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ABSTRACT a1

In this paper we investigate the problem of optimal powe g ua w;
allocation in a BC by exploiting the duality with MAC. We < . MAC :*\/ v,
first describe an algorithm for power allocation under a to- '

i niN :
tal power constraint. Then, the BC-OSB algorithm is devised YiN Ui

for BC power allocation under per-modem total power con-
straints, where the Lagrange multipliers of the dual prable i1 1 BC (left si nd MAC (right side) for to
formulation are transferred into the optimization functiby gure 1: BC (left side) and MAC (right side) for tone
means of a precoding matrix, such that the MAC-BC duality

can again be exploited. Simulation results are given for a

VDSL2 scenario, and also for a theoretical multi-user inde- In the DSL context, it is more relevant to consider a con-

pendent flat-fading Rayleigh environment. straint on the total power used by each modem separately
instead of a constraint on the total power used by all modems
1. INTRODUCTION together. The capacity region of the multi-user MIMO BC

under per-modem (or per-antenna in the wireless transmis-
sion context) total power constraints has been shown to be
Yhe dual of a multi-user MIMO MAC with an uncertain noise
8], which is an additional diagonal covariance matrix ie th

The capacity of Multiple Input Multiple Output (MIMO) sys-
tems has received significant interest since the work of Fo
chini and Telatar[I1[]2]. For single-user MIMO, the op-

timal precoding and equalization are obtained through th ptimization function. This leads to a minmax optimization

SVD of the channel matrix (for eacr) frequency) with opti- over transmit covariance matrices and the noise covariance
mal Power Spectral Densities (PSD’s) computed from stan:, atrix

dard waterfilling (over frequencies and "virtual channgls”
This work has been extended to multi-user MIMO Multiple
Access Channel (MAC) by the use of an iterative waterfill-

ing procedure ("iterative” over users, "waterfilling” ovee- by transferring the Lagrange multipliers of the dual praofble

quencies)[B]. formulation into the cost function and using MAC-BC dual-

_ Broadcast Channels (BC) have attracted a lot of interep .\t rmations. By the combination of the MAC-OSB
in the past few years due to the lack of a full characteriza '

: . . : algorithm [9] and the duality between MAC and BC [7], this
tion of the multi-user MIMO BC capacity region. The capac-|.- '+, an easier maximization problem compared to the ex-
ity region for multi-user _Smgle Input Single Ouptut (SISO) isting minmax optimizatior(18]
B nas peen charscterzed 0 L4 For hese channels 0% The utine fthe paper i s follws. Fist, we recal ne
- ,optimal power allocation alogrithm for multi-user MIMO BC

agz:ggﬁ tck:)%icnapgﬁgysfigégggi{fe'sd2833}?6 t$heem§r'§§rﬁ,”p§ éj_nder a total power constraint in section 2. Then, we present
b 9 9. 9 new algorithm for optimal power allocation in multi-user

tween users is chosen by the noise variance. However, t o
multi-user MIMO BC is non-degraded, which makes it muchrf.ﬁ”vIO BC under per-modem total power constraints in sec—_
tion 3. Simulation results and conclusions are given in sec

more difficult to characterize the capacity regions sinae su Hon 4'and 5
cessive decoding is impossiblel [4]. Recently, it has bee '

shown that Dirty Paper Coding (DPC) achieves the capacity 2. TOTAL POWER CONSTRAINT

region of the multi-user SISO BC and the multi-user MIMO We consider a multi-user MIMO Broadcast Channel (BC)
BC as well [5,[6]. By combination with duality theory be- serving N users in a downstream DSL scenario and using
tween MAC and BC, the information-theoretic characteriza-Discrete Multi-Tone (DMT) modulation with a cyclic prefix
tion of the multi-user MIMO BC can be obtained in its dual longer than the maximum delay spread of the channels as
multi-user MIMO MAC under a total power constraifi [7]. shown inFigure 1. The transmission on toriecan then be
modelled as:

In this paper, we propose a new algorithm (referred to
as BC-OSB) to find optimal covariance matrices for the BC
under per-modem total power constraints which is obtained

