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Abstract— Finding the capacity region of MIMO BC has been separately instead of a constraint on the total power used
a challenging task during the past few years. The same set of by all modems together. The capacity region of the MIMO
rates can be achieved by duality between the MIMO MAC and g nder per-antenna total power constraints (in the wégele

the MIMO BC under the same total power constraint and zero
SNR gap [1], [2]. However, more practical scenarios for DSL context) has been shown to be the dual of the MIMO MAC

consider per-modem total power constraints as well as a non- BY incorporating an uncertain noise matrix [3]. This leads
zero SNR gap. In this paper, we extend the work done in [3], [4] to a minmax optimization of the uncertain noise matrix and

[5] and we derive a unified framework for the MIMO BC that  the weighted rate sum over transmit covariance matrices. A
can cope with per-modem total power constraints and non-z& |as5 complex algorithm driven only by the maximization of

SNR gap. By properly incorporating the SNR gap in the duality . . . .
formulas [1] (derived initially for zero SNR gap and total power the transmit covariance matrices called BC-optimal spéctr

constraint) and by extending the work of [4] to non-zero SNR gp,  balancing (BC-OSB) has been proposed for optimal power
the high SNR assumption of [5] can be relaxed and per-modem allocation under per-modem total power constraints in the

total power constraints can be met. Simulation results are igen  xDSL context where the SNR gap is assumed to be zero [4].
for VDSL2 channels, as well as for a bonded VDSL2 scenario Considering a non-zero SNR gap, the BC-OSB becomes sub-
exploiting Phantom Mode (PM) transmission with external ndse ootimal since for each tone the de:codin orders give diffiere
coming from VDSL2 disturbing lines. p . g - g g .
rate sums. However, it has been shown that it is still possibl
to obtain the same set of rates by the duality between the
. INTRODUCTION MIMO MAC and the MIMO BC under the same total power
eqonstraint in the context of a practical implementationhwit

The ‘multiple “input multiple output broadcast chann zero forcing-Tomlinson Harashima precoder (ZF-THP), but

(MIMO BC) has attracted a lot of attention during the pas%. . .
few years due to the lack of a simple characterization gflth a _h|gh SNR assumption [5]. .

. . . . . : In this paper, we extend the work done in [3], [4], [5] and
its capacity region. However, owing to the duality with the

MIMO multiple access channel (MAC), the capacity regior\4ve derive a unified framework that can cope with per-modem

of the MIMO BC can be analysed based on its dual MIM otal power constraints and a non-zero SNR gap. We generaliz

. ) e work done in [4] by incorporating the non-zero SNR gap
MAC, under the same total power constraint [1]. The Opt'mﬁg in the duality formulas [1] derived initially for zero SN
r

transmission structure that achieves the MIMO BC capac p and total power constraint. The high SNR assumption [5]

region 1 based on minimum mean square error dirty pa %an be relaxed and the per-modem total power constraints can
coding (MMSE DPC) and basically consists of a matcheDe met. By the combination of a MIMO MAC algorithm in

filter and a Decision Feedback Equalizer (DFE) whose filtefg] [ .
- , [9] and the duality between the MIMO MAC and the
are similar to those of the MIMO MAC MMSE-DFE [6], [7]. MIMO BC with modified formulas for the case of non-zero

Therefore, it is possible to achieve the same set of ratesERlR gap, we can compute the transmit covariance matrices
both the MIMO MAC and the MIMO BC under the same tota o&qthe MIMO BC under per-modem total power constraints

power constraint and with the same feedforward and feedbaac ieving the same set of rates as the MIMO MAC.

. C
filters. In section II, we first devise the MIMO MAC and MIMO

Dgﬁwever,_énore pract(;cal stcetznlarlos ford|g|'t[al_51tjbscrlhgl BC duality transformation formulas under a non-zero SNR
( ) consider per-modem total power constraints as well a ap. Then, in section Ill, we recall the power allocation

non-zero so-called SNR gap [2]. Indeed, it is more relevant §, i for the MIMO BC under per-modem total power
consider a constraint on the total power used by each modg straints [4] with the incorporation of the non-zero SNR
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the PHysical layer to Improve Applications’. The scientifiesponsibility is n this section, we extend the concept of duality between

assumed by its authors. the MIMO MAC and the MIMO BC with zero SNR gap



initially presented in [1] to the more general duality beéne last [8]. Without loss of generality, we will assume; <

the MIMO MAC and the MIMO BC with non-zero SNR gap--- < wg. The MAC-BC duality dictates a reversal of the
[2]. We consider a DSL downlink scenario where the Centrdecoding/encoding order, hence in the BC the user with the
Office/Remote Terminal (CO/RT) is equipped withmodems largest weight has to be encoded first. The weighted rate
serving K users (for instancd” > K in a DSL scenario sum function for the MIMO BC with a given encoding order
exploiting PM transmission), each usér having a single K, K —1,...,1 (i.e. userK is encoded first) and with non-
receiver, and using Discrete Multi-Tone (DMT) modulatiozero SNR gap is then given by:

