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Turbo Coded Space-time Block codes for four
transmit antennas with linear precoding
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Abstract— In this paper, we combine Turbo Codes (TC) and
Space-Time Block Coding (STBC) in order to exploit channel
coding and spatio-temporal diversities. Moreover, linearprecod-
ing matrices are combined to efficiently improve the space-time
diversity order of the multiple antenna system. In addition of
these good performance results, the proposed system implements
a simple linear decoder at the reception side, which has verylow
complexity compared to the Maximum Likelihood (ML) detectors
currently used in such systems. Performance results, obtained
by simulations are given for a 4 transmit antenna system,
with different precoding matrix sizes over flat Rayleigh fading
channels, for a global system including turbo channel coding.
The described scheme can easily and efficiently be adapted toa
two transmit antenna system. The results are compared to other
schemes given in literature.

I. I NTRODUCTION

Since 1993, Turbo codes are demonstrated to be very
efficient to exploit the coding diversity, performing closeto
the Shannon limit [1]. In 1996, Foschini demonstrated that
the spectral efficiency increases linearly with the minimumof
transmit or receive antennas [2] when using multiple antenna
systems. Another way to exploit multiple antennas is to use
STBC.

The initial two-transmit antenna Orthogonal STBC (OS-
TBC) proposed by Alamouti [3] is merely decoded with
a linear operation. Another advantage of this code is its
unitary rate. Then, Tarokh [4] extended OSTBC to 3 or 4
transmit antennas with linear decoding as well, but resulting
in lower 1/2 and 3/4 rate codes. Since, many studies have been
carried out to find out space-time codes with more than two
antennas and rate one, all resulting in Quasi Orthogonal STBC
(QOSTBC) [5, 6, 7], thus requiring more complex than linear
detector such as Maximum Likelihood (ML) detector.

In parallel, linear precoding also called constellation rotation
was demonstrated to efficiently exploit time diversity for
Single Input Single Output (SISO) systems [8]. In [9], a system
combining the STBC proposed in [5] with linear precoding
is presented, but the complexity of its ML detector varies
exponentially with the length of the precoding matrix.

In this paper, we tested the influence of the channel coding
for the system pesented in [10], where linear precoding and
OSTBC are efficiently combined. As channel coding scheme,
we have implemented the robust duo binary turbo channel
encoder that is proposed in DVB-RCT standard [11]. This
scheme is compared to linear precoded QOSTBC described in
[9]. As we will show, the diversity order increases with the size
of the precoding matrix. We will focus our attention on linear
precoding matrices based on Hadamard matrix construction.
This specific combination of turbo coded linear precoding and
OSTBC has the effect of increasing the overall diversity of
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the system by scattering the information in the space, time
or frequency domains. At the receiver, before turbo decoding
a simple linear detector offers a good trade-off between
performance and complexity thanks to low interference terms.

First, in session II, we recall the channel representation of
OSTBC. In session III, we focus on the state of the art of 4
transmit existing systems and especially on QOSTBC channel
representation. In session IV, we introduce our new scheme
for 4 antennas, which is based on the combination of one
particular linear precoding technique with OSTBC. Formulas
are given, highlighting the importance of the interferenceterms
that must be minimized in order to increase the performance.
Before concluding, we give simulation results of the proposed
system for different precoding matrix sizes, with and without
duo binary turbo channel coding. We compare the obtained
performance to existing four antennas systems.

For this study, frequency non-selective flat Rayleigh fading
channel and time invariance duringT symbol durations are
assumed as well as perfect channel estimation. Hence, the the-
oretical channel response, from transmit antennat to receive
antennar can be estimated byhtr = ρtre

iθtr . Moreover, we
consider uncorrelated channels from each transmit antennat
to each receive antennar.

II. GENERAL OSTBCDESCRIPTION

In this section an OSTBC description based on channel
representation is given.

The Alamouti code [3] can be represented as follows:

G2 =

[

s1 −s∗2
s2 s∗1

]

(1)

Under the assumption that the fading coefficients are con-
stant overT = 2 consecutive symbol durations, the Alamouti
OSTBC code forNt = 2 transmit andNr = 1 receive antenna
is represented by:

r = H.s + n (2)

wherer = [r1 r2]
T is the received signal over two consecutive

symbol durations,s = [s1 s2]
T is the transmitted signal,

n = [n1 n2]
T is the additive white gaussian noise,

H =

[

h1 h2

−h∗
2 h∗

1

]

(3)

is the equivalent channel matrix for the 2 successive symbol
durations over 2 antennas, andhi is the channel response of
the transmit antennai.

The decoding step consists in applying the transpose con-
jugate of the channel matrix to the equivalent received vector.
The Alamouti decoding is performed by:

ŝ = Λ.s + n
′ (4)

where ŝ = [ŝ1 ŝ2]
T is the estimated symbol vector after

decoding,Λ = H
H .H = λ.I2, where (.)H stands for the

transconjugate,I2 the identity 2x2 matrix,λ = |h1|
2 + |h2|

2

and n
′ = H

H .n. In this paper, we provide formulas with
the equalization process corresponding to a Maximum Ratio



2

Symbol Mapping
Linear Precoding

Θ
Π STBC Coding

x =
[

x1 . . . xL

]

Data Input
Nt

STBC Decoding Π−1
Inverse Linear Precoding

ΘH
Symbol Demapping

x̂ =
[

x̂1 . . . x̂L

]

Data Output
Nr

Fig. 1. Linear precoding with OSTBC transmitter and receiver

Combining (MRC) equalizer. However, an equalization pro-
cess can be carried out according to the Zero Forcing (ZF)
or Minimum Mean Square error (MMSE) criteria leading to
different performance when using linear precoding.