This research work was carried out in the frame of the Beldgtam:
gramme on Interuniversity Attraction Poles, initiated bg Belgian Fed- hj;
eral Science Policy Office IUAP P5/11 (‘Mobile multimedianemunication .
systems and networks’), and IWT project 060207: 'SOPHIAb8ization yvi = Hixj+n; where H; = . i=1...Nc
and Optimization of the Physical layer to Improve Applicas’ and was ’
partially funded by Alcatel. The scientific responsibilisyassumed by its hin
authors. Q)



whereN; is the number of subcarriers; is the transmitted decoding/encoding order, in the BC the user with the largest
vector on tone, y; the received signal vector of length H; weight has indeed to be encoded first. The idea of dual de-
theN x N MIMO channel matrix aneh; the vector containing composition is to solve (6) via its Lagrangian and leads to
Additive White Gaussian Noise (AWGN). The dual MIMO the MAC-OSB solution algorithn{]9]. The Lagrangian de-
Multiple Access Channel (MAC) for the dual uplink scenario couples into a set dfl; smaller problem, thus reducing the

with N users can be written as: complexity of equation (6). The dual objective function is:
vi=Hui+w; where H'=[ hil ... hj ] Ne
@  F™CA)= max CYMCA(P— 3 Trace i)
where wj = [uz...un]T.  In this paper, we assume (®i)i=1.Nc i=1
E[wiw!] = E[nin!] = I, which can always be obtained after _ . . L (7)

a pre-whitening step The primal problem of finding opt|maIW'rtT? é the Lagrange multiplier. The dual optimization prob-
transmit vector covariance matrices in the BC under a totaF minimize FMAC()) ®)
power constrainPt©t is: subjectto A >0

max  CBC

Because the dual function is convexiinit has a unique min-
(Qik)i=1..Nc, k_l N

imum. As the duality gap is zero, this minimum corresponds
subject toz Z Tracg Qi) < P G tothe global optimum of the primal problem in (5)]10] 11].
k=1i=1 The search for the optimal in (8) involves evaluations of
Qk = 0,i=1...Ne,k=1...N the dual objective function (7), i.e. maximizations of the- L
grangian, which is decoupled over the tones for a given

whereE [xjx!] = Z Qi corresponds to the sum Wfuncor- particular, the dual function becomes:
related transmit vector covariance matrices for the diffier EMAC )y — Ne [N |
users over tone i an@® the weighted rate sum function for (A)= max 3 2 Wi 092{
: - : . (®i)i=1.Nci=1 \ j=1
a given encoding order 1,...,N-1,N (i.e. user 1 is encoded (9)
first) [[]: ,
rst) [7] det I+Jh"m# —/\Trace(i’i)>+)\Pt°t
I+ hlk(nkhik
N N hijQith k=1
= ZWJ' logy |det] 1+ . . A .
= s 14y ( N Qi)' The following algorithm (for adjusting the Lagrangian
' k:JZH /] multiplier A) leads to the optimal PSD’s in the MAC domain

4) under a total power constraiiti [9]:

Thew;’s are the weights assigned to the different users. As__Algorithm 1

we will see, the optimal detection order is actually defingdb e init A =1

the weights (i.e. user with the largest weight is encoded firs 4 jnit step=2

etc.). The objective function is neither convex nor concave 4 init h — O

[[7], therefore finding the optimal covariance matrices ia th

BC is a difficult task. Fortunately, the duality between the e while | Z Trace®;) — P'°!| > tolerance
MAC and the BC says that it is possible to achieve the same

rates in both domains under a total power constraint. As the — Exhaustwe search maxFMAC(2)
o|0timalI pcl)wer r?lloca'gion Iin the MAC s tractable [?l], (Iz/ln:C " (®i)i=1.Nc
can calculate the optimal covariance matrices in the -
and transform themFi)nto optimal covariance matrices forthe i ingrace(i’i) —P%<0
BC. The primal problem of finding power allocations in the * b=b+1
MAC under a total power constraiRt® is: + A =A/step