with a cyclic prefix longer than the maximum delay spread of

the channels. The transmission on téroan then be modelled

“Yon 3, [0 L] @
h;; o I'p the MIIVIO BC SNR gap required to achieve a target
= X j = : - probability of error for a given modulation and coding
Yi = H'sz + n; Whel’e HZ = : 1= 1 e NC Scheme .
h;
3 (1) o Elaiali] = Qir, Elxix['] = Y Qi the sum of K
k=1
« N, is the number of subcarriers transmit covariance matrices for the different users over

K , , , tonei
e X; = ., q; is theT x 1 transmitted vector on tone k=

j=1 e =1+ Z hszzg ik
e q;; is theT x 1 vector of data from thg'" user

« y; the received signal vector of lengf x 1 We can rewrlte the weighted rate sum for the MIMO BC

« H; the K x T MIMO channel matrix as:
e h;; thel x T MIMO channel matrix for thek™ user
« n; the vector containing Additive White Gaussian Noise BC _ K /2
(AWGN) R = k)z:::[ Wi zg:l |092 1+ \/— szzk
The dual MIMO MAC can be written as: b 12 1 ®)
hi z_ T
=Hu; +w; where H = hff ... hil | PRk VT

(.2) with (.)~1/2 the inverse square root. We can also rewrite the

R T .
whereu; = [us1 .. t'hulK] and uiy » the scalar transmitted weighted rate sum for the MIMO MAC using d&t- AB) =
on tonei by the k" user. Here(.)" denotes the hermman detI + BA):

transpose operation ar(d)T the transpose operation. In this
paper, we assume [&;w] = E[n;nf] = I, which can MAC 1/2 1/2
always be obtained after a whitening step. We consider thg - kgl Wk ;:1 log, dEt(I+ \fr T hi; B,
maximization of the weighted rate sum for queue stability

: : ; 1/2 1/2 —1/2 —1/2
and f_aur scheduling between users [9]..The we|gh§ed rate sum VIBa,;. dira;."T' WB hiq )
function for the MIMO MAC with a given decoding order
1,...,K—1,K (i.e. userK is decoded last) and with non-zero 6)

i BC MAC i :
SNR gap (assummg the same SNR gap for all the differentBY comparingz®“ and R , this leads to the following
users) is given by: flipping formulas:

Qir = t2aidu By, )
RMAC _ Zwk ZIOg? [det<1+ mlhzmzkhm)] These flipping formulas are much simpler than [1] owing
= to the DSL context. Therefore the equivalence between the
(3) MIMO MAC and the MIMO BC weighted rate sums as well

o I'pr the MIMO MAC SNR gap required to achieve aas the equivalence between the total power constraint in the
target probability of error for a given modulation andMIMO MAC and the MIMO BC still holds under a non-zero

coding scheme SNR gap ifl"y; = I'g. This duality result will be used in the
o Elujruj,] = ¢ur is the transmit power for usérand tone following section to convert transmit covariance matriges
) K the MIMO MAC to their dual transmit covariance matrices in
e Bi=I+ 3 hio;h, the MIMO Bd.
Jj=k+1

1 Note that from an implementation point of view, once the cavae
The wy’s are the weights assigned to the different USEl®atrices(Q,; ) *=L & are determined, the transmitted data symbglsan

In the MAC with non-zero SNR gap, finding the optimabe constructed as fcj)\lflcows 1) THé x 1 vector of the M-QAM data symbols
decoding order is a computationally extensive task since o 'S Precoded using thé' x T Lij, matrix, i.€.qix = Lixsx, such that
each tone the decoding orders give different rate-sums. }3\ i) = Que = LaLj with Ly the ChOIGSky function (ote that
possible approximation is to choose a decoding order defin@¢ s @ positive semi-definite matrix). 2) Theq = Z qik Will be sent

by the weights, i.e. the user with the largest weight is dedodon theT lines (thet™ element ofx; will be sent on thatlh line).



I1l. TRANSMIT COVARIANCE MATRICES FORBROADCAST  objective function in the BC becomes:
CHANNELS UNDER PERMODEM TOTAL POWER
CONSTRAINTS AND WITH NON-ZERO SNR GAP ; K
EBC(Aa (Qlik)fzzll.'_'_'z{) = > ( [
In this section, we recall the power allocation algorithm i=1\k
for th_e MIMQ BC und.er per-modem total power constraints 14 h%k%/j{h’i ] _ f: Trace{Q’ik)> (13)
[4]_ with the |ncorp9rat_|on of the non-zero SNR gap [2]. The (b (Y Q)b )
primal problem of finding transmit vector covariance magsic g=1
in the MIMO BC under a per-modem total power constraint +Trace(diag(P’§°t, . -,P/?t))
P}t for each modem is:

k=1

where Q';, = A'/2Qq,AY? and diagP'\”,..., P'}%') =
A'2diag P, ..., Pt)AY/2. For a given set of Lagrange

max RPC multipliers, the precoder matriA'/2 then effectively trans-

(Qir)i=! 4,

% N, forms the per-modem total power constraints into a totalgrow
subject toy_ > [Qixli < P{' Vit ®) Trace diag P}, . .., P’é?t)g, by hiding the Lagrange multi-
k=11i=1

Qi >0,i=1...Nk=1...K pliers into the rescaled channdE;; and the new covariance

N matricesQ’,,. As the power allocation in the MIMO MAC

where [Qi]i; is the " diagonal element of the transmitis tractable [8], [9], one can calculate the transmit powers
vector colvariance matrix for user over tonei. and RBC in the MIMO MAC and then transform these into transmit

is the weighted rate sum function for the MIMO BC giveﬁovarlanc%matzlcizhs for the Il\/l(Ile\;)ll\ig gge duaIbMIMQttMAC,.
by equation (4). The Lagrangian decouples into a selNpf corresponding to he rescale » can be written as.
smaller problem, thus reducing the complexity of equati®n ( vi = ATVPHIY, 4w, (14)

The BC dual objective function is: The dual objective function in the MIMO MAC then be-

comes:
FPO(A) = max PO Q) (@ FMCA) = omax LMACAL(@N)I50N) (1)
(Qin)Ezl K, e (®7ik)iZ10N,
with
with A = diag\y, ..., A7) the Lagrange multipliers associ- N. K
ated with the MIMO BC per-modem total power constraints  LMAY(A, (®/3)i5! &) = 3 <kzlwklogz[
and ‘= =

K
— 1H 4t /.
LA Qu)iEw) = X | 2 wilog, Pt 2, adis)
=1 =1

K
T (I+H;k( ‘21 Qi;)H]) k=1
+Trace(Adiag(P{°, ..., Pt))

1
tH 1 ’ . K ,
N, < X |: det(I + bk ®ixh’ix ):| — p 1¢ik)> (16)

+Trace(diag(P’§°t, o ,P’gf’t))

The Lagrangian is maximized over the powers in the MIMO
MAC by the MAC-iterative spectrum balancing (ISB) algo-
rithm of [8]. When the SNR gap is zero, this algorithm is
optimal owing to the convexity of the MIMO MAC problem
[9]. However, when the SNR gap is non-zero, this algorithm
becomes sub-optimal since for each tone the decoding orders
minimize FBC(A) give different rate sums. By settinfg = I'); and for a
subjectto A >0 (11) given A, we can thus compute the power allocation in the
MIMO MAC and use the duality formulas given in section

The duality between the MIMO MAC and the MIMO gc !l to obtain 'Fhe transmit covariance matrices in the MIMO
says that it is possible to achieve the same rates in bétfy that achieve the same rates as in the MIMO MAC and
domains under the same total power constraint. We will u48der same total power constraint. The Lagrange multiplier
this argument to find the MIMO BC covariance matrices und@f€ then adjusted so that the per-modem total power comtsirai
per-modem total power constraints. The crucial step is then@'® Nnot violated in the MIMO BC. We define; as the
rescale the channel matrix by the inverse square root of ﬁﬁ%erance between the actual per-modem total power camstra

The dual optimization problem is:

S ) : p K
Lagrange multiplier matrix as in [4] : STIATY2(Y QL) A~Y/?],, and the target per-modem total
i=1 k=1
H/ power constraintP{° for the " modem. The algorithm for
adjusting the Lagrangian multipliek is given in the Annex
yi=HA2x; +n; (12) as Algorithm 1 and leads to the transmit vector covariance

matrices in the MIMO BC under per-modem total power
where x’; = A!/?x;. For this rescaled channel, the duatonstraints.



Rates (Mbps) | SVD TPC | SVD PMTPC DP MIMO BC

100 : : Total 2x3 Total | 324.57 306.54 285.89 | 29542
—BC-0SB TPC TABLE |
oo BC_OSB PMTPC COMPARISON BETWEEN DIFFERENT SCHEMES
80r —--DP PMTPC
? 60 \\ : . y
o ' mode (DM) lines of 400 meters also exploiting phantom
% : mode (PM) transmission [12] and a maximum transmit power
o 40; 1 Pi°=14.5 dBm per line. We set the number of transmitters
' T = 3, the number of userégd = 2. In this case, 2 DM
20! | lines and 1 PM line are used for downlink with external noise
' coming from 2 VDSL2 DM lines of similar length whose
: PSD’s are set at -60 dBm/Hz. We keep the FDD band plan of
0 : — ‘ VDSL2 with similar per-modem total power constraints and
0 50 100 150 200

