When does vectored Multiple Access Channels
(MAC) optimal power allocation converge to an
FDMA solution?
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Abstract— Vectored Multiple Access Channels (MAC) have with non-zero SNR gap is given by an Frequency Division
attracted a lot of interest during the past few years. The Multiple Access (FDMA) type solution [4].
optimal structure of vectored MAC in the uplink is based on the In this paper, we investigate the problem of optimal power
Successive Interference Canceller-Minimum Mean Square Eor . - . .
(SIC-MMSE). For equal weights and zero Signal to Noise Ratio allocation for multi-carrier vectore_d MAC vv_|th non-zero 8N
(SNR) gap, the optimal transmit covariance matrices are fond by ~gap. Therefore we extend the single-carrier flat scalar MAC
iterative waterfilling. However, practical scenarios incude non- with non-zero SNR gap to the multi-carrier vectored MAC
zero SNR gap required to achieve the target probability of eror  \yith non-zero SNR gap. In the vectored MAC case, it is shown

at the desired data rate. With non-zero SNR gap, it is possikel ; ; ;
to achieve a weighted rate sum higher than iterative waterfling that the crosstalk plays an important role in the optimal ow

by means of MAC-Optimal Spectrum Balancing (MAC-OSB). allocation. The o_ptimal power aIIoca_tion can tend towards a
Moreover, it has been shown in the literature that the optima FDMA type solution or a shared solution of each tone between
power allocation for single-carrier flat scalar MAC with non- users, depending on the level of crosstalk scenario, the, SNR
zero SNR gap is given by a Frequency Division Multiple Access the SNR gap and the power constraints. Using the Lagrange
(FDMA) type solution. In this paper, we investigate the proiem o, injiers in the vectored MAC objective function, we syud

of optimal power allocation for multi-carrier vectored MAC . : .

with non-zero SNR gap. Simulation results are given for vDsp  the convergence of the multi-carrier vectored MAC with non-
channels and wireless channels. We confirm by simulations & Zero SNR gap toward these two solutions depending on these
FDMA is indeed the optimal power allocation in multi-carrier  different parameters.

scalar MAC systems. When extending to multi-carrier vectoed In section II, we first recall the comparison between the

MAC systems, the optimal power allocation will tend towardsa . . .
sharedyspectrhm soll?Jtion c?r a FDMA type solution depending weighted rate sums for sm_gle-carrler systems FDMA, sc_alar
on the level of crosstalk, the SNR, the SNR gap and the power MAC and vectored MAC with non-zero SNR gap. In section
constraints. lll, we extend the different weighted rate sums from the
single-carrier case to the multi-carrier case. In fact,ghmal
vectored MAC capacity optimization problem subject to per-
modem total power constraints and non-zero SNR gap is
Vectored Multiple Access Channels (MAC) have attractedtansformed into a collection of per-tone unconstrained- ve
lot of interest during the past few years [1], [2]. The optimaored MAC capacity optimization problems using Lagrangian
receiver structure of vectored MAC in the uplink is basefarameters. We derive optimal receiver structures in coaabi
on the the Successive Interference Canceller-Minimum Megn with optimal transmit covariance matrices which aghie
Square Error (SIC-MMSE) [1]. For equal weights and zergectored MAC channel capacity. Simulation results are mive
Signal to Noise Ratio (SNR) gap, the optimal transmit covafior VDSL2 channels and wireless channels. We confirm by
ance matrices are found by iterative waterfilling [2]. Ho@gv simulations that FDMA is indeed the optimal power allocatio
practical scenarios include non-zero SNR gap required jipmulti-carrier scalar MAC systems. When extending to fault
achieve the target probability of error at the desired date.r carrier MIMO MAC systems, the optimal power allocation
With non-zero SNR gap, it is possible to achieve a weightgg|l tend towards a shared spectrum solution or a FDMA type
rate sum higher than iterative waterfilling by means of MACsplution depending on the level of crosstalk, the SNR, th& SN
Optimal Spectrum Balancing (MAC-OSB) [3]. In a recengjap and the power constraints.
paper, it has been shown that the optimal power allocatione consider a vectored MAC with T receivers and K users,
for single-carrier flat scalar Multiple Access Channels ®)A each user k having a single transmitter in an uplink scenario
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This research work was carried out in the frame of the FWOegtdPesign
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the Physical layer to Improve Applications’. The scientifesponsibility is (1)
assumed by its authors. where N, is the number of subcarriers;; is the received
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vector of lengthT, u; = [u;1...u;x|" is the transmitted different detection orders. The rate regions for FDMA and
vector with ¢;. = E[uikuf};] the transmitted power for userscalar MAC with non-zero SNR gag'(= 6dB) are shown
k and tonei, H; the K x T Mutiple nput Multiple Output on the right part of Figure 1. For the scalar MAC, inserting a
(MIMO) channel matrix andwv; the vector containing Additive non-zero SNR gap does not lead to a constant rate-sum (the
White Gaussian Noise (AWGN). In this paper, we assuntime connecting the two points has an angle different from 45
E[w;w!] = En;nff] = I, which can always be obtaineddegrees). Moreover, one can see that points outside the rate
after a whitening step. region of the scalar MAC can be reached by a FDMA strategy.
Now we try to give to the scalar MAC the required addi-
1. COMPARISON BETWEEN WEIGHTED RATE SUMS OF tional ﬂ8X|b|||ty such that it can Compute the FDMA pOintS.
VECTOREDFEDMA AND VECTORED MAC IN For instance, in the 2 users case, in gheandwidth (or time if
SINGLE-CARRIER SYSTEMS WITH ELAT CHANNELS TDMA is considered) the power loadings for the corner point