& cMAc « step=step—1/2°

e — end if

subject toz Traceg®;) < P ®) — A =Axstep

(I)I — 0 | — 1 NC [ ] end Wh”e
with ®; = E[wju] = diag(@y, ..., @n) the covariance ma- Once the optimal covariance matrices are found in the

trix of transmitted symbols for tonie If the decoding order MAC domain, we can use the formulas givenlih [7] to con-
is N,N-1,...,1 (i.e. user 1 is decoded last), the weighte¢el ra vert these into optimal covariance matrices in the BC do-
sum in the MAC is: . ) N _
main. By settinga; = (1+hij( Yy Qih!)"*andBj; =
k=]+1
MAC u [ @jhij &
c = Z Zl|°92 det| I+ ~1 ® ar Z hlk(nkhik)*l the optimal covariance matrices can be

I hil gch;
+ Z k Ak i calculated recursively from user N to user 1 in the BC do-

main with the following equation:
In the MAC, the user with the largest weight is decoded

last [9]. As the MAC-BC duality dictates a reverse of the Qi = l/ZF.JG,'Taﬁ/quJ a}/zGijFHBi}l/Z (10)



with Bi]l/zhi'} ai}l/z = FjjLij G}} andLj; the square root of to then use the MAC-BC duality. To calculate the optimal

the eigenvalues coming from the Singular Value Decomposiransmit vector covariance matrices in the BC, we propose to

tion (SVD). Note that the above procedure crucially dependyse a rescaling of the channel matrices by a precoder matrix.

on the property that the power allocation in the MAC and the™irst, we start with the BC dual objective function:

corresponding transmit vector covariance matrices in iie B Ne N

correspond to exactly the same total transmit power [7]. FBC(A) = max S < >3
j

. W;j |ng {
(Qik)i=1..Nck=1..Ni =1 1

3. PER-MODEM TOTAL POWER CONSTRAINTS

hjj Qjjh! N
The goal of this section is to find optimal transmit vector det 1++ } -3 Trace(AQik)>
covariance matrices for a BC under per-modem total power 1+hij(kj+lQik>hﬁ' k=1
constraints, that is a single total power constraint fotcalkes +Trace(Adiag(_FJ>{°t, =)

on each line. The primal problem of finding optimal trans-
mit vector covariance matrices in the BC under a per-
total power constrair®®" for each line is:

(15)
modefhen, rescaling the channel matrices by the inverse square
root of the Lagrange multiplier matrix leads to:

max  CBC =
(Qik)i:l...Nc,kal...m SN 7
— /
subject toy ZC Qik,jj < P}Ot Vj (11) yi = HiA Xi+n (16)
k=1i=1 . .
Qi - 0,i = 1. “Ne,k=1...N wherex’; = AY/2x;. For this equivalent channel, the dual
objective function in the BC becomes:
with Qi j; the j' diagonal element of the transmit vector co- N N
variance matrix for user k over tone i a@G§C the weighted FBC(A) = max s> wjlogz{
rate sum function as defined by (4). We follow a dual decom- (Qik)i=1.Nek=1.Ni=1\ j=1
position approach similar to section 2 using MAC-BC dual- y N
ity. The primal problem of finding optimal power allocations detl 1 b Q'ijh'jj } — Y TracgQ/;
?n the MAC under a per-modem total power constr&?ﬁ’f + 1+h/ij(k EHQ’ik)h'ﬁ k§1 4Qi)
IS: MAC =
(@iT;al_)fNCC +Trace(diag(PY,...,P'Y))
i N° tot \/j (12) 17
subject tcgl(nj <P V] where h'jj = hjA Y2, Q) = AY2QyAY? and
& -0i=1...N diag(P'Y,...,P\{") = AY2diag(Pl°,... PP AY2,  One

ith & WM = di h _ can see in (17) that the precoder mat&®/? transforms
with @; = E[uju’] = diag(@1, ..., @n) t eA(éovar|anpe Ma- the per-modem total power constraints into a total power
trix of transmitted symbols for tone i ar@“° the weighted  constraint by hiding the Lagrange multipliers into the

rate sum defined by (6). Therefore, the MAC dual objectiveequivalent channeld’;j and the new covariance matrices

functionis: Q'i. Therefore we obtain an optimization problem under a
MAC Ne N total power constraint that can be solved in the dual MAC.
FY&(A) = L 2 J_ZlWJ|092{ Using duality, we obtain the following received vector ieth
i)i=lL.N¢l = = .
MAC: v, :A*1/2H="u/i+Wi (18)
det{ T+ 219" )] TraceAd, 43
S — TracgA®;) The dual objective function in the MAC becomes:
I+kzlhmﬂkhik
. tot tot Ne N
+Trace(Adiag(P™,...,P{")) FMAC(A):((I)/TaX ,1<,21WJ|092[
with A a diagonal matrix of Lagrange multipliers VistNet =\ =
diag(A1,...,ANn). The dual optimization problem is: Ml 19
ok N) _ DMAC P det I+w¢ } —Tracd®'))) (19)
minimize FY(A) (14) I+JZ @ik
subjectto A >0 Vi KE1

+Trace(diag(PY,...,PR))

The search for the optima involves evaluations of the dual

objective function, i.e. maximizations of the Lagrangian,For a givenA, we can then compute the optimal power allo-
which is decoupled over the tones for a given sef\gd.  cation in the MAC and then use the duality formulasof [7] to
An algorithm similar teAlgorithm 1 is straightforwardly de-  obtain the optimal covariance matrices in the BC that ahiev
vised, which can be used to compute optimal power allocathe same rates as in the MAC and under same total power
tions for the MAC under per-modem total power constraintsconstraint. The Lagrange multipliers are then adjusted so
However, the MAC-BC duality does not preserve per-modenthat the per-modem total power constraints are not exceeded
total power constraint$ 7] so that the MAC optimal powerThe following algorithm (for adjusting the Lagrangian mul-
allocation cannot be converted into BC optimal covariancdiplier A) leads to the optimal transmit vector covariance ma-
matrices. In the following paragraph, we therefore present trices under per-modem total power constraints. This algo-
procedure to transform the objective function into an equivrithm will be referred to as BC-OSB (BC-Optimal Spectrum
alent objective function with total power constraint in erd Balancing):



R1/R2 (Mbps)| w1=0.0] w1=0.1 w1=0.2
User 1 first | 0/95.93| 120.9/94.99 127.3/93.92

Algorithm 2 BC-OSB User 2 first | 0/95.93] 120.9/94.99] 127.3/93.93
¥i=1...Njointy Wi=03 WI=04 WI=05 WIi=06
e initAj=1 131.6/92.53 133.7/91.41] 136.2/89.37| 137.9/87.18
o init steg =2 131.6/92.53 133.7/91.41] 136.2/89.37| 137.9/87.18
e inithj =0 W1=0.7 W1=0.8 Wi1=0.9 | wi=1.0

139.1/85.05| 140.4/80.80| 141.5/74.44] 142.4/0
139.1/85.05| 140.4/80.80| 141.5/74.44] 142.4/0

Nc N
o while| 5 Tracq A=Y/2( 3 Q';j)A~%?)—diag(Pi*)| >
i=1 =1

tolerance _ o
_ Exhaustive searc(h ) maxFMAC(A) Table 1: Rates under total power constraint in the BC
@/))iz1..N
— MAC-BC Duality ’ R1/R2(Mbps)| wi1=0.0] w1=0.1 w1=0.2
! 12m ~HAY2,.0 124 mHR-1/2 User 1 first | 0/89.96| 136.0/89.53| 136.0/89.53
S}!IBT\, FijGijaj & GiFi B, User 2 first | 0/89.96 136.0/89.53 136.0/89.53
—_— RS c

Ne N wl1=0.3 wl=0.4 wl1=0.5 w1=0.6
—if y TraceA"Y2(y Q'jj)A~Y?) —diag(P'®) <0 [ 136.0/89.53 136.0/89.53 136.0/89.53 136.0/89.53
i1 =1 136.0/89.53] 136.0/89.53 136.0/89.53] 136.0/89.53

* by =bj+1 w1=0.7 w1=0.8 wl=09 | wi=1.0
* Aj = Aj/step 136.0/89.53| 136.0/89.53| 136.0/89.53 136.2/0
x step = steg — 1/2" 136.0/89.53| 136.0/89.53| 136.0/89.53| 136.2/0
— end if e
A — A s ste Table 2: Rates under per-modem total power constraintin the
= A=A R BC
e end while
4. RESULTS to the diagonal dominance of the channel matrix. To see the