III. E XISTING SYSTEMS WITHFOUR-TRANSMIT

ANTENNAS

STBC codes of rate 1 for 4-transmit antenna systems are
not orthogonal. They can be expressed by (2) wherer =
[r1 r2 r3 r4]

T is the received signal ands = [s1 s2 s3 s4]
T the

transmitted one. The total transmit power isP . Each antenna
transmits a symbol over one symbol duration, therefore each
antenna transmits symbol at a power ofP/4. The matrix
representation described in section II can be extended to these
QOSTBC schemes [5, 6, 7]. For the QOSTBC proposed in [5]
by Jafarkhani,H is therefore a 4x4 matrix equals to:

H =

[

H1 H2

−H
∗
2 H

∗
1

]

(5)

while the NOSTBC proposed in [6] by Tirkkonen is:

H =

[

H1 H2

H2 H1

]

(6)

The equivalent channel matrix for 2 successive symbol
durations over 2 antennas is:

Hi =

[

h2i−1 h2i

−h∗
2i h∗

2i−1

]

(7)

where h2i and h2i−1 are the channel responses of transmit
antenna2i and2i − 1 respectively,i ∈ N

∗ .
In [9], the authors propose to apply a linear precoding

to non orthogonal matrix [5] and to use a ML detector at
the receiver part. The implementation complexity increases
exponentially with the size of the precoding matrix. To sum
up, all these OSTBC require ML or similar detectors due to
high interference terms.

IV. PROPOSED SCHEME FOR FOUR TRANSMIT-ANTENNAS

The system, combining the Linear Precoding with OSTBC
(transmission and reception sides), is presented in Figure1,
without channel coding. When duo-binary turbo channel cod-
ing is implementing, the encoder is inserted before symbol
mapping whereas the channel decoder is added after the
symbol demapping module.

The global transmission/reception scheme is given by:

AL = ΘL.ΛL.ΘH
L (8)

According to the theorem of diagonal decomposition,AL

is an Hermitian matrix andΘL an unitary matrix used in
the system as linear precoding matrix. When these unitary
matrices are constructed according to the orthonormal complex
Hadamard matrices, the diagonal terms ofAL are equal to
the sum of theλi’s, providing full diversity on the detected
symbols. In addition, we remark that the interference terms
correspond to the difference between theseλi’s.

A. Linear precoding based on Hadamard construction

We propose to use the following linear precoding based on
the Hadamard construction matrix such as:

ΘL =

√

2

L

[

ΘL/2 ΘL/2

ΘL/2 −ΘL/2

]

(9)

with L = 2n, n ∈ N
∗, n ≥ 2 and:

Θ2 =

[

ejθ1 . cos η ejθ2 . sin η
−e−jθ2 . sin η e−jθ1 . cos η

]

(10)

belonging to the Special Unitary group SU(2), therefore
det(Θ2) = 1. This leads to the following general expression:

AL =
2

L

[

A
1
L/2 + A

2
L/2 A

1
L/2 − A

2
L/2

A
1
L/2 − A

2
L/2 A

1
L/2 + A

2
L/2

]

(11)

with
A

1
L/2 = ΘL/2.Λ

1
L/2.Θ

H
L/2

A
2
L/2 = ΘL/2.Λ

2
L/2.Θ

H
L/2

(12)

ΛL =

[

Λ
1
L/2 0

0 Λ
2
L/2

]

(13)

where

Λ
1
L/2 = diag(λ1, . . . , λL/2)

Λ
2
L/2 = diag(λL/2+1, . . . , λL)

(14)

in the case of interleaving. Indeed, the interleaving has the
effect of mixing eigenvalues between different blocks, thus
the components of the resulting eigenvalue matrix are different
from each others.
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Therefore, forL = 2, we obtain the following hermitian
matrix:

A2 =

[

a b
c d

]

(15)

with

a = cos2 η.λ1 + sin2 η.λ2

b = − cosη. sin η.ej(θ1+θ2).(λ1 − λ2)
c = − cos η. sin η.e−j(θ1+θ2).(λ1 − λ2)
d = sin2 η.λ1 + cos2 η.λ2

(16)

SinceΘL is an unitary matrix, the diagonal elementsaii of
AL are similar to:

aii =
2

L

L/2−1
∑

l=0

cos2 η.λ2l+1+sin2 η.λ2l+2 ∀i ∈ [1 . . . L] (17)

while the interference terms are all difference between these
λl’s. One of these interference terms is:

aik = − 2
L cos η. sin η.e−j(θ1+θ2)

L/2−1
∑

l=0

(λ2l+1 − λ2l+2)

i, k ∈ [1 . . . L]i6=k

(18)
Owing to equation (13), the other terms of interference are

also sum of differences between eigenvalues.
By simulation, we found that the optimal BER performance

results were obtained with pure real or pure imaginary inter-
ference, leading to the chosen valuesη = π

4 , θ2 = θ1 − π
2 ,

θ1 = 5π
4 giving the following matrix:

A2 =
1

2

[

λ1 + λ2 λ2 − λ1

λ2 − λ1 λ1 + λ2

]

(19)

Therefore, with these coefficients, we get the following
global formula:

AL =
1

L

L
∑

i=1

λi.IL + J (20)

with IL the identity matrix of sizeL×L andJ the matrix of
interference terms.

One can see that diagonal elements are the sum of the
eigenvalues and the interference terms are sum of difference of
eