23 the actual maximum
electric current densities for every case :

Table 23 : Max [ J /| Hixc|]

tEFIEYG-f 10,48
tEFIEVES 10,41
tMFIE-nxf 9,24

A quantitative comparison between both tEFIE-f solutions shows in Figure 106
that they differ by less than a fraction of a percent in the average, but by up to
30% for some current densities. A closer look to the data reveals that these high
differences are located near the eight corners, as can be seen in Figure 107
(p.183). Using 42 nodes instead of 16 in the tEFIEYC-f brings the maximum
differences between both tEFIE-f down below 10%.

v v
tEFIE"G-f (16 nodes) tEFIE"G-f (42 nodes)
Re Jx Im Jx Re Jx Im Jx
30 30 30 30,
Avg=0.7 Avg=0.9 Avg=0.3 Avg=0.2
20 I 20 20 20
i =
10 syt 10 . 10
20 S B T S o 55
g 5 0 5 & 5 0 5 g 5 0 5
= Re Jy = ReJy = Im Jy
Z 30 = Z 30 s 30
T Avg=08 ¥ W Avg=02 % |Avg=02
i 20 2 20
g 10 g 10 L g 10 N
gm 5 8 o s 8 0 R ;2
; g . g
o3 0 5 ﬁ 5 0 5 é 5 0 5
5 Re Jz 5 Re Jz g ImJz
€30 230 230
Avg=0.2 Avg=0.3
2 20 20
=
10 - 10
MR iy LT
L - . - D T Rel P . <.
"0 5 5 0 5 OIS R
JH™| (EFIESD solution) WH™] EFIESD solution) H™ EFIEND solution) IH™] EFIE™O solution)

Figure 106 : Comparison tEFIEY!-f and tEFIEYG-f
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Re [J/| Hin|] Im [J/| Hine|]
tEFIEYEf CN=3,49x107

tEFIEVG-f (16 nodes) CN=3,53x107

CN=25649

0 5,24 10,48
B

Figure 107 : tEFIE-f and tMFIE-nxf solutions for the PEC cube

The condition numbers are quasi identical for the tEFIELf and tEFIEYG-f, and
1300 times higher than the condition number of the tMFIE-nxf.

EFIE and MFIE resonances are excluded as the cube side is smaller than
0,7071%0 (see §5.2.3).
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A quantitative comparison between the tEFIEY-f and the tMFIE-nxf solutions
shows in Figure 108 that both solutions differ for the PEC cube with 3-levels log-
distributed mesh by up to 35%. To ease direct comparisons, we reproduce the
differences between tEFIEYL.f and tMFIE-nxf already measured for other PEC
bodies (Figure 99, p.174). A closer look reveals that the electric current densities
away from edges and corners obtained with the tEFIEYf-f and the tMFIE-nxf
differ by 5 to 10% only. Only the current densities computed on the elongated
triangles along the edges differ significantly, the tEFIEYLf surface current
density being always higher than the tMFIE-nxf surface current density. This
cannot be attributed to the elongated triangles, as the same relative difference
between tEFIEVLf and tMFIE-nxf is observed with regularly shaped triangles
(see Figure 99, p.174).

PEC sphere PEC rounded cube
(regular Ao/19 mesh ) (M/13 -- Ao/127 mesh)
Re Jx Im Jx Re Jx Im Jx
10, 10,
Avg=0.4 Avg=0.4 Avg=0.7 > Avg=0.8
2 . 2 ] :

-2 0 2

100|EFIE-MFIE|/MaxJ
100|EFIE-MFIE|/MaxJ

0 2 ) 0 2
JereH™ Jerg/H™ JereH™ JgrgH™
PEC cube PEC cube
(regular Ao/25 mesh ) ( 3-levels log-distributed mesh )
Re Jx Im Jx Re Jx Im Jx
20 20 40 4
Avg=12 . Avg=1.3 Avg=2.3 ‘ Avg=26 w
: ; 20 v 20 b
R A
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JEF\H‘HM‘ ‘JEFH:J‘Hm‘

Figure 108 : Comparison tEFIEL-f / tMFIE-nxf for several PEC bodies
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A closer look to the electric current density near the edges and corners shows
that there is no sheer behavior on the PEC cube, as observed on the dielectric
cube (see Figure 105, p.181). We can also observe in Figure 109 that the tEFIEYE-f
and tMFIE-nxf current densities are visually quite similar except very close to
the horizontal edges.

tEFIEYLf

Q 5,24 10.48
|

Figure 109 : J/| Hinc| close to edges and corners of a PEC cube
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6.7 Thin plates : regular meshes

We reduce one dimension of the Ao/4 cube analyzed in §§6.5 and 6.6 to obtain a
plate of thickness A0/100. In this paragraph we analyze the solutions obtained
with four “uniform” meshes with higher and higher densities. We will also use
four different log-distributed meshes in §6.8.

(a) : Ao/20 mesh - 112 triangles
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(c) : 20/60 mesh - 1022 triangles (d) : Ao/120 mesh - 2898 triangles

Figure 110 : Four meshes for a plate Ao/4 x Ao/4 x Ao/100

The sizes of the meshes indicated in Figure 110 (p.186) correspond here to the
maximum radius of the circumscribed circle enclosing any triangle.
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The correspondence with the previous characteristic length definition, based on
the largest triangle edge, is given in Table 24 :

Table 24 : mesh characteristic length

6.7.1

. Radi.us of . Largest edge
circumscribed circle
Ao/20 Ao/12
ho/40 Mo/26
ho/60 Ao/40
Ao/120 Ao/69

Dielectric plate : &:=1

We first quantify the accuracy of the MoM solution by comparing it to the exact
solution in the case &=1. The solutions are obtained with PMCHWT-f-f

(tEFIEYL-f + tMFIE-f ). The following integration scheme has been used :

2l Ruin< W100 | Ruine V100 M10] | Ruin> W10
erm

Inner 3 3 3
Outer 16 16 3

In Figure 112 (p.189), Figure 114 (p.191) and Figure 115 (p.192) the same
amplitude and color scaling is used for the Exact and the MoM solutions, to allow
direct visual comparison between the current densities. The exact solution in the
case & = 1 gives maximum normalized current densities J /| Hinc| and M /| Einc|
equal to 1 (see §6.1.4). The MoM solutions for the maximum normalized J and M
current densities are also equal to 1,00 with an accuracy better than 1%.

The condition numbers are given in Table 25. They are quite similar to those
reported in Table 27 (p.197) for the same structures filled with PEC material
instead of dielectric, and analyzed with tEFIEVLS,

Table 25 : Condition number versus characteristic length (CL)

Mesh CL

Mo/20

Ao/40

Ao/60

Ao/120

CN

1347

1948

2842

7813
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In Figure 111 we summarize the relative errors measured on the electric current
density with the four meshes. Note that the relative errors on the real parts
range from 0 to 1%, while they range from 0 to 10% for the imaginary parts. The
average and maximum relative errors diminish with a finer mesh. They are
extremely small for the large current densities ( Re[ J/|Hin¢|] ~1) but they are
much higher for the smallest current densities ( Im[ J/| Hin¢c|] < 0,05). In Figure
112 (p.189) the length scale of the ImdJ arrows are magnified 20 times : it reveals
that even the low current densities are very accurate everywhere, except on the
two vertical thin sides. Similar observations and conclusions are made for the
magnetic current density in Figure 113 (p.190) and Figure 114 (p.191).
Additional comments are given in Figure 116 (p.192).
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Figure 111 : Relative error on the J current density for the & = 1 plate
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Figure 112 : J/|Hir¢| for the & = 1 plate with A¢/20 mesh
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Figure 113 : Relative error on the M current density for the & = 1 plate
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Im [M/| Eir¢|]  (x20)

Re [M/|Ein¢|]  (x1)

PMCHWT-f-f (tEFIE"Ef + tMFIE-f )

Exact

0,50

Figure 114 : M/| Eirc| for the & = 1 plate with 10/20 mesh
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As can be seen in Figure 112 (p.189), Figure 114 (p.191) and Figure 115, the large
error on the vertical thin sides is related to the orientation of the single pairs of
triangles meshing the thickness of the plate. We mention also that the same
behavior is observed if PMCHWT-f-f (tEFIEVG-f + tMFIE-f) is used instead of
PMCHWT-f-f (tEFIE"Lf + tMFIE-f), even if more nodes are used in the inner
and outer integrals.

PMCHWT-f-f (tEFIEVLf + tMFIE-f) (x20)

0 0,50 1.00

Figure 115 : Large error on the vertical thin sides

The explanation is quite simple. The exact solution requires a normal component
varying from positive to negative along the diagonal, zero on the horizontal edges
and constant on the vertical edges. The RWG’s impose a normal component
constant all along every edge (§2.2.8). This limitation is not a problem for the
horizontal and vertical edges, but on the diagonal the RWG’s choose for a zero
normal component. The “best” RWG solution for this situation is depicted in
Figure 116.

;— <«ip—>l—p "

|+ > > P

4« <\ > >—p X

4— < <« >

4+ <> >

(a) Exact solution (b) Best RWG approximation

Figure 116 : RWG solution on the thin vertical sides of the plate
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6.7.2 PEC plate

On the four next pages we show J/|Hinc| obtained by the tEFIEYEf and
tMFIE-nxf for the four meshes presented in Figure 110 (p.186).

Re [J/| Hinc|] Im [J/| Hine|]
tEFIEYLf (max J/|Hire|= 8,746)

(0] 4,373 8,746
|

Figure 117 : J/|Hir¢| on the PEC plate (Ao/20 mesh)
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Im [J/|Hire|]

tEFIEYLf (max

J/ | Hine| = 7,615)

Y

%

4,373

8,746

Figure 118 : J/| Hir¢| on the PEC plate (Ao/40 mesh)
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Figure 119 : J/|Hir¢| on the PEC plate (Ao/60 mesh)
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Figure 120 : J/| Hir¢| on the PEC plate (Ao/120 mesh)
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Figure 117 (p.193) to Figure 120 (p.196) clearly show that the highest tEFIEVLf
and tMFIE-nxf electric current densities observed on the top and bottom thin
edges are very different from each other for the Ao/20 mesh, but converge to each
other when the mesh is refined, as summarized in Table 26 :

Table 26 : Max [ J/| Hinc|]

Ao/20 Ao/40 Ao/60 Ao/120
tEFIEVEf 8,746 7,615 6,975 6,598
tMFIE-nxf 3,106 4,524 5,165 5,693

It seems that, in presence of elongated triangles, the tEFIEVLf overestimates the
high edge current densities while the tMFIE-nxf underestimates them. It can be
anticipated that a mesh finer than Ao/120 would further favour the convergence
of the tEFIEY-f and tMFIE-nxf solutions. Unfortunately, such mesh densities
require prohibitive computer resources and are far beyond the “best practice”
density of Ao/10.