In a VDSL2 transmission, the shape of the Far Enoadvantage of using the scheme presented in this paper com-

Crosstalk (FEXT) can be expected to be similar to the NeaP2r€d 10 the diagonalizing precoder, we now select stronger
End Crosstalk (NEXT). The NEXT and FEXT models for crosstalk channels which are not diagonally dominanit [13].
ADSL/HDSL may no longer be applicable to VDSL2 due to N the following simulations, we consider independent flat-
the much larger bandwidth that is used. In this paper, the fird2ding Rayleigh channels for the different tones which fol-
set of simulations results are obtained on measured chnndf & complex Gaussian distribution with mean 0 and power
from a France Telecom binder with 2 lines of 400 meters and: , 1€ Weighted rate sums are calculatedrable 3 and
800 meters respectively. Spectral masks for VDSL2 Fiber Td2P!€ 4 under a total power constraint and per-modem total
The exchange (FTTex) are usédl[12], with SNR §ap dB power constraints respectively. A main observation istthet
(since duality does not hold ff >0 dB), an AWGN of -140 weights indeed define the detection order. The user with the
dBm/Hz and maximum transmit powa"t:14.5 dBm per smallest weights has to be detected first and the user with the
line. The frequency range is from 0 to 12 MHz with 4 3125Iargest weights has to be detected last in order to achieve th
kHz.spacing between subcarriers and 4 kHz symbol réte. T largest Welghted rate sum. Gigure 3 the_ d|ffere_nt rates are
FDD band plan of VDSL2 corresponds to 2 frequency bam;%ﬂotted,_Ieadmg to four different rate regions W|t_h totainer
in the downlink scenario which are 138kHz-3.75MHz and onstraint and per-modem total power constraints. Therate
obtained on this channel with the diagonalizing precddgy [1

5.2MHz-8.5MHz. _ _
Table 1 shows the rates obtained in the BC for 2 users © R1=177.69 Mbps and R2=178.20 Mbps.

under a total power constraiRt®'=29 dBm, and for different [ wIR1+w2R2] w1=0.0] w1=0.1] w1=0.2
sets of weightgwi,w») = (wy,1—w;). The first line corre- User 1 first 190.0 183.7 181.4
sponds to the rates R1 and R2 when user 1 is encoded fifstUser 2 first | 193.8 | 189.8 | 187.2
in the BC domain. The second line corresponds to the rateSy1=0.3 | wi=0.4 | wi=05| w1=0.6
when user 2 is encoded first. One can see that according{t01817.3 | 181.7 | 1825 | 1835
the weights given to the users, different rates can be adddain[ 1852 | 1836 | 182.5 | 181.6
in the BC. Due to the diagonal dominance of the channea=~s~T""T=08TWi=09 Wi=1.0
matrix in this context, the difference between the possibl 185 1 187 1 189 7 193 7
detection orders is negligibleTable 2 shows the rates ob- 181.2 181.3 183.5 189.7
tained in the BC for 2 users under per-modem total pow : - - -
constraints. The obtained rates are equal for any detectioﬁ,jl
order or weights given to the different users. This is due tcE
the lower degree of freedom used in the optimization proces
compared to a total power constraifigure 2 summarizes
the two first tables by plotting the rates. The diagonalizing

precoder of[[13] achieves 135.8 Mbps for the first user and 5. CONCLUSION

89.30 Mbps for the second user. Therefore the diagonalizintp this paper we have investigated the problem of optimal
precoder achieves most of the capacity under AWGN owingpower allocation in a BC by exploiting the duality with MAC.

LY P <

=

ble 3: Weighted rate sum under total power constraint in
eBC



We have first described an algorithm for power allocation un-
der a total power constraint. Then, the BC-OSB algorithm

100 has been devised for BC power allocation under per-modem
OOk = = m = m o e 22 1 total power constraints, where the Lagrange multipliers of

: the dual problem formulation are transferred into the opti-
80F ! mization function by means of a precoding matrix, such that
- ! the MAC-BC duality can again be exploited. Simulation re-

! sults were given for a VDSL2 scenario, and also for a theo-

& 60r : retical multi-user independent flat-fading Rayleigh eorir
oy ' ment.
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