R1 (Mbps) we further transmit in the full 12-30 MHz bandwidth.
Table 1 shows a comparison between the MIMO BC algo-
rithm under PMTPC with equal weight; = ws = 0.5 and
Fig. 1. Rate region of the MIMO BC algorithm in a VDSL2 system existing algorithms [11], [13]. The algorithms using siteyu
value decomposition (SVD) under a TPC and PMTPC provide
the optimal rate sum since we have coordination between the

The MIMO BC algorithm under a total power constrainf Modems at the transmit side and the modems at the
and non-zero SNR gap is a particular case of the MIMO B€ceive side [13]. There is a rate loss between SVD-based
algorithm under per-modem total power constraints and nofee€mes (coordination at both sides) and the other schemes
zero SNR gap. In this cask = AL The same derivation as in(c00rdination at the transmit side only) owing to the examn
the previous section can be given. The different formulas afcolored) noise that cannot be mitigated at the receive. side

the algorithm description can be easily modified accorginglThe MIMO BC algorithm under PMTPC and non-zero SNR
gap shows a increased rate compared to the DP combined

IV. RESULTS with power optimization under PMTPC and non-zero SNR

ap. In fact, the DP cannot meet the per-modem total power
onstraint corresponding to the PM transmission due to its
8ar structure (matrix inversion of a non-square matrix)

The first set of simulation results are obtained for VDSL%
measured channels with 2 lines of 400 meters and 800 metg
respectively. Spectral masks for VDSL?2 fiber to the exchange
(FTTex) are used [10], with SNR gdp=12.33 dB, an AWGN
of -140 dBm/Hz and maximum transmit powg?°'=14.5 V. CONCLUSION
dBm per line. The frequency range is from 0 to 12 MHz
with 4.3125 kHz spacing between subcarriers and 4 kH

symbol rate. The FDD band plan of VDSL2 corresponds to tll\/_IOt BCdthat can Cospl\?RW'th pgr.—mcl)dt(_am total ltpower con-
frequency bands in the downlink scenario which are 138kH raints and non-zero gap. simulfation resufts werengive

3 75MHz and 5.2MHz-8.5MHz or VDSL2 channels as well as for a bonded VDSL2 scenario
Fi 1 sh the rat btained by the MIMO BC al c?_X|_0I0|t|ng _Phantom Mode (I?M) tr_ansrnlssmn with external
iguire - SHoWs e fates oviained by ‘e . Qise coming from VDSL2 disturbing lines. The MIMO BC

rithm under non-zero SNR gap and a total power constraﬁ thm did not sh anificant i t d
(TPC) Pt°t=29 dBm or per-modem total power constraintd 901thm did not show any significant improvement compare

(PMTPC) Ptet=14.5 dBm for the 2 possible detection orderd® existing algorithms like DP in the VDSL2 scenario with
J ' 1 1 I
The difference between the possible detection orders ii-ne WtG_N f'wmg to thr? d|£ahgoq/aésd|_02m|r;1ance |Of t?? ghannel
gible owing to the diagonal dominance of the channel matri atrix. Flowever, when the channel matrix:1S non-
For PMTPC, we observe that the rates are independents(gfJare (le. the number of transml_tters 'S larger thf';\n the
the weights given to the different users. This is due to t mtier of udse;s as f-or.an (etﬁtraMﬂ\l;fce)rgrglall mg;:]e I|nhe or
lower degree of freedom used in the optimization proce%egn om ml? ?h ransgussmn), € algorithm shows
compared to a total power constraint case. The MIMO B er resufts than DF.
algorithm under PMTPC and non-zero SNR gap is compared
with the diagonalizing precoder (DP) combined with power REEERENCES
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ANNEX

Algorithm 1 MIMO BC algorithm under PMTPC and non-
zero SNR gap

1fort=1...T
2 init A =1
3 init step; = 2
4 init b, =0
5 init (Qlik);?::f.'fjvfi =0
6 end for

N, K
7while 3t s.t. | SS[ATY2(Y Q) AY?)y — POY > €

=1 k=1
8 Iterative searcfgqﬂ_)_rr}ai(V LMAC (A (®';)i=1..N,)
9 MAC-BC Duality
10 forkzltoKW:kli..Nc
11 ajy, =1+hu(Y Q)h'j,

KJ_1
12 By=I+ > W[¢,h
j=k+1
13 Q' = aj, ¢, B
14 end for
N, K

15 if Y [ATY2(Y Q')A — Pt <0
16 Th— b 41
17 /\t = /\t/stept
18 step; = step; — 1/20
19 end if
20 At = A\ x stepy

21 end while
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