The condition numbers (CN) presented in Table 27 confirm the observations
made previously in §§6.2.3, 6.2.4 and 6.5.2, namely :

- CN is much lower for the tMFIE-nxf than for the tEFIEY(-f
- CN is quasi independent of the mesh fineness for tMFIE-nxf

- CN increases with 1/h for tEFIEEf, if A is the characteristic length of the
mesh (see Table 24, p.187)

Table 27 : Condition numbers

h Ao/20 Ao/40 Ao/60 Ao/120
tEFIEYES 1316 2041 2974 7812
tMFIE-nxf 103 68.8 66.1 70.4

It is also worth noting that the CN of Table 27 are quite similar to those reported
in Table 25 (p.187) for the same structures filled with dielectric material instead
of PEC, and analyzed with a PMCHWT-f-f based on tEFTEYES.
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Figure 121 gives quantitative evidence that the lower current densities are more
similar with tEFIEV-f and tMFIE-nxf.
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(c) : Ao/60 mesh (d) : A0/120 mesh

Figure 121 : Comparison tEFIEY!-f and tMFIE-nxf on the PEC plate

6.8 Thin plate : log-distributed mesh

In this paragraph we present MoM results obtained with the log-distributed
mesh depicted in Figure 122 (p.199). For the Level 2 mesh, [0,5] means that the
constraining rectangular grid is located at a distance (0,5)xT/2 from every edge,
where T=L0/100 is the thickness of the plate. The Level 1 mesh is the Ao/60 mesh
used in §6.7. A Ao/60 mesh is also used for the level 2, which means that the
elongated triangles squeezed between the grid along the edges have two long
sides of dimension around Ao/60 and one very thin side.
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(a) :Levell (b) : Level 2 [0,5]
- 1022 triangles - -1594 triangles -

Figure 122 : Two log-distributed meshes for the plate

6.8.1 Dielectric thin plate :e: =1

In this paragraph we quantify the accuracy of the MoM solution for the two
log-distributed meshes of Figure 122 by comparing it to the exact solution in the
case &=1. The solution is obtained with PMCHWT-f-f, using tMFIE-f and
tEFIEL-f.

The following integration scheme has been used :

Tself Ruin< M100 | Rumine [M100; M/10] | Ruin>A10 |V
erm

Inner 3 8 3

Outer 16 16 3 3

The exact solution in the case & = 1 gives maximum normalized current densities
J/|Hinc| and M/|Ein¢| equal to 1 (see §6.1.4). The MoM solutions for the
maximum normalized JJ and M current densities are also equal to 1,00 , with an
accuracy better than 1%.
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Figure 123 summarizes the relative errors for the Level 1 and Level 2 meshes.
They are both very small and quite similar to each other. We see in Figure 124
(p.201) and Figure 125 (p.202) that the very small current densities on the thin
vertical (ImdJ) or horizontal (ImM) side are quite erroneous. The same
phenomenon has already been observed with the regular mesh of the plate
(§6.7.1) : it is due to the limitations of the RWG representation. We refer to
Figure 116 (p.192) for a detailed explanation.
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Figure 123 : Relative error on the J and M current density

for the & = 1 plate

As already observed with the cube in §6.6.1, the condition number increases by a
factor close to 1000 between the regular mesh and the log-distributed mesh.
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Im [J/1Hi*e|] (x20)

x1)

Re [J/|Hire[]

PMCHWT-f-f (tEFIE"Ef + tMFIE-f )

Exact

,00

0,50

1 plate with Level 2 mesh

Figure 124 : J/|Hirc| for the &
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Im [M/| Eir¢|]  (x20)

Re [M/|Ein¢|]  (x1)

PMCHWT-f-f (tEFIE"Ef + tMFIE-f )

=1 plate with Level 2 mesh

Figure 125 : M/| Ein¢| for the &
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=9

Dielectric thin plate : &

6.8.2

For the PMCHWT and Miiller combination scheme, the tEFIEYG is used.
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Figure 126 : J/| Hir¢| on the &= 9 plate (Level 2 mesh)
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Figure 127 : M/ | Ei>¢| on the &= 9 plate (Level 2 mesh)

The condition number in the Miller-nxf-nxf case is approximately 500 times

as already observed in §6.2.5.

PMCHWT-f-f case,

lower than in the
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Both solutions, PMCHWT-f-f and Miiller-nxf-nxf, are quasi identical.
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B
ol | |
2 A 0 1
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1

M/E™| (PMCHWT solution)
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Figure 128 : Comparison PMCHWT-f-f / Miller-nxf-nxf for &= 9 plate

As we already noted and explained in §§6.7.1 and 6.8.1, we can see in Figure 129
that RWG functions are not adequate to model the smallest current density

pattern on the thin sides of the plate (Im[M]) :

the arrows are zigzagging

somewhat erratically. The largest current density pattern (Re[M]) is similar on
the vertical and horizontal thin sides to the patterns observed on the cube (see
Figure 104, p.180). It is worth mentioning that the circular pattern of the
magnetic current density on the vertical side couldn’t be modelled with linear
basis functions (e.g. RWG) and the Level 1 mesh of Figure 122a (p.199).

Re [M/| Eirc|]

Im [M/|Eire|]

(x20)

Figure 129 : Details of M/| Ein¢| on the &= 9 plate
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6.8.3 PEC thin plate

Figure 130 shows J/|Hinc| obtained by the tEFIEVG-f and tMFIE-nxf for the
Level 2 mesh presented in Figure 122 (p.199).

Re [J/|Hinc|] Im [J/| Hine|]

tEFIEV-f (max [J/|Hix|]=9,237)
CN=2,48x106

tMFIE-nxf (max [J/|Hi»|]=7,804)
CN=1008

Q 4,618 9.237
-]

Figure 130 : J/| Hir¢| on the PEC plate (Level 2 mesh)

The condition number is again much lower for the tMFIE-nxf than for the
tEFIEVES,
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The following integration scheme has been used :

Self | R < W100 | Rmne (V100; MV10] | Rum>W10 |V

Term
Inner 8 8 3 --
Outer 16 16 3 3

In Figure 131 we present the differences between tEFIE-f and the tMFIE-nxf
solutions, for the Level 1 and Level 2 meshes of the thin PEC plate. The
comparison is not entirely correct here as the tEFIEVG-f is used for the Level 2
mesh while the tEFIEYEf is used for the Level 1, but it allows the following
observations namely :

The average relative difference between the tEFIEYG-f and tMFIE-nxf
solutions is not too much affected if a higher level log-distributed mesh is

used

The maximum difference between the tEFIEYG-f and tMFIE-nxf solutions
becomes slightly higher for the higher current densities that are computed
closer to the edges with the higher order log-distributed meshes
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Figure 131 : Comparison tEFIE-f and tMFIE-nxf for Level 1 and 2 meshes
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6.9 Very thin and infinitely thin PEC plate : edge currents

6.9.1 Introduction

The E-MFIE formulation (see §4.4) allows to compute the individual (electric)
current densities on both sides of any (PEC) sheet. To demonstrate it, we will
shrink the very thin plate analyzed in §6.7, using this time two types of very
symmetric meshes, identical for the two large faces of the plate and the opposite
faces of the sheet. These meshes are shown in Figure 132 (p.209). They will
allow :

—  to compare the current densities on the plate and on the sheet

- to compute the difference between the current densities on both sides at
similar locations

—  torespect the symmetry of the geometry and the plane wave illumination

The tEFIEY6-f and tMFIE-nxf solutions for the very thin plates will be compared
against each other, and with the E-MFIE solution for the sheet. The E-MFIE
solution is a combination of the tEFIEYG-f and tMFIE-nxf. The same integration
schemes have been used for the tEFTEVG-f for the plate and the tEFIEYG-f used in
the E-MFIE for the sheet. The same applies for the tMFIE-nxf. The integration
schemes are :

for the tEFTEYC-f

Self ) Ruin e [A/100; )
Inner 8 8 3 --
Outer 42 42 3 3

for the tMFIE-nxf

Self ) Rmin € [AM100; )
Inner 3 3 3 --
Outer 16 16 3 3

For the large Ao/4 faces of the plate and for the two opposite faces of the sheet, we
use a linearly or a logarithmically distributed mesh. The local coordinates of the
Log grid inside the C = Ao/4 faces, according to the notation introduced in §6.6, is
[-900 -892 -800 -600 -250 +250 +600 +800 +892 +900]/900x(C/2).
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For the thin sides of the plate, we use at all times a linearly distributed mesh,
with stretched triangles. The thickness of the plate will be A0/100, Ao/1000 or
A0/10000.

Linearly distributed mesh Logarithmically distributed mesh
(1296 triangles ) (1944 triangles )
AT
7 A .
;N'&‘ 1’ 4'(
WV Ac60057
K
N}"’ o
ﬂ‘\" )
!\m‘z i I
/]
L[>

|

/

Figure 132 : Lin and Log Mesh for the (4 x % x 1/100)Ao plate and sheet

On the four next pages we present in Figure 133 and Figure 134 (Figure 135 and
Figure 136) the solutions obtained with the linearly (logarithmically) distributed
mesh, and comment them. Because of the large difference between high and low
current densities, the color scale is logarithmic.
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tEFIEYC-f f tMFIE-nxf f
(max | J |/|Hine|=14,21) (max | J |/|Hin|=6,97)
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Figure 133 : Re(J) /| Hi*¢| on a (%4 x % x 1/100)A0 PEC plate / sheet
with linearly distributed mesh
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Figure 134 : Im(J) /| Hiz¢| on a (% x % x 1/100) 0 PEC plate / sheet
with linearly distributed mesh
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Figure 135 : Re(J) /| Hinc| on a (%4 x % x 1/100)A0 PEC plate / sheet
with logarithmically distributed mesh
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Figure 136 : Im(J) /| Hiz¢| on a (% x % x 1/100) 0 PEC plate / sheet
with logarithmically distributed mesh
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On the Lin distributed mesh, max | J |/|Hin¢| is much lower for the E-MFIE
(4,60) than for the tEFTEVG-f (17,49) and tMFIE-nxf (6,97), as opposed to what is
observed on the Log distributed mesh. This is explained by the fact that on the
Lin distributed mesh of the plate, the highest current density is obtained on the
top thin sides of the plate, computed much closer to the edge than on the large
flat vertical face. These high current densities cannot be computed with the
E-MFIE as the thin sides are excluded in the sheet model. With the Log
distributed mesh, the grid is defined such that the highest current density is
computed at the same distance from the edge on the large vertical flat face as
well (see Figure 132, p.209). If we visually compare in Figure 137 the highest
current densities on the large vertical face, represented on an identical linear
scale, they are much more similar with tEFIEVG-f, tMFIE-nxf and E-MFIE,
except in the last triangles very close to the edge, where the E-MFIE computes
(much) higher current densities than on the plate with the tEFIEYG-f and
tMFIE-nxf. These higher E-MFIE current densities, very close to the edges, seem
to compensate for the absence in the sheet model of the current densities flowing
on the thin sides of the plate.

Lin distributed mesh | Log distributed mesh
tEFIEYC-f
tMFIE-nxf
E-MFIE
- -
0.238 2,379 23.79
— B |

Figure 137 : Max (Im[J]) /| Hi»¢| on the sheet and on the plate
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We also make the following qualitative observations :

The tEFIEC-f and tMFIE-nxf solutions look very similar on the two large
Mo/4 faces, but differ significantly on the four thin edges. This phenomenon
had already been noted in §6.7.

On the large faces, in a small strip close to the upper and lower edges, the
current density zigzag instead of flowing smoothly along a quasi straight
line. This nonphysical behavior is due again to the limited linear
representation of RWG functions. Close to the edges the current density
exhibits a large transversal gradient with regard to the current flow
direction. In §2.2.8 we explain why such a gradient cannot be modelled with
RWG functions. As a consequence, in the triangles extending across the
zone where this gradient is very large, the current density (orange) as
modelled with RWG’s is forced to zigzag to maintain a constant normal
component with their two neighbours (red and yellow arrows), where very
different current densities are flowing. Note that there is no zigzag behavior
in these neighbouring triangles : their base is parallel to the current density
flow and the two other sides are crossed by current densities having similar
norms.