In this part, we consider the weighted rate sum for singﬁe are given by(¢14, #24) and n the(l — a.) bandwidth the
. . ~power loadings for the corner point B are given(ay s, ¢25).

carrier-systems with flat channels and flat power allocatio his mixed weidhted rate sum is given by:
The w's are the weights assigned to the different users. 9 9 y:
Assumingw;, < --- < wg, we consider the weighted rate mized ( 1 9
sum function of scalar MAC for a given decoding order 1,-..,K R = awiloga(1 t ar@ralha )+
1,K (i.e. user K is decoded last) with non-zero SNR gap. We waloga(1 + %%))4—
set the number of usel® = 2 and the number of receivers (1- )( loga(1 + L dor|ha|?)+
T = 1. Therefore the 21 channel matrix is represented by @)\ W2tog2 (I-e)r 25172
H = [h1ho]7. For_single carr_ier—systems with f!at channels and wrloga(1 + (17104)F 1+(1‘§1§‘§§L\h2|2 ))
flat power allocation, the weighted rate sums in the 2-usse ca

for the scalar MAC (shared solution with SIC-MMSE) are:  The left part of Figure 2 shows the rate region of the updated
scalar MAC with non-zero SNR gad'(= 12dB) where

(4)

R%AC =wylogs (1 + %¢1|h1|2)+ the power loadings correspond to their respective bandwidt
1 dalhal? $1a = agr, 15 = (1 — @)1, d2a = a¢, and gop =
walogs (1 + f1+¢>1|h1\2) @) (1 — a)¢2. One can see that the scalar MAC corner points
RgAC = wylogs (1+ %¢2|h2|2)+ A and B are found by settinge =0 or « =1. The right
1 éulhal? part of Figure 2 shows the rate region of the updated scalar
wilogs (1 tr 1+¢>2|h2\2) MAC with non-zero SNR gapI{ = 12dB) where the power

The rate region for FDMA (or TDMA) is characterized b))oadings correspond @14 = (o1, o1 = (1 — [)¢n),
. paa = (1 — B)da, pap = B¢2). One can see that the FDMA

points are found by setting =0 or 5 =1 corresponding to
RFDMA — o100, (1 + $¢1|h1|2)+ Praxd1p =0, Ppoaxpap =0, p1a% P24 =0, p1p*p2p = 0.
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Fig. 1. Rate regions of scalar MAC and FDMA with zero and nerszSNR Now we extend these results to the vectored MAC and
gaps vectored FDMA. The weighted rate sum of the vectored MAC

is:
The rate regions for FDMA and scalar MAC with zero SNR

gap are shown on the left part of Figu_re 1. The corner points RYAC — wylogy | det (T+ £hf ¢ hy) } +

A and B of the scalar MAC rate region correspond to the 1 b dohs

different detection orders. The rate-sum for the two poisits walogs [det (I + fuﬁfmhl) } )
the same (angle of connecting line between A and B is 45 RMAC — uplog, | det (T + %h£{¢2h2)}+

degrees). An in-between point on the line connecting A and L hf g,
B can be reached by time-sharing between two SIC's with wilogs [det (“’ f1+ﬁg¢2h2”



The rate region for the vectored FDMA is characterized k

RFDPMA — 10g, [det (I + a—lrhflgblhl) } +

6

(1 — a)logs [det (I + ﬁhf@hrz) } ©)

The optimality of vectored FDMA or vectored MAC de-
pends on the SNR gap, the SNR and the level of crossts
In the Figure 3 we set the number of usdfs= 2 and the
number of receiverg’ = 2. Therefore the & 2 channel matrix
is represented b = [h;hy]”, with hy = [hy1h12] andhy =
[ha1has]. We can observe on this figure that while FDMA
achieve higher rates compared to vectored MAC with stroi
crosstalk (crosstalk channels having the same power gpec NR (@B 0%
density as direct channeld 2> = |h11|> and |ho|? = SNR (dB) r (dB)
|ha2|?), with weaker crosstalk channels vectored MAC offers
a higher weighted rate sunfifz|> = |ho1|? = 0). Therefore Fig. 4. I'>0dB
there exists a point of crosstalk level where the vectoreddMA
becomes the optimal solution compared to vectored FDMA. It
is possible to calculate the level of crosstalk between tite o
mal power allocation by vectored FDMA and vectored MAQveighted rate sum is given by:
by solving numerically the equivalend@™4¢ = RFDPMA,
The boundary between vectored MAC and vectored FDMA
according to the crosstalk level= |hi2|/|h11| = |h21|/|h22 mized _ ( 1 H }
is shown on Figure 4, where we|varl//|the |SN1? gla/p|> an|d the R a\wilogz def, (I+ ar b ¢1Ah1) +
SNR. The main conclusion of this figure is that the level of  w2log2 [det (I+ a—}%) })4—
crosstalk _should be qu_ite high in order _to haye an OFDMA (1-a) (w21092 det I;_a 1 h§1¢23h2) }4_ (7)
type solution as the optimal power allocation (with SNR=B0d (=)l

= = 1 h#¢i1ph,
andT'=20 dB the level of crosstalk = 0.5) wilogs {det (I + it I+h§1(11a)¢23h2) D

1r pr— p— We can conclude the same conclustions for the updated
— MIMO MAC |h12| '|h11| '|h21| 'lhzzl vectored MAC with non-zero SNR gap as for the updated
MIMO MAC |h12|2:|h21|2:0 scalar MAC with non-zero SNR gap. Indeed, the vectored
MAC corner points A and B are found by setting=0 or
- - = MIMO FDMA a =1. In case of zero crosstalk channéls,{|? = |ha1]? = 0)
the updated vectored MAC will provide a single optimal point
0.6t (green curve on Figure 4). However, as the SNR gap is non-
zero, the corner points A and B do not lead to the same rate
sum. The FDMA points can be found by setting=0 or
3 =1 to the power loadings4 = B¢1, d15 = (1 — B)¢1,
24 = (1—B)¢2, dap = Bo2 whenever the crosstalk is large.
This leads to non-overlapping spectra of the different siser

P1axd1B =0, paaxPpap =0, praxpaa =0, d1p*dap = 0.
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As for the scalar MAC, we can add to the vectored MAC In this part we investigate the problem of optimal power
the required additional flexibility such that it can comptite allocation for multi-carrier vectored MAC with non-zero BN
FDMA points. As previously for the 2 users case, in the gap. We add to the vectored MAC-OSB [3] the required
bandwidth the power loadings for the corner point A are giveadditional flexibility such that it can compute the FDMA
by (¢14, #24) and in the(1—«) bandwidth the power loadings points and compute the best corner point for each tone. The
for the corner point B are given b5, ¢25). The mixed primal problem of finding optimal power allocations in the



MAC under a per-modem total power constraiff’* is: power loadings can be done [3]. The search for the optimal
A involves evaluations of the dual objective function, i.e.

N, L . . . .
max S Rmized maximizations of the Lagrangian, which is decoupled over th
P tones for a givem\.. The optimization problem of MAC-OSB
subject to% i < PLot Vk (8) s solved by an exhaustive search on a per-tone basis.
i=1 For the scalar MAC-OSB algorithm, we set the number of
¢ik = 0,i=1...Ne,k=1... K usersK = 2 with the number of transmitters for user 1 and 2

dMl =1 and M, = 1 respectively and the number of receivers
T = 1. Therefore the 21 channel matrix is represented by
II_Ii = [hi1hio]T. The Lagrangian becomes:

with @, = E[uikuin] the covariance matrix of transmitte
symbols for uselk over tonei. Assumingw; < --- < wg,

the weighted rate sum function considering MIMO MAC fo
a given decoding order 1,...,K-1,K (i.e. user K is decodst) la

with non-zero SNR gap is given by: N,
BP9 g LA, (#i1, Piz)i=1..n.) = D | wiloge (1 + I@%};}IIZP))
1 =1

K N

< 1__ Ty

CMAC = Zwk Z logs {det <I + fBiklﬂgfI’ikHikﬂ +waloga (1 + M) — A1¢i1 — )\2¢i2>
k=1 =1

(9) 4 Plot 4 Ay Plot
with T' the SNR multiplier required to achieve the target (13)
probability of error at the desired data rate in the MIMO
N

MAC, andB;, =TI+ Y HI®;;H;;. The above formula IV. SIMULATION RESULTS
j:k+1 b . . . _
corresponds to the ‘operation of SIC-MMSE which is an Simulations results are obtained on VDSL2 measured chan

optimal receiver for given transmit powers. The idea of duQIEIdS With_z lines of 40(.) meterséof\flﬁvgl(;l\é of -140|_dBm/Hz
decomposition is to solve the primal problem by its Lagrangi an dm_?r:(m}um transmit povyel?j ~ 0' 30n|\1/|Hper _|r;1e4a:;i25
(dual problem) and leads to the MAC-OSB solution algorith}{S€¢- 'N€ Irequency range 1s from to z with 4.

[3]. The Lagrangian decouples into a set/¥f smaller prob- ;’Z spacirt;g zetvlveenfsubcsar;iers and 4dkHZ gy][nbol rate.
lem, thus reducing the complexity of equation of the primal € FD_D and plan o VD .L corresponas to 3 frequency
problem. By definingA — diag(A,...,Ax) and Ay a ands in the uplink scenario which are 25-138kHz, 3.75-

diagonal matrix of Lagrange multipliet8ag(Ai1, - - -, Ak, ) SHZMHZI and 8'5'30MH|Z' T?]e thimal power alloca;iDan for
the MAC dual objective function is: the scalar MAC-OSB algorithm is given on Figure 5 i6+0
dB and on Figure 6 fol'=10.8 dB. We can see on these
figures that increasing the SNR gap indeed leads to an FDMA

FMAC(A) = max L(A,(®u)i=l8) (10) solution using the scalar MAC-OSB algorithm. The weighted
(®in)i=i rate sum {; = w,=0.5) for scalar MAC-OSB an@’'=0 dB
with is w1 R; + wyR2=138.39 Mbps withR;=56.09 Mbps and
N, K R5=220.69 Mbps. The weighted rate surw;(= w2=0.5)
LA (@)= 8) =2 ( > ’wklogg[ for scalar MAC-OSB and'=10.8 dB isw; R; + w2 R2=98.95
i=1\k=1 Mbps with R;=94.66 Mbps and?>=103.25 Mbps and .
" K For the MIMO MAC-OSB algorithm, we set the number of
det | T+ Hij ®onHi } -3 TTace(A;JI’ik)> usersK = 2 with the number of transmitters for user 1 and 2
mﬂ_:%] HY @i Hij) k=1 M, =1 and M, = 1 respectively and the number of receivers

K . T = 2. Therefore the 22 channel matrix is represented by
+ Z Trace(Akdzag(Pﬁ’t, SR PIz?\t[k)) Hz = [hilhiQ]T, y with hil = [hillhﬂg] andhig = [hﬁlhigg].
h=1 (11) The Lagrangian becomes:
The dual optimization problem is:

L MAC Ne
minimize  FYA%(A) (12) LA, (i1, Piz)i=1..N,) = > w11092{
subjectto A >0 i=1

. L. d I hZ¢i1h
By tuning the Lagrange multipliers, the per-modem total @€t {1+ Fyms ny

power constraints can be enforced. If the SNR gap is zero, BE 6ok,

for given Tx powers the detection order does not change +w2l0g2 [det (I+ %)} — Mdi1 — A2z
the rate sum. Hence in a weighted rate sum, the weights \, Ptot o \, ptot

define the detection order. Moreover, it has been shown in TAUTT  Aeky
[5] that the dual optimization problem is a convex problem, Simulations results are obtained on VDSL2 measured chan-
therefore simple iterative algorithms can be used to find tinels with 2 lines of 400 meters. The optimal power allocation
optimal solution. With non-zero SNR-gap, however, for givefor the MIMO MAC-OSB algorithm is given on Figure 7 for
Tx powers the detection order (in general) does change #e10.8 dB because we obtain the same set of PSD’s over
rate sum. In this case, an exhaustive search on the differdm tones with['=10.8 dB orI'=0 dB. Therefore, with weak

(14)
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crosstalk channels as in VDSL2 and high SNR, the optim
solution is not an FDMA-type solution. The weighted rat
sum (wq w9=0.5) for MIMO MAC-OSB andI'=0 dB
is wy Ry + wyR2=254.14 Mbps withR;=254.95 Mbps and
R2=253.33 Mbps. The weighted rate sum; (= w>=0.5) for
MIMO MAC-OSB andI'=10.8 dB iswy Ry + waR2=177.90
Mbps with R,=177.11 Mbps andR,=178.69 Mbps. If we
consider the crosstalk channels having the same powerrapec
density as direct channelss|? = |h11]? and|ha1|? = |hao|?

for I'=10.8 dB, we obtain the same FDMA-type solution a

Figure 5.
The last simulation results are obtained on complex ganiss
channels of mean 0 and variance 1 constant over 100 to
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and 2 M; = 1 and My, = 1 respectively and the number
of receiversT = 2. The optimal power allocation for the
MIMO MAC-OSB algorithm is given on Figure 8 fdr=10.8

dB with an AWGN of -50 dBm/Hz giving a low SNR.
Therefore, for complex gaussian channels with low SNR and
high crosstalk, the optimal power allocation is given by an
FDMA type solution. To summarize, FDMA is the optimal
power allocation in multi-carrier scalar MAC systems. When
extending to multi-carrier MIMO MAC systems, the optimal
power allocation tends towards a shared spectrum solution
for high SNR and low crosstalk. However, some simulations
showed that the multi-carrier MIMO MAC-OSB algorithm
can tend towards an FDMA type solution with low SNR and
high crosstalk. Moreover, as multi-carrier scalar MAC syss,
non-square systems with < K will likely lead to an FDMA
type solution.
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for direct and crosstalk channels, keeping the same FDD bafd 8. r=10.8 dB

plan for VDSL2 in the uplink. Again, we set the numbe

r

of usersK = 2 with the number of transmitters for user 1



V. CONCLUSION

In this paper, we investigated the problem of optimal power

allocation for multi-carrier MIMO MAC with non-zero SNR

gap. Simulation results were given for VDSL2 channels and
wireless channels. We saw that FDM is the optimal power

allocation in multi-carrier scalar MAC systems. When exten
ing to multi-carrier MIMO MAC systems, the optimal power

allocation likely tends towards a shared spectrum solution

for VDSL2 channels due to high SNR and low crosstalk.
However, the multi-carrier MIMO MAC-OSB algorithm can
tend towards an FDMA type solution for wireless channels
with low SNR and high crosstalk. As multi-carrier scalar MAC
systems, non-square systems with< K will likely lead to
an FDMA type solution.
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