Vi

(a) : Lin distributed mesh (b) : Log distributed mesh

Figure 138 : RWG and zigzag current densities near edges

On Figure 138 this zigzag effect appears to be less pronounced with the Log
distributed mesh. Actually it is still present - see the very light zigzag of the
yellow arrows - but it is better constrained in triangles with a very small
dimension across the large gradient zone.

As can be seen in Figure 135 (p.212) and Figure 136 (p.213) the Log distributed

mesh brings the tEFIEYC-f and tMFIE-nxf solutions much closer to each other,
while allowing to better model the large transversal current density gradient
close to the edges. The color scale for the current densities is logarithmic though,
somewhat masking the quantitative differences between these three solutions. As

we used identical meshes for the upper and lower faces of the plate and for the
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sheet, we can present a quantitative comparison of the tEFTEVG-f, tMFIE-nxf and

E-MFIE solutions.

Before that, we summarize in Table 28 the condition numbers for all cases :

Table 28 : Condition numbers

tEFIEY6-f tMFIE-nxf tEFIEYC-f | tMFIE-nxf
Ao/100 1,02x106 1693 2,41x108 3,50x10°
Ao/1000 2,33x108 93301 1,21x10%0 | 2,08x107
A0/10000 5,34x1010 5,48x106 1,68x10'2 | 1,74x10°
E-MFIE 890 6,17x107
Lin-distributed mesh Log-distributed mesh

As usual we observe that tMFIE-nxf is much better conditioned than tEFIEYG-f,
but this time the condition number of both formulations increases nearly
proportionally with (1/£)2, if ¢ is the thickness of the plate.

With the E-MFIE formulation, the condition number is very low for the Lin-
distributed mesh, better than the tEFIEYG-f and the tMFIE-nxf ones, but
increases by five orders of magnitude for the Log-distributed mesh, where it only
increases by two orders of magnitude for both the tEFIEVC-f and the tMFIE-nxf.

Despite the poorer condition numbers reported in Table 28, in the next
paragraph we restrict the analysis to the Log-distributed meshes. For the same
number of unknowns, those meshes drastically reduce the zigzag effect close to
edges, even though they do not eliminate it. They also provide a better mesh
refinement only where it is necessary and they reduce the differences between
the tEFIEYC-f and the tMFIE-nxf solutions.
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6.9.2 EFIE/MFIE and E-MFIE comparisons on Log-distributed

meshes

If we call (-Z) the illuminated face and (+Z) the shadowed face, the 36
comparisons to make are summarized in Table 29 :

Table 29 : Comparison list for the plate and sheet

Log mesh EFIE v MFIE EFIE v E-MFIE MFIE v E-MFIE
(-Z) face

Z) face Ao/100 (Re + Im)

Log mesh EFIE v MFIE | EFIE v E-MFIE | MFIE v E-MFIE
(-Z) face

7) face A0/1000 (Re + Im)

Log mesh EFIE v MFIE | EFIE v E-MFIE | MFIE v E-MFIE
(-Z) face

7) face A0/10000 (Re + Im)

To reduce the number of comparisons we consider the propgrties (315) to (318),
valid for flat PEC sheets, and demonstrated in §1.13. As H' = H;, is purely real
everywhere on (both faces of) the flat PEC sheet, we have that :

Re[J D] —Re[J D=2 H, |
Im[/ A= Im[y F1=0
Re[J#)]-Re[J")]=0

Im[J#]-1m[J{*#]=0

(315)
(316)
(317)

(318)

We can expect these properties to be nearly fulfilled for the very thin PEC plates
as well. In Figure 139 (p.218) we observe that the property (315) is fulfilled for
the E-MFIE on the sheet, to the numerical errors introduced by the MoM. The
same property is better and better fulfilled for the A0/100, A0/1000 and Ao/10000
plates except close to the edges, where the highest current density is flowing (+Y
and —Y edges). Similar observations apply for property (316), in Figure 140
(p.219). Having measured how well these properties are fulfilled by the
numerical implementation, it suffices to observe the current density on the
illuminated face (-Z) only.
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Figure 139 : Re[JU?)]—Re[J")1=2H,
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EFIE (7,,/100) MFIE (7100 )
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Figure 140 : Im[J,(C_Z)] —Im[J,(CJrZ)] =0
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In Figure 141 we show Jx/| Hir¢| on the (-Z) face of the Log distributed mesh. The
thin sides of the plate, absent on the sheet, are not considered here. Jx is the
main component of the electric current density except close to the vertical edges.
In the coloured plots of Figure 141, the 27x27=729 regularly distributed locations
actually correspond to the Log distributed locations where Jx/|Hin¢| has been
computed, namely at the centroids of all 9x9x4=324 triangles in the Log
distributed mesh, or linearly interpolated between these 324 location to complete
the regular 27x27 grid ( refer to Figure 138b, p.215).

Re [dx] /| Hine| Im [Jx] /| Hinc|

EFIE EFIE
%

25

o
Yh,

i)

5 25

Yi,
=

25 26

Yo,
Yh,

Figure 141 : Jx/| Hin¢| on the illuminated face (Ao/100 plate)
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In Figure 142 we compare Jx/| H¢| on the illuminated face (-Z) obtained with the
tEFIEYG-f and tMFIE-nxf. Both solutions agree within 15%, except :

- For Re[Jx] and Im[dJy], in the “zigzag” area, where we know that the current
density is badly approximated. We recall, with Figure 138 (p.215), that the
zigzag area does not extend until the last triangles attached to the
horizontal edge, where the difference between tEFIE'G-f and tMFIE-nxf
does not exceed 15%

- For Im[Jx] only, in the middle of the vertical edge. But Jx/| Hin¢| is very low
there (EFIE : 0,375/ MFIE : 0,280).

Re [dx] /| Hine| Im [Jx] /| Hinc|

EFIE EFIE

Yh,
Yi,

Yh,
Y,

100(EFIE/MFIE-1) " 100(EFIE/MFIE-1)
40
= EREERE . ) ? .
e “aaaag & H H o
125 f ! 125
20 20
SD 15 §D s
10 10
5 T T a

e 3 il

Figure 142 : Jx/| Hin¢| on the illuminated face (ho/100 plate)
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In Figure 143 we show Jy/|Hi¢| on the illuminated face (-Z). Globally over the
plate, Jy is ten times lower than Jx, except in the vicinity of the vertical edge,
where Jy is higher than Jx.

Re [Jy] /| Hine| Im [Jy] /| Hine|
EFIE EFIE
i 1T g T T T i
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s s f
1 1
I 2 2
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| | | 1
T | T T
It im| 5 i | 5
X/;uo XMU
MFIE MFIE
T g T T i
| | i
Il T !
i i i
2 2
1 1
< o <0 | by
= > |
1 L1
T 2 I I B
Il [ Il
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|mm T [ Im
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Figure 143 : Jy/| Hin¢| on the illuminated face (ho/100 plate)
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In Figure 144 we compare Jy/| Hin¢| on the illuminated face (-Z) obtained with
the tEFIEVG-f and tMFIE-nxf. As Jy is quite small over the sheet, the relative
errors can become quite high and lose signification. Instead we present the
absolute difference, showing that it remains quite small (~0,2) as compared to the
actual value of the Jy and Jx current densities. Figure 146 (p.225) gives more
insight and perspective in the actual differences between both solutions.

Re [Jy] /| Hine| Im [Jy] /| Hine|
EFIE EFIE
[ | 3 T T g
=i T [ N
i T [ N
| T i
' 2 d
i i
m|
= =
< il < O | o
s s §
1 1
I 2 2
I T
I I I |
T 1) I I
i mi i i .
X/?\.O X/?»O
MFIE MFIE

Yi,
=

EFIE-MFIE EFIE-MFIE

o
Yh,

Figure 144 : Absolute difference EFIE-MFIE for Jy/| Hinc |
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The electric surface current densities obtained with the tEFIEY6-f and tMFIE-nxf
on the A/100 PEC plate are superimposed in Figure 145. The color and size
scaling is identical for the tEFIEYG-f and tMFIE-nxf solution on every picture,
but it is different from one picture to the other, to optimize the color contrast in
each of the three selected zones. In all three cases, the largest arrows correspond
to the tEFIEYC-f solution.

Figure 145 : Zoom on Im[Jy] close to the edges and corners
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In Figure 146 we show how the tEFIEYCG-f and tMFIE-nxf solutions for Im[Jx]
evolve when the thickness of the plate is reduced. The tEFIEYC-f largest current
density grows towards the E-MFIE solution, while the tMFIE-nxf largest current

density slowly diminishes.

MFIE (7/100)

EFIE (7/100)

N
S

Im 217 H
=)

°
o, 5

EFIE (7,4/1000) MFIE (%)

EFIE (7,,/10000) MFIE (710000 )

0 .
005 — "
N By o Ko

E-MFIE

)
s a8

Im 21/ H)

& o o

Figure 146 : Influence of the plate thickness on Im[dJy]/| Hinc|
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In Figure 147 we quantify how the tEFIE"C-f solution for the thin PEC plate gets
closer and closer to the E-MFIE solution for the PEC sheet, for the highest
current density component : Im[Jx]. The pictures on the left cover the whole
plate, including the edges where the high differences mask the lower differences
on the rest of the plate. The pictures on the right exclude a small portion of the
plate along the four edges, to better reveal the differences tEFIEYC-f / E-MFIE on
the rest of the plate. It is apparent that the tEFIEYC-f converges towards the
E-MFIE solution, but quite slowly along the four edges of the plate.

[ X/ho ; Y/hole [-0.125 ; +0.125] [ X/ho ; Y/hole [-0.12; +0.12]

Im[J Jilluminated face (%,/100) Im[Jx] illuminated face (7.0/100 )

100(EMFIE/EFIE-1)
100(EMFIE/EFIE-1)

100(EMFIE/EFIE-1)
100(EMFIE/EFIE-1)

100(EMFIE/EFIE-1)
100(EMFIE/EFIE-1)

Figure 147 : Difference E-MFIE / EFIE for several plate thicknesses
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6.10 PEC sheet on a thin dielectric plate

We analyze now the combination of the plate and the sheet already analyzed
separately in §6.9, with the same Log distributed mesh to allow comparisons. The
plate (in white and unmeshed in Figure 148) acts as a thin dielectric substrate
while the PEC sheet (in grey, meshed) can be seen as a coating deposited just on
top of the substrate, in contact with it, on the illuminated (-Z) side of the plate.

Figure 148 : PEC sheet on a dielectric plate

227



Chapter 6 : Numerical examples

In this problem there are three domains : O is free space, D is the dielectric
substrate and P is the PEC sheet. To refer to §3.3 and Table 5 (p.68), there are
four types of sectors :

Table 30 : Sector table

D P o Type Nature
X X I D
X X II E
X X II1 E
X X X v E

The type IV sectors correspond to the border (1-)edges of the PEC sheet. The type
IIT (resp.: II) sectors correspond to the inner (2-)edges of the PEC sheet in
contact with the substrate (resp. : free space) on the +Z (resp. : -Z) side. None of
the inner or border edges of the PEC sheet are fully embedded in only one
domain, so the E-MFIE scheme is not required here. For all three ‘E’ sector types
we may use either the EFIE-f or the MFIE-nxf (or a CFIE).

The Type I sectors correspond to all remaining (1-)edges that are not in contact
with the PEC sheet. As dielectric sectors, they require a pair of independent
integro-differential equations.

Finally, for sector types containing several dielectric domains (I and IV), a
combination scheme must also be chosen (see §3.6), like PMCHWT or Miiller.

6.10.1 PEC sheet on a & = 1 substrate

Similarly to the example of the sphere in a half spherical & = 1 shell (§6.3.1), the
substrate is transparent and the electric current density on the PEC sheet should
be identical to the current density obtained on the isolated PEC sheet.

For the isolated PEC sheet, the results obtained with the E-MFIE in §6.9 are re-
used. For the PEC sheet on a transparent dielectric substrate, either the
tEFIEVC-f or the tMFIE-nxf is used for the PEC sectors (II, III, IV) while the
tEFIEVC-f and the tMFIE-f are used together for the dielectric sectors (I) in the
PMCHWT-f-f scheme.

The integration scheme 1is :

Self | p 1 <M100 | Rmime V100; M10] | Ruin>M10 |V

Term
Inner 3 3 3 --
Outer 16 16 3 3
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In Figure 149 we show Jx/ | Hin¢| on the (-Z) face of the Log-distributed mesh. The
thin sides of the plate, absent on the sheet, are not considered here. Jx is the
main component of the electric surface current density except close to the vertical
edges (see Figure 151, p.231). In the coloured plots of Figure 149, the 27x27=729
regularly distributed locations actually correspond to the Log distributed
locations where Jx/|Hin¢| has been computed, namely at the centroids of all
9x9x4=324 triangles in the Log-distributed mesh, or linearly interpolated
between these 324 location to complete the regular 27x27 grid.

Re [dx] /| Hine| Im [Jy] /| Hinc|

EFIE EFIE

7
Yi,

7
\

Yi,
Yi,

Figure 149 : Jx on the illuminated face with tEFIEYG-f (“EFIE” above), tMFIE-nxf
(“MFIE” below) for the PEC sheet on the & = 1 plate (PMCHWT-f-f based on
tEFIEYG-f and tMFIE-f) and “E-MFIE” (in the middle) for the isolated PEC sheet
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In Figure 150 we zoom on the very high current density flowing closest to the
(top) horizontal edge. In the E-MFIE case the pair of quasi identical large arrows
on the top correspond to the current density flowing on both sides of the sheet,
visible there because of their large size. In the tEFIEVG-f case, the pair of large
arrows across the horizontal edge have very dissimilar sizes (red and light blue).
In the tMFIE-nxf case, the same pair of arrows exhibits quasi identical sizes
(yellow).

tEFIEYG-f (max | J |/|Hi|=28,43)
—= -’?3!1«

E-MFIE (max | J |/|Hir|=23,79)

e

Figure 150 : Zoom on Im[dJy]/| Hix¢| close to the horizontal edge
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In Figure 151 we zoom on the high current density flowing closest to the (top)
horizontal edge. The observations made for Figure 150 (p.230) can be transposed
here. Note that these high currents flowing upwards (Y axis) cannot be seen on
Figure 149 (p.229), where only Jx is shown.

tEFIEYC-f (max | J |/|Hirc| = 28,43)
—
' Erd

7

-

tMFIE-nxf (max | J |/|Hinc|=18,74)

¥

\&\ et
i o ”

y

| /

4 N\ 7
\//r
4./ =

Figure 151 : Zoom on Im[dJy]/| Hirc| close to the vertical edge
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We present in Figure 152 a quantitative comparison between tEFIEYG-f, tMFIE-
nxf and E-MFIE for Re[Jx] and Im[Jx] on the illuminated face. Globally, they all
agree within #5% inside the plate, and within +50% for the largest current
densities on the horizontal edges and for the very low currents close to the
vertical edges. Again, the most significant differences occur in the “zigzag” area
(see also Figure 142, p.221).

Re [Jx] /| Hire| Im [Jx] /| Hine|

100(EFIE/MFIE-1) 100(EFIE/MFIE-1)

Yi,

100(EFIE/EMFIE-1) 100(EFIE/EMFIE-1)
T T

40 TTTT TT T 0

Yi,

t§
. 1

Yi,

F

Figure 152 : Difference in percent between tEFIEV6-f, tMFIE-nxf and E-MFIE for
Jx on the illuminated face of a PEC sheet deposited on a & = 1 plate
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There is no magnetic current density on the PEC sheet. Therefore we present in
Figure 153 the magnetic current density M on the shadowed face (+Z) of the
dielectric substrate. Due to the very large value of M close to the (corners of the)
PEC sheet, the scale is logarithmic.

Re [M] /| Einc| Im [M] /| Einc|
PMCHWT-f-f and tEFIEY6-f (max|M|/|Einc| =57,2)
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Figure 153 : M/| Ein¢| on the shadow face of the &: = 1 plate + PEC sheet
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6.10.2 PEC sheet on a & = 2 substrate

In the next figures, we simply present the current densities on the plate and PEC

sheet, with logarithmic scale.
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Figure 154 : Re [J] /| Hinc| on both faces of the & = 2 plate + PEC sheet
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Shadowed face (+7Z)

Illuminated face (-Z)
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Figure 155 : Im [J] /| Hin¢| on both faces of the & = 2 plate + PEC sheet
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In Figure 156 we present the magnetic current density on the shadowed face
obtained with the PMCHWT-f-f and tEFIEYC-f, and compare it with the & = 1

case.
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Figure 156 : M/| Eirc| on the shadowed face of the plate + PEC sheet
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In Figure 157 we present the magnetic current density on the shadowed face
obtained with the PMCHWT-f-f + tMFIE-nxf, and compare it with the & = 1 case.

Re [M] /| Einc| Im [M] /| Einc]

&=1 (max|M|/|Ec| =54,8)

0.572 5,72 57.2
|

Figure 157 : M/| Ein¢| on the shadowed face of the dielectric plate
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6.11 Solder Line

To illustrate the notion of solder line (§3.3.2), we analyze now a PEC bowtie, with
gap or without gap, but with an air or a PEC solder line.

(a) : without gap (b) : with gap

Figure 158 : Bowtie geometry

It is illuminated by a plane wave incoming from the spherical coordinates
(0, 9) = (45°,90°) and is polarized along X (o = 90°).

The coordinates of the 6 nodes defining the bowtie of Figure 158a are :

1 2 3 4 5 6
X/ho -1/4 -1/8 -1/4 +1/4 +1/8 +1/4
Y/ho -1/2 0 +1/2 -1/2 0 +1/2
Z/\o 0 0 0 0 0 0

The coordinates of the 8 nodes defining the bowtie of Figure 158b are :

1 2 3 4 5 6 7 8
X/\o -1/4 -1/8 -1/4 +1/4 +1/8 +1/4 -1/8 +1/8
Y/ho -1/2 +1/40 +1/2 -1/2 +1/40 +1/2 -1/40 -1/40
Z/\o 0 0 0 0 0 0 0 0

The largest side of any triangle in the mesh is Ao/10. To obtain the current
densities on both sides of the sheet, the E-MFIE formulation has been used
(see §4.4). The following integration scheme has been used :

Self | < W100 | Rmine [V100; 1/10] | Rmin>A10 | V

Term
Inner 3 3 8 -
Outer 16 3 3 3

Figure 159 (p.239) and Figure 160 (p.240) show that the electric current densities
on both sides of a Ao/20 air gap, or its limit case, the air solder line, are flowing
independently. When the two PEC parts of the bowtie are joined with a PEC
solder line, making it a unique PEC sheet, the electrical current density exhibits
a continuous flow across the PEC solder line.
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(c) : Gap length = 0, PEC solder line

0] 3,26 6.52
[ ]

Figure 159 : Re[J]/| Hir¢| on both sides of the PEC sheet(s)
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(c) : Gap length = 0, PEC solder line

0 3,26 6.52
I -

Figure 160 : Im[J]/| Hir¢| on both sides of the PEC sheet(s)
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6.12 Examples where a 16 nodes quadrature is necessary

6.12.1 Thin dielectric & = 1 plate

A (ho/4 x Xo/4 x Ao/500) plate is illuminated by a plane wave characterized by
0, 9, ) = (45°, 0°, 180°)7. The mesh is regular with characteristic dimension
A0o/40. The MoM solutions obtained with the following integration schemes are
compared against the exact analytical solution (see §6.1.4) :

Self | B < W100 | Rmine [M100; V10] | Ruin>N10 | V
Term

Inner 3 3 3

Outer variable 3 3 3

The average relative errors obtained in function of the number of nodes in the
outer integral when Rmin<A/100 are listed in Table 31. The necessity to use at
least 16 nodes quadrature is made even more evident in Figure 161 (p.242) and
Figure 162 (p.243).

Table 31 :

Average relative error with PMCHWT-f-f ¢ EFIE"E-f)

Re

Im

Re

Im

Jx

Jy

Jz

Jx

Jy

Jz

Mx

My

Mz

Mx

My

Mz

16,2

13,3

4,52

13,0

16,9

4,10

19,8

24,7

6,01

22,4

17,1

5,99

16,0

14,9

4,16

9,62

6,76

2,41

10,8

8,01

3,14

22,6

19,5

5,89

12

3,561

3,45

0,77

2,69

2,98

0,61

2,90

2,69

0,56

5,15

5,24

1,01

16

0,48

0,54

0,05

1,11

1,34

0,06

0,64

0,72

0,09

1,31

1,31

0,19

19

0,78

0,81

0,14

1,49

1,62

0,23

1,19

1,07

0,15

1,86

2,01

0,26

25

0,47

0,52

0,05

1,18

1,36

0,10

0,69

0,62

0,08

1,45

1,57

0,20

42)

0,33

0,43

0,02

1,04

1,28

0,05

0,34

0,48

0,06

1,18

1,20

0,18

61

0,37

0,42

0,03

1,09

1,28

0,07

0,52

0,46

0,07

1,29

1,36

0,19

73

0,33

0,40

0,02

1,03

1,24

0,05

0,39

0,43

0,06

1,19

1,24

0,18

7 See §6.1.1 for the definition of those angles
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PMCHWT-f-f tEFIEYL-f) PMCHWT-f-f (tEFIEYC-f)

3 integration nodes

L N

s

16 integration nodes

I A A

Figure 161 : Re[J]/| H¢| on a (Ao/4 x Ao/4 x Ao/500) plate with & = 1
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PMCHWT-f-f and tEFIELf PMCHWT-f-f and tEFIEYG-f

3 integration nodes

7 integration nodes

Figure 162 : Re[M]/| Ei*¢| on a (Ao/4 x Ao/4 x Ao/500) plate with & =1
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6.12.2 PEC and dielectric pyramids

We analyze a PEC pyramid on top of a dielectric & =1 pyramid, to show that
accurate integration of the singular terms in the Z matrix is indispensable, even
for such a simple example.

Figure 163 : Lower dielectric and higher PEC pyramid with meshes

It is illuminated by a plane wave incoming from the spherical coordinates
(6, ©) = (45°,90°) and is polarized in the YZ plane (o = 0°).

The coordinates of the 5 nodes defining the two pyramids are :

Xho | Yo | Ziko

0 1/30 | 1/30

-1/30 0 0
2/30 0

1/30 0 0
0 1/30 | -1/30

Qv | wW| DN~
o

The largest side of any triangle in the mesh is Ao/81. The following integration
schemes have been used :

Self | < W100 | Rmine [V100; 1/10] | Rmin>A10 | V
Term

Inner 3 3 3

Outer variable 3 3 3

In Figure 164 (p.245) we limit the comparisons to Im[J], though similar
observations can be made for Re[J]. In Figure 165 (p.246) we also give the
tEFIEYC-f and tMFIE-nxf solution for the PEC pyramid alone, obtained with a 16
nodes quadrature in the outer integral when Rmin < A/100. The solution for J on
the PEC pyramid on top of the & = 1 pyramid must be very similar, as in §6.10.1.
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PMCHWT-f-f and tMFIE-nxf

\

v

N
N
)

Kot
ke
/fx. .;\,?

-

N

o

-y

PMCHWT-f-f and tEFIEY6-f

3 nodes

7 nodes

12 nodes

24.13

0,241

0.0024

: poor solutions with 3, 7 and 12 nodes

Figure 164 : Im[J]/| Hinc|
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24,13

0,241

0.0024

: Reference and good solutions (16, 25 nodes)

Figure 165 : Im[J]/| Hinc|
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6.13 Summary

In this chapter many examples have been selected to illustrate the theories and
concepts exposed in every chapter of Part I : the new theorems about flat
perfectly conducting sheets demonstrated in chapter 1, the issues raised in
chapter 2 regarding the use of RWG or curl conforming basis functions, the solder
line introduced in chapter 3, as well as the solution for composite bodies, the
E-MFIE formulation elaborated in chapter 4, two examples supporting the
accuracy analysis in chapter 5.

To fulfill one of the main objectives of this book, the presentation of those
examples in an evolutive sequence, from the sphere to the thin plate via a
rounded cube and then a regular cube, allowed to measure and compare the
accuracy and performances of various formulations for most examples. Aside the
exact Mie solution for dielectric or perfectly conducting spheres, the void
dielectric reference solution and the existence of two independent solutions for
perfectly conducting volumes, the tEFIE and the tMFIE, were of valuable help in
this process. The lowest average and maximum errors were observed for the
homogeneously meshed sphere. A progressive degradation of these errors from
several percent up to fifty percent was put in evidence across the successive
examples, due to the presence of rounded or sharp edges and tips, or to the
inhomogeneity of the mesh.

The presented and analyzed results are exclusively the current densities, as
opposed to the usual practice where global values are preferred, such as radiation
patterns, scattering coefficients or impedances. We believe that those aggregate
values hide many of the behaviors and phenomenons revealed only with careful
observation of the current densities. This way we were able to precisely localize
and quantify the differences between the tEFIE and the tMFIE, showing that the
tEFIE overestimates current densities close to edges while the opposite is true for
the tMFIE. We also observed quantitatively how these differences are attenuated
when the mesh density is increased. Only a close look at the current densities
could reveal the weaknesses of RWG basis functions close to edges, but also on
the thin side of a dielectric plate and even on the sphere. Finally, the necessity to
perform careful evaluation of the singular integrals - using for example our 16 or
42 nodes polynomial quadratures - could only be detected and explained by the
observation of localized erratic current densities.

To greatly reduce the amount of triangles required to finely mesh the close
vicinity of edges and tips, while allowing a detailed capture of the high gradients
in current density flowing there, original log-distributed meshes have been
proposed that use (very) elongated triangles. Though irregular triangles are
mostly considered as bad elements to be avoided in a mesh, we have shown in
this book that they can be used in confidence, provided the integrations are
performed with enough accuracy and that the condition number is maintained
below an acceptable level.
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[1] G.Mie, Ann. Physik, 25, 377, 1908.

[2] K.F. Warnick, Numerical Analysis for Electromagnetic Integral Equations,
Artech House, 2008.
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Conclusion

This book was devoted to the resolution of the electromagnetic scattering by
linear, homogeneous and isotropic three-dimensional bodies with the Method of
Moments. Despite the fact that this problem has been tackled in many ways by
hundreds of researchers for more than half a century now, significant
improvements or even new contributions to the vast amount of already available
results proved to be possible.

The exact electromagnetic theory underlying the Method of Moments has been
reviewed, extended and generalized. In this process, Maxwell’s equations are
transformed into integral equations where the unknowns appear under the form
of equivalent current densities, electric and/or magnetic, defined at the bounding
surface of every non perfectly conducting volumic homogenous region. The correct
vector forms of the electric and magnetic integral equations valid in the case of
arbitrary sheets have been established through an original demonstration, taking
into account the edge singularities. Those new equations have permitted to
demonstrate a dual theorem that constitutes the exact generalisation of the
physical optics approximation. They also allowed to fully understand why the
MFIE cannot be used to solve sheets, with the additional consequence that a new
formulation was added to the arsenal of the Method of Moments, named E-MFIE,
that fully solves perfectly conducting sheets on both faces. With the introduction
of new contracted notations, the exact theory and equations describing any
combination of geometries (volumes or sheets) and materials (dielectric or perfect
conductors) has been cast into canonical forms, putting in evidence the duality
between the electric and magnetic formulations. Starting from the full vector
expressions, new formulations based on the normal components has been
proposed aside the already existing ones, based on the tangential components.

The Method of Moments was then introduced in a practical way by discretizing
the canonical expressions based on the tangential components, while maintaining
the highest level of generality to allow a detailed and critical review of the basis
and testing functions. Curl conforming basis functions are sometimes
encountered in the literature, but we explain in Part I and illustrate in Part II
why they must be banned. Also the widely used Rao Wilton Glisson (RWG) basis
functions are shown to be only partly linear, and the consequences thereof are
explained in Part I and visualized by several concrete examples in Part IIL
Finally, a series of considerations about the crucial step of testing reveal why
some choices are optimal, acceptable or catastrophic for both the tangential and
normal components based formulations. Again, many examples and comparisons
from Part II support the assertions made in Part I.

Similarly to the generalization step made with the exact theory, the Method of
Moments has been generalized and made applicable to any combination of
perfectly conducting and dielectric material within a simple and universal
resolution framework. To this end, the original concepts of singular edge, solder
line, and RWG sector table have been introduced in Part I and illustrated in Part
II. The construction of the global Z matrix, and in particular the combination
step, is fully explained in the most general case of dielectric sectors. Perfectly
conducting sectors are presented as a special case of dielectric sectors, with the
exception of embedded sheets, that required the development of the E-MFIE, a
novel method combining the electric and magnetic formulations. With the
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E-MFIE, sheets can now be solved in the same universal way as dielectric or
perfectly conducting volumes.

Having at our disposal an all purpose and very general method with solid
theoretical foundations, we naturally selected for the practical computation of the
many integrals involved in the Method of Moments an all purpose integration
strategy with an easy and universal implementation scheme. To fulfill another
important objective of this book, the accuracy of the selected high efficiency
polynomial quadratures has been carefully evaluated in several original ways.
For the first time analytical exact reference solutions have been derived for the
representative cases of a pair of orthogonal adjacent triangles, regular or very
elongated. This exact analytical analysis allowed to precisely quantify the modest
accuracy attained by polynomial quadratures when integrating singular
integrals, as compared to their performances with regular integrals. It also
revealed an unexpected and superior performance of the 16 and 42 nodes
quadratures. This observation was further confirmed by several examples, two of
them showing in Part II that the accuracy provided by these two quadratures is
necessary to avoid localized erratic current densities in the final solution.

After careful control of their accuracy, the electric and magnetic field integral
equations have been extensively compared, against exact solutions when
available, or against each other via a convergence analysis, for example. A great
accuracy or similarity was observed, except in the vicinity of sharp edges, where
both solutions seem to diverge from the expectations. Metallic sheets are
unavoidably surrounded by sharp edges. As the magnetic formulation cannot
deal with sheets, we found another incentive to investigate the foundations of
these apparent contradictions to the duality principle.

In Part II, a series of evolutive examples have been presented to support and
illustrate the theories developed in Part I, but also to provide many quantitative
and comparative measurements of the local and average accuracy of various
formulations available in the Method of Moments, including unused ones that we
chose to apply anyway in this book. Instead of showing far-field based results, we
deliberately chose to analyze the current densities themselves, as only they
provide the most detailed insight . The electric and magnetic field integral
equations are shown to provide equivalent accuracy, except in the vicinity of
sharp edges. The use of regular meshes with various densities, but also the
introduction of meshes using elongated triangles close to those edges, revealed
that the electric formulation seems to overestimate the surface current densities
and oppositely for the magnetic formulation. As we could show how unreliable
RWG basis functions are in the vicinity of edges, no definitive conclusion could be
drawn, except that other basis functions should be used there if a more accurate
modelling of these strong current densities is required.

For dielectric domains, the PMCHWT and Miiller combinations based on the nxf
testing schemes were found to be as accurate as the f testing scheme, while
exhibiting a much better condition number, at least in the two analyzed
situations. For perfectly conducting volumes, the magnetic field integral equation
also proved to exhibit a much lower condition number insensitive to mesh
refinements. Considering also that the magnetic field integral equation is not
prone to low frequency breakdown, as opposed to the electric field integral
equation, we conclude by saying that those less popular formulations deserve
much more consideration by the electromagnetic community.
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Appendix A

We consider the flat circle Fy, centered on 7y, :

r

Figure 166 : Integrals on Fy,

The vector ¥ =7, +d,ny, is on the positive side (da2 0) of n, , the unit normal to

Fra. Referring to Figure 166 we first decompose the integral (42) into :

P
I, as=]f, s ff L as

From 7 the surface Fy, is viewed under a signed solid angle Q(7,F,) , given by :

— ds
Q(V,Ffa) = dajIF/“F
The limit for ¥ — 7, of the first integral is therefore :

+ 4
2

QF.F)| 7
hmr%rf ( a f“-UF 47[R3]_nfa hmr%r {Slg”(d )- ar }

The second integral is identically zero :

I, s =3[, aa] [ patp =L

(da +p2 )%/2

—-psina _
(du +p2)%/2

Note that the second integral reduces to zero because 7 is on the normal above
the centre of a symmetric shape Ffa.

+ J. daj p"pdp
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VV j G(nxH)ds'

[v{ol an}

- ﬁjsv's[G(ﬁxE)}is'+jLw€jS€[GV'S[ﬁxF1ﬂdS'
i ﬁgﬁas[c(ﬁxﬁ)}ﬁds'+jLw€jS§[GV'S[zxﬁﬂds'
:LJ’ VGV [wx |ds'

_j (V'6) L—wlgv (an)}dS

=[(Vi6)[n-Elas
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X—X —
- ~ R
R=|y-»' R=y(x=x) +(y=yP +(z-2)° k=2
z—2z'
X—X
OuR="—
—JkR —j(kR)
47rR 4r(kR)
1 k 1 . X — x X — x
VG=_ _+Jf TR =2 ——— L |G| y—y' |=K2f(R)| y -y
A7R (kR)* kR - 2"

kizax(va) =0, [(x=x) HkR) | = (x—=x)0, [ fo(kR) ]+ fo(kR)

= a (V,6)=0,[(y=) kR |=(y =y, [ L(kR)]

3+3j(kR) - (kR)*

3[R ]= (x—x)k?
kR |= (x=x) { )

}Gz(x—x')k2f4(kR)

W G(r—r)J(r)a’S' —j W-(Gf)dS':lj ﬁlc(v-f)ﬁﬁcldy
S k2 S -

0
k—lzj’ V[7-¥6] dS':%Isﬁ[JXVxG +1,V,G+J.V.G|ds’

NUANEVR NENANe)

JV.G+1V.,G+JV.G)|dS’

E
a)
9,

+(V.G)+ J),ax(vyc) +J,9,(V.G)

(
(
(1V,G+1,V,G+1.V.G)
3
9,(V.G)+1,d,(V,G)+7.9,(V.G)|ds’
3

W
Jx
T,

.(V,G)+1,0,(V,G)+7.9.(V.G)

T (x=x) 0 [ fLtkR) [+ T o (kR)+ T (y = ¥") O [ fokR) |+ T (2= 2") 3, [ fo(kR) ]
=j T (x=x)0, [ fakR) [+ T (y = ¥") 3, [ LtkR) [+ T, fr(kR) + T (2= 2') 3, [ fo (kR) ]| dS"
T (x=x)9 [ fokR) [+ T, (y= )0, [ fokR) |+ T (2=2")0 [ fo(kR) ]+ J . f> (KR)

= [ [T 200 + K2y (T R)R ] s

X
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) VV. —

ja),u(1+k—zjjs GJ ds

= j2k[ | GT +GT L2 330GR) — (R)? G(T.R)R |as’
S| (kR)* kR (kR)*

el (e (33j0m) - aR) | ,
- ]ijs GJI{kR+(kR)3 TR +k[ S Ik (7.R)R | as

=ZkZIS:Gf[L+ L __J \e_jkk—[LJr \_M(fie) } as’

KR (R (kR) ) 4T | (R) (kR (kR) ) 4

jw€{1+_ Jj GJ ds' =Y’ [GJ fy— (J.I%)I%f&}dS'

With :
. 1 . —jkR
f3 = L+ 2 L 3 \ 2
kR (kR)” (kR) J 4
i3 3j e R
f3r = L + 2 . 3 W 2
kR (kR) (kR) J ar
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Appendix D

Analytical and numerical integration of the principal value term
D1 f,#f,

On the triangle T» depicted in Figure 167, having a surface A, and two RWG
functions defined on edges m and n of length respectively L and Ln.

-
= 7
m=" r-p)
L, _
= r
Jn 2A( q)

Figure 167 : principal value term (1)

We have the following integrals :

= WyXfy o tL,tL,
) jfmf’”' 2 5= 12

s _%[2 2 _312]
) ijnmx Fop S dS = =S [ 4 I =31
where

L =norm(q - p)
A=norm(t — p)x(q—p)/2

Numerical integration with Dunavant quadratures shows that only one node is
sufficient to obtain the exact value of (1), but three nodes are needed for (2).
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@

@

®

®

@

@

®
IntfnX, X

In this example, L=1,X=-2and Y=1
=> Lm=3,1623 and Ln=2,2361
If we consider that Ln and Lr, < M/10 and T is quasi equilateral, then :
(1) <A*/1200
(2) <A*/4160
Note though that for a given Ln and Ln, (1) is unaffected by the shape of the
triangle, but (2) is !
D2. f,=f,

If £, =7,,then (1) and (2) become :
r ﬁm Xfm —
(1) ij Fop 2 dS =0

_ = m,X[ —-p 2
® [ nmxfm.mTfm.dS:—J' I .dS:%—’”A[S(Lf,+L2)—L%n}

1
29T,

52|

+ Num
05 o Anal |

IntfoX nXf,]

o 5 10 15 20 25
Quadrature nodes.

Numerical integration with Dunavant quadratures shows that three nodes are
needed for (2).
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E.1 Surface gradient and surface divergence theorems
Considering :
— A surface S with normal n and with closed oriented contour C

— The normal m on C pointing outside S
—  Avector [ =nxim defining the sense of integration everywhere on C

— A vector function A continuously differentiable on S

— A scalar function B continuously differentiable on S

Figure 168 : Geometry for the surface divergence and gradient theorems

We have the following equalities :
HJV,X%M:@JZ%Q&
jj's(iB)ds = q';C(B -m)dl

Note that the surface S does neither have to be polygonal nor flat, as depicted in
Figure 168.

The surface divergence and gradient are defined as :
V,=V-V,
V. -V-7,
In the case of a flat surface S lying in the XY plane, they are given by :
V=V, +V,
V,=V,+V,
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E.2 Examples of a surface gradient and a surface divergence

To illustrate the surface divergence notion, we prove below that :

D pnt2 D1 pn+2
gov| LR g [ PR
P2 n+2 P2 n+2

Where the vectors R, P and P' are depicted in Figure 169.

Figure 169 : Surface divergence

To calculate the surface divergence related to S, lying in the xy plane, let us
express the vectors in the (x,y,n) coordinate system having its origin in pg, the

projection of 7'on S:
F=xil, + yii, +0i, =P =7 - pg

r'=0u, +0u, +du,
ReR|--ri =2 e e ap - Box

We have :

260




Appendix E

}_) Rn+2 B} Rn+2 X B} Rn+2 y
PXn+2 ) ox|\n+2p?| 9y|n+2 p?

_ Rn+2 2 . X 9 Rn+2 . y b (Rn+2
n+2 p? n+20x| p? n+28yk p?

g2 0 o | PP(n+2)R™9Rj0x-R"20p? fox
= +

Ta+2 P2 n+2 p*
2 1 2452
L [ P?(n+2)R"0R [ay ~ R"*29P? 0y |
n+2 pt
R"™2 2 x2P2R"—2x2R"+2/(n+2) y2P2R"—2y2R"+2/(n+2)
= + +
n+2 p? p* pt
2 2\ pn
:Rn+2 2 +(x +y )R " x2+y2
n+2 p? p? (n+2)P*
=R"

To calculate the surface divergence related to S’, lying in the x’y’ plane, let us
express the vectors in the (x’,y’,n’) coordinate system having its origin in pg, the
projection of ¥ on S’:

7 =0y +0uy +d'u,

PR =[] = () + () Lot

We have :
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) 13' Rn+2 p) Rn+2 X' p) Rn+2 '
Vg = r— A
PZn+2) ox'\n+2p? | oy'\n+2 p?
Rn+2 2 X' b (Rn+2j y. b [Rn+2j
= +

= +
n+2 p? n+28x'L P? | n+29y'| p?

R [ P2 (n+2)R"™9R fox'— R™2 0P fox'|

Cn+2p? n+2 p*

[ PR+ 2)RIOR foy- R 0P 2 oy

+n+2 p

_R2 2 xPPRRT 2R (n42)  y2 PR -2y R (n42)
" n+2 p2 p* Pt

2 2\ pn

n+2 p? p? (n+2)P*

=R"

To illustrate the surface gradient notion, we prove that :

n+2 n+2
PR" =V R and P'R"=V'g R
n+2 n+2

_ [ g2 o [ R2 o [ ™2
v LA [ELSN i,
n+2 ] ox|\n+2 dy| n+2

— R"2 9 [ R™2 3 ( rR2
Vi =— Uy +— Uy
n+2) ox'\ n+2 dy'| n+2

_ _ Rn+2 _ _ Rn+2
Note though that: R.R" =V and R.R"=-V'
n+2 n+2
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There is a sign difference for the full gradient, as opposed to the surface gradient
! This is due to the definition of P =7 —pg and P'=7'-p's. These vectors end on
7 and 7' respectively, as opposed to R =7 —7'that always end on 7 .

E.3 Complete derivation of the integral of R” on S’

To obtain a general analytical expression, we make use of the surface divergence
theorem to transform the surface integral into a line integral. If pg , the

projection on S’ of 7, lies inside S’ or anywhere on its boundary S , then the
surface divergence theorem cannot be used at P’=0 and a decomposition into two
n+2

5 P' 1s not

integrals on S-S, and S, is necessary as the function

continuously differentiable at P’=0. In general, we may write :

HSIR"dS' =HS,_S,€ R"dS+ | js,g R"dS'

D pn+2
:Hs-_s-sv's [%§+2]dS'+HSIE R"dS"
Rn+2

—1 D= ' '

=n+2.[a(5'—s'€) P2 (P}t +.[.[5-€Rnd5
1 Rn+2 - _, ‘ 1 Rn+2 _— ' ‘
n+2ds p2 (Pm) 3 BS'SF(P n')dl +“S|€R"ds

) (2) (3)

Note that writing : Ia(s'—s' )[ﬁ"mldl'=IBS'[F"ﬁ‘Jdl'+J.aS' [F'.I’Tl'}dl' implies that

m' must point outside S-S’ on S’ and dS’, as depicted in Figure 171 (p.264).

When pg. is located outside ', (2) and (3) vanish and only (1) remains.

Figure 170 : Geometry for the integral of R» on S'

Let us integrate the two last terms (2) and (3), knowing that in the most general
case, when pg: is the vertex v for example, then S, is a portion of a circle with
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opening angle o. If pg. is located on dS" but not on a vertex, then o/ == (S'€ is a
half circle), and if pg. lies inside S’, then o = 2n (S, is a full circle, as depicted in
Figure 170)

Figure 171 : Geometry for integrals (2) and (3)

1 Rn+2 - _, '
2= n+2faS|57(P ') dl
+2
1 e RMT2 [\]d'2+€'2 )” a.(_evﬁv)ﬁ- 1 .0 R"™2
=n+2.[0 o (0)ds'+ — .[o - gda’+——| o 0)ds'
( ,—d'2+8'2jn+2
=—q'
n+2
(n+2)/2
R A ' 2 '(d'2+5'2)
(3)='US|SR"dS =["da | 645 (a2+62) =a —
o

( ,—d ,2+ 8'2 jn+2 _|d,|71+2

n+2

=

Inserting (2) and (3) into the expression of .USIR”dS ', we get :

. ' 1 Rn+2 _ ' '| ,|n+2
IIS'R ds =n+2 BS'?(P m )dl —am

We can now build a recursive formula for these integrals as follows :
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” w oo 1 Rn+2
K :HSIR ds'=—— jas, o
niz{fas-[R”+d'2%]<"ﬁ')dr—a'|d'|””}

1 n{pr —r ' '2 Rn =1 Y ' W1
=— jaS,R (Pm)dl'+d {jas,[ﬁj( .m)dl—a|d|}

(F'.m')dz'—a'|d'|"+2}

= nJlrz{jas'R”(Fﬁ)dl"Ln'da .K'”*2}

If S’ is a polygon, then 0S’=X(dS’%) where every dS’ is a straight line on which
P(r)m'(ry=P% =cst .

Then :
1 )
mo_ n "V ,0 'n 2 prn—=2
K _.['[S,R ds _—n+2{§i PO +nd? K }

For a polygon S’, we can also build a recursive formula for the line integral 1;”,

2
noting that R?=(RY) +1? :

Figure 172 : Geometry for the line integral
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n+l
Iyn I R'dl' = J‘ R 1 R d|: n+1j| dl'
A s\ dl'| n+1 n+1 oS l dl
It
_ 1 |:Rn+2:| _J‘ ( ) Rn+1 dl'
A
Iy

n+l|| I’ R

I

R'(.)z+l'2 2 —
=n11 R”% +(r?) IaS'i(Rn'%{l_'lDdl'

I

i

" Iy
- nil [Z'R”I; +(R'?)2 {RZ—T—RZ—TL +njaS,[R”*2dl'
e G Lo R Ll

. - dl' — ds' . .
If we determine /7' =J‘aS' 3 and K™ =HS'—S3, the recursive expressions for
i R

I" and K" allow to deduce -easily I',-+1 :IBS' Rdl' and subsequently
—1_ ﬁ o '
K _'US, - and K _'[S,R.ds .

The expression of /7! is obtained easily :

I
ar I ' o0 ol IT+R7T
= s R —_[ ( ) N {ln[l+ (R?) +12H['vzln[—lé_+Ré_J

The function 77! is everywhere continuous(ly) differentiable and finite, except on
the boundary 9S’ of the surface S’, where it is infinite.

On the contrary I'7! is everywhere finite and continuous(ly) differentiable :
1 B a l|++Ry+
1t = Rdl'=—{UfRT-ITR] +(R'°) In| LT
as’; 2 I'7+R7T
To derive a compact expression for k'™, we will use the fact that the function o
for a flat polygon S’ can be expressed as :
+ —

! 1 15
af'zZa'i , where o'; =tan 1#—tan lﬁ.
i P P
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As required, with this expression for &’ we have :

- a=0 if pg is outside S’

- a=2n if pg is inside S’

- a=nmn if pg ison S but not on a vertex

— o =inner opening angle of the polygon S’ if pg. is a vertex

_ _ 1 R _ _
K2 =[[ Rds'= _3+2{JaS'_P-2 (Pr')di'~a'|d 3”}
a' = —, 1 ,
:m—zi:(zs i f)jasv,_Pszdl

' 1v+
=2 S P ! dl’
i

a1 (122 (0] o (0] <0

_ a' Z 0 1 -1 d'l’

N d'PV?m 13""\/1'2+(P"-’)2+d'2

’ ' Iy
D e B B
=ﬁ;m1 (P9) idii|d R} - (Po) i'idl'ziId'IR'?
B e

The integral K™ is singular (infinite) when d’ = 0.

In practice, the function d'K 3 is encountered. We give hereafter the physical
meaning of this function.

The solid angle sustended from the observation point 7 by an oriented surface S’
is given by :

ap7)- ], [BET 5

where 7' is the integration point on S’, R =|7—7'|, u,

, 1s a unit vector indicating

the arbitrarily chosen orientation of the surface S’ at 7' and the unit vector
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_R_7-7
R =7

orientations of i, and ug.

Qs can be positive or negative, depending on the relative

S,

S|

Figure 173 : Solid angle

In the case of a flat surface S’ :

QS‘ISV;ZR}{SEIS{dR/R}dS'—df [ ,3}ds.=d..K,73

With this “signed solid angle” interpretation for d'K =3 it is now easy to
understand that this function is

—  bounded between -2n and +27 (for a flat surface S’)

—  continuous(ly) differentiable everywhere except on the surface S’, where it
undergoes discontinuous jumps between positive values on the +i, side and
negative values on the —u, side

The functions K™™' and d'K'"™' are both everywhere finite and continuous(ly)
differentiable :

k! =J‘J‘SYR—1dS.=ZB'0.Ilj—1 _d? K3
i
E.4 Complete derivation of the integral of PR" on S’

To obtain a general analytical expression, we make use of the surface gradient
theorem to transform the surface integral into a line integral. If n<-3 and 7 lies
inside S’ or anywhere on its boundary 9S ', then the surface gradient theorem
cannot be used at R=0 and a decomposition into two integrals on S -S, and S,
is necessary as the function R™? is not continuously differentiable at R=0. In

general, we may write :
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[[,.PR"as’

B =, Rn+2 ' — . Rn+2 o — '

_ﬂS_S'EV 5~ |48 +jJ’S,£P R"dS _J‘a(sus;) ol +HS,EP R"dS
Rn+2 Rn+2 _

=jas. ) .zﬁ'dl‘+jasls ) .r?;'dl'+HS,8P'R”dS'

0] (2) (3)

To show that (2)+(3)=0, we place r above S’ and let d’ tend to 0.

Figure 174 : Geometry for the gradient theorem

With Figure 174 we can write :
- m'y=-sina'\u' +cosa'\u',
-  m'g=—cosa'u',—sina'u’y
- my=-sinau',tcosa'pu',

-  P'=d'cosa'u' +O'sina'u’

~  R=vd?+s?
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R'? o
@=[ ——md
=(—sina'l.ITX+OOS(Z'1,ﬁ'y)ﬁj‘:(d,z_'_éa)n/%ld&

2)n/2+1 1 J.avz

are
n+2

(cosa'.ﬁ' +sina'u' ,)e'da'
o, * Y

+(—sina‘2.ﬁ'x+cosa'2.ﬁ'v)%J‘g(d'ﬁ 5,2)"/ s
'n

=i.[:(d'2+5'2)n/2+1 d5’{(SiH0"z ﬁ'x—cosa'z-ﬁ'y) _(Sin‘)f1 oy cosdy E'»")}

n/2+H ]

—8'(d'2+8'2) n+2((sina'2—sina'l).ﬁ 'X—(cosa'z—cosa'l).ﬁ'y)

Kl(d‘2+ 5’2)n/2+l d&'—€'(d'2+8'2)n/2+l}((sina'2—sina'1).ﬁ'x—(cosa'z—cosa'l).ﬁ'y)

n/27'
U y

= [T da [ 5 as seosar(a?+5?) i 4 [ da [ 5a5 Ssinar(d+57)
: 1
={IZ;2 cosa'da'u VX+-|‘:';2 sina' da'u 'y}'J‘(‘:V(J-)Z (d 2, 5'2)n/2 45

={(Sin0"2—Sina'1)-ﬁ'x—(cosa‘z—cosa'l),,;'y}'j(‘:'(g-)2(d.2+5,2)"’2d5,

Integration by parts shows that (2)+(3)=0, regardless of d’, € and n.

In the specific case of n=-3, we have for example :

(NG TR ) R ——— +1n[“”’2+82]

° ) z
J‘gl(d'2+5'2)_3/2*—1d&'—g‘(d'2+€'2)_3/2+1:|——IH[SV+W]+ e

\/ d*+¢
1 .
-3+2]70 | \/d'2+e'2
These two expressions would be singular (infinite) for d’ = 0, but as their sum is
identically zero for any d’ # 0, it must remain so when d’ = 0.

We can now write, for any n and 7 :
_ Rn+2 _
[ PRYdS = [ =—mdl
s 0S'n+2

n+2
If §'is a polygon, then : [[ P'R"ds'=Y [ %.dl = i S 2 2
i i

i
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In general :

Z££,=—’Zj (r){j { KGR, F) =V TP VG(R)}dS}

m i

We choose T,,;(F) = f,,;(F)=RWG and split the complete integral into :
- = _ —+ -
Ism‘[f"”'(r)'DT;,‘ i }'dS'ITJ,if’”*"(r)'{IT,:[ T }'ds
+ fmm[j . }

Let us consider the integral involving T;r;, T,; and V'G;(R) :
[ f,,,,(r)D V' ) VG(R)dS}

=(v'y 1 j fml(r)D VG, (R)dS}dS}

JTD - TriY Gi(R)dS } .dS}

. [jr (Vo (G R s )) - Gi(RIV, - T ) }-dS}

mii ni

i
2l
Bl
{ J[ [ GELPas [ GRY, fm,dS}dS}
o (fm,<r>mm,)[; G(M}

l 1. [ Jy GRS }.ds

Similarly :

I— fm,(r)[.[ Vs fui ) V! G(R)ds}

g T )[ f,. Giras }.ds

j UFG(R)V fm,ds}ds

n,i

=(Vls'ﬁ:,—i)

As RWG functions have no component normal to the four edges of 9S,,; the line

1ntegral on oT,,; and d7,,; reduce to integrals on the edge common to T, and
T,,;- The divergence conforming property of the RWG (see §2.2.5) then ensures
that [ .~ +[  =0.
ary,  Jary,

mx
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Finally :

Ism[ f’"J'(?)'DT;, }.dS =

_Vs ’ft:,ivvs' ]TVI+1J‘ - Y+

mii “ni

G;(R).dS'dS =V - f V', fnfijr, G;(R).dS"dS

+
s TH,i

Similarly :

ISM ﬁ”’i(F)'[IT;,- }.dS -

Vo IV bl [ GRASAS =V Fu iV Ff [ GRS ds

W m,i

The total integral can now be rewritten in contracted form :

Zrﬁ}g,i = _%J.S ,fm,i(F)'|:JIS { kizGi(R)]?n,i(F') _V's' fn,i(F') §'Gi(R)}.dS }‘ds
- ij-i J.S,,Z[J.S,,i{ kizfm,i(F)'fn,i(Fv) + Vs : fm,iV 'S' f"'i}Gi(R)'dS s

In this alternative and equivalent expression, the derivative of the free-space

Green’s function has been transferred to the test function 7, ;(¥) = f,, ;(F) = RWG .

A similar transformation is not possible with T, ;(F)=n

i i T)X i i (F) because

this function is not divergence conforming.
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This Appendix gives every detail of the analytical solution summarized and
analyzed in §5.5.1

;/(1,0,0) (O,I,M .

i :+%IJTW(7).(7—ﬁ')X[ffT._R—}?dS'JdS
:+% | jﬂ(?)(?—ﬁ')x[;f%}Q,f]dS
- +4%21;HT W(F).[(F - ;‘a')xﬁz;}Q;dS

' G4 —
with CVZi%‘*‘ 2 and Q}:h{M}

R (M) +I17(r)
Considering :
0 1 -1
iy =| +cosa iy =| —cosa my=| 0
—sina +sina 0

f=Cc(r-p)=(r-p) is the RWG defined on T from vertex p .
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w=f w=nxf
w.(r - ]_7')><n_1£ = —x.sina sina(x + v =)
77— ') iy = x‘“fg“ ‘j%“(x2+y2—y)
(7 =) iy = 0 0

After computation of the vector cross and dot products, (284) reduces to the sum
of only two integrals on edges d:7” and 927", the integral on 937" being identically
Z€ro :

/= ﬁSina{ﬂTP(x,y)-Qi(F)d _%'”TP()C,))).QQ(T)LZS} = ﬁ::rna{ll -1}

'y 4
with Po_7(x.y)=—x and P (6 y) = +yi-y

Integrals on 9:7”

(100 =~

X Y

RTF)+ITF) ={A-x)%+3y> +(1-x)

RT(M+IT () =yx*+y* —x
RY(F)+1T(r) is always strictly positive for any position of 7 inside T, except for
7 =(1,0,0). The integrand of I} is singular only at (1,0,0).

R'T(r)+1'[(r) is always strictly positive for any position of 7 inside T, except all
along the common edge /7" (y = 0 ). The integrand of I; is not singular though
in ¥ =(0,0,0) because P(0,0)=0 premultiplies Q,(7).

j;'[;_y P(x, y).ln[\/(l —02+y? 41— x)}dxdy

I = =If -1
1pl=x P P
_.[0 .[() P(x,y).In |:1lx +y - x} dydx

The integrands related to J:7” are depicted in Figure 175.
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(a): Ifff

(b): Iy
17 ]
o
051
A7
o]
21
051
N
=37
17
4
157
5
=27
6
bt —
1 05 o 1 08 ! o 1
(c): If’r nf (d): i

Figure 175 : Integrands related to 01T’




If w=f

Iiy =.[;.[0

11
:Z.[o

A=

-1

0 +(y2—2).1n[«/1+y2 —1}+(4—y)y\/5—3 1+ y?

—y3[£+£J+y2(2«/5+1)—2y—§y y2+1

1+121n(ﬁ+1)

l_yx.ln[\/(l— 0+ +(1- x)}dxdy

1-y
2x2.ln|:\/(l—x)2 +32 (=) + (x+301-0)7 + yz}
-(* —2).ln[ A-x2+y2 —(l—x)}

21— y)z.ln[y(\/z+l)}— (2 - 2).1n|:y(\/5—1)}

dy

dy

3.9

20T () 2000 ]
_@m[y(ﬁ—l)}+%ln[ﬂl+ y2 + y}

% =-0,01176435988237460...

Ii s :J‘;.[Ol_xx.ln[ﬂxz + y2 —x}dydx

:J.(i|:xy.ln|:\lx2 + y2 —x}—xy—x2 ln|:\lx2 + y2 + yﬂ dx
1 x(l—x).ln|:\/x2+(l—x)2 —x}—x(l—x)

:.[0

1
36

-1

1-x

0

dy

—*In |:\/x2 +(1-x)7 +(1- x)} +x7In[x]

8% +12x° ln|:\lx2 + (l—x)2 +1—x} +125° ln[x]— 21x% - 6x
—6x2(2x—3)ln|:\/x2 +(1-x)? —x}—lZln[I—x]

+33/2 sinh ™1 - 2x ]+ 6(x + Dy/x? + (1-x)* + 6ln|:\/x2 +0-x%+ x}

1-9y2In (V2 +1)

=-0,617168175625671...

36
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0
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If w=nxf :

Ifnxf = J(l)'[;_y (x2 + y2 _ y).ln[m+ a- X)}dxdy

L
18

L
18

) 2—3ﬁ+1n(ﬁ+1)

- 1-y
6)6()(2 + 3y2 —3y).ln|:\[(l—x)2 + y2 + (l—x):|
j; +3(3y2—6y+2).ln|: (1-x)%+y? —(l—x):| dy

+(2x2 +5x+14y%2 18y + 1D/ — x)% + ¥
L 0

61— )(4y? =Sy +DIn[ 32 +1)]

0

' +3(3y2 —6y+2).{ln|:y(\/§+l):|—ln|:y( 1+y2 —l)}} dy

V2y(16y2 =27y +18) — 1+ y*> (143> 18y +11)

(4ﬁ+§jy4-y3(9ﬁ+6)+y2(9ﬁ+9)_6y
—,/y2+1[_72y3 +6y2—%—3}—6y(y—1)31n[y(\/§+1)}

3y(y? —3y+2){ln[y(\/§—l)}—ln[ﬂl+ y2 —1}}+%sinh_l y

=-0,056719463...

24

- Lel=y [
I nx s :.[0.[0 (x2 + y2 . y).1n|: x4 y2 —x}dxdy

1
:éj‘o[ x2+y2(x2+7y2—9y)+3x(x2+3y2—3)’)~1n|:\/m_xﬂ

1

-2

. 2)/2—2y+l(8y2—lly+1)—7y3 +9y2

=— dy
9-0 +3(1—y)(4y2—5y+l).ln|:\/2y2—2y+1 —1+y}

—y4+%y2—3y—3(y—l)3ln|:\/2y2—2y+l—1+y}

9 . 5 5 07, 1 21
+ sinh | 1=2y |[+4/2y" =2y +1Q2y" ——y " ——y+—
o5 [1-2y]+42y7 =2y +1(2y >V T )
-2In(V2 +1)
e =-0.202903155...

Appendix G
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Integrals on 927"

(0, -Cosa, Sina) A

A/(I’O’O)

X

REG)+17% () =Jx? + 2 +2ycosa+1+(x+ yeosa +1)/y2

R'§(7)+l'§(7)=\/(l—x)2+y2 +(x+ycosa—1)/y2

R () +1%(7) is always strictly positive for any position of 7 inside T. The
integrand of I3 is regular everywhere.

R'5(r)+1%(r) is always strictly positive for any position of ¥ inside T, except for
7 =(1,0,0). The integrand of I;" is singular only at (1,0,0).

1pl-
.[() 0 yP(x,y).ln[\/xz+y2+2yc0sa+1 +(x+ ycosa+l)/«/§}dxdy

1
12 =
V2 —jolj;_xp(x, y).ln[\/(l—x)z +32 +(x+ ycosa—l)/ﬁ}dxdy
=L -0

The integrands related to d27” are depicted in Figure 176 (p.279).

We could not solve the symbolic integrals for any arbitrary value of . In the case
a=90° we could solve exactly I; ; and I, ., but no analytic solution could be
found for sz and I{nxf . Fortunately I;,f and I{nxf can be estimated very
accurately with polynomial quadratures, as the integrand is regular.
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(b): Iy

o]

257
-

N

1571
-

057
0= - 0

05 o 1 08

- .
057
ol
-0.57
N
157
27
-257

1 05 0

(OFE Ii nyf (regular)

(d) : I3

0
4 05

Figure 176 : Integrands related to 927"
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If w=f :

I, =J';j;_xx.1n[,/(1—x)2 +y? —(l—x)/\/z}dydx
y.ln[,/(l—x)2 +y? —(l—x)/«/i}—

- -x| . 4 y Sl W2
]t — |+t
V2 [an L/(l—x)2+y21 " Ll_x)

(l—x).ln[(l—x)/\/i}—(l—x)— -

1n[,/(1—x)2 +y2 + y:|

Appendix G

1-x
dx

ﬂ

0

x) 1n[(\/5 +1)(1—x)}

dx

:.[lx V2
0 —x - X — -
+(lﬁ)ln[l—x]+ (lﬁ)[tan 1[%}+tan l[ﬁ}]
[ Inf+/2+1
:'[;x(l—x) n[a-0/N2 ]+ [ 3_ [JE Jﬂdx
1 T In \/5+l
:'[Ox(l—x) .ln[l—x]+[m— —%—ln[ﬁ}] dx
L ' C ]
{—3(30 1)——2(1 6C)———(—2x+l) n(l x):|

_-li- 3V2In(2 +1)-3In2+327/2
36

0

=-0,199452599692466
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If w=axf :

. 1 -x
Doxp = ﬁﬁﬁ 4y - Y)-ln[\/ (-0 +y* (- x)/\/ﬂdydx

= 1 e f ) 13 (VD) = I3 ()

_ 1 plel-x
L (%) :ﬁ.[ojo xz.ln[\/(lfx)z +y? 7(17x)/\/5}dydx
y'ln|:\l(1*x)2 +y *(1*/\7)/\/5}*Y*%ln|:\l(lfx)2 +y2 + y}

A2 _
) \/Ejox +1—7x tan~! Y +tan”! y\/z *
2 \/(17X)2+y2 | (1-x)
1 7(1—x).1n[(1—x)/\/z}—(l—x)—(lg)ln[(ﬁ+l)(l—x)}
2

_ﬁjox L1-x a-of o[ 1] . .
7' \/5 ln[l—x]+ \/5 ktan {$_+tan [\E}J

1-x

dx

:\/15J'SXZ(I—x)|:.ln|:(1—x)/x/§:|+[2j/%—1_ln[\/—\/2§+1} :|a’x

In \/5+1
_(2 z [ ]
_.[Ox (1-x) .1n[1x]+[2\/51\/51n[\/§}] dx
L C 4|7
1
1| X3 2 x (3x4—4x3+1)
=——| —(1-40)-=—(1-12C) - ——-—- 2 T -
\/5{16( ) 36( ) 24 12 12 nd =0 X

1 -25-62In(+2 +1)-6In2+32x

2 144
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_ 1 ¢lpl—x
Iz,nxf(y2)=$.[0j0 yz.ln[s/(l—x)z +32 —(l—x)/\/i}dydx

12y3ln|:\/(1—x)2 +y? —(l—x)/x/z}—3\/5y(1—x)\/(1—x)2 +y?
:ﬁj’; +6\/5(1—x)31n[,/(1—x)2 +y2 +y:|—4y3 +6(1-x)2y dx

—3\/5(1—)6)3 tan”! — +tan”! ﬂ
Ja=-x2+y? (I-x)

Jya=7 1211~ x]+(4+6x/51n[\/5+1} —6ln2—3ﬁ§ﬂdx

C ]

1
3642

1 4 1
——ﬁm[(l—x) (C+121n(1—x)—3)}0
1 7+6\2In(2 +1)- 6232 7/2
2 144

B0 =5 ol vin] =737 a0/ s

1-x
1 o1 -2 —(1+In2)(1-x)2 =21 - 0)A-x)% + 2
_ﬁj"z (1= x)? +2y2)ln|:\/(1—x)2 +y2 —(l—x)/ﬁ}
0

dx

:%I; (1—:)2 zln[l—x]+l(—3+\/5—ln|:x/5—1}—ln2)}d)€
C ]
11 3 1
- —$£[(1 —)3BC+6In(1—x) - 2)}0
1 444122 -12In(+2 - 1)~ 1212
2 144
Finally :

_ _ 2 _ 2 _
Iy g = 1o s (X)) + 1o e (V7) = 1o e ()
1

) (A+In(2 =) =2 +~/2 7/8) =—-0,04361828]1...
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This Appendix gives every detail of the analytical solution summarized and
analyzed in §5.5.3

IlJtan:

T ¢S(1-y/T

I -[( ? )(x2+y2—yT)ln S —x++(S—x)?+y? |dxdy =

070

rp |87 +5x8 +207 +14y% —18YTI(S =) + 37 +

018 (6x3+18xy2—9yZS—18xyT+18yST—6T3)ln[S—x+\/(S—x)2+y2}

S(1=y/T)
dy =

0
368274 +36y°T* - 728T*S? + y> —32y°T3 —48y8°T>
£24y73(25% + y? —3yT)ln|:S 487+ y2:|

873 | +12yST3/s2 + 42 +365°T3 ln|:y 1482 +y2:|+9y4T2 +36y252T2 —16)°52T + 3y*s2
—12y%((y? = 4yT +6T)s? +3y(y—2T)T2)1n[y(S/T+J(S/T)2 +1ﬂ

1l -
4 2 2

—155 ln|:y+\/52 + y2}+9y252,/(5/T)2 14 y4% (SITY +1

T

2 2
33 87F210) +T2T) (S/T)2+1—(%y3—6y2T+%ySz—GSZT)JSZ+y2

3
%[12(52 —Tz)ln[S ++s2 +T2}+6S7ln[T/S +Trs)? +1}—1ss\/52 +T2 ~§2 41372

Doxs =

S (T(1-x/5) \/7 S(S—x)
.[0 .[0 (x2+y2—yT)h{ (S-x)7+y° —\/SZ_F—ZZ}dde

N T(1-x/8) S(S—x
:IU x2j0 In| /(S =) + y? —% dydx
L S +Z° |

1=x/ -
+I()SI()T( * S)yzln \{(S—x)2+y2 —*S(f x)2 dydx
NS“+Z° |
S ¢T(1-x/S -
_J.O J.o( ' )yTln VS -2 +y° _S6-9 dydx

s2+272 |
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T(1-x/S)
WSz | Jis -4 y? - 2820 |y
N A

2 [¢2 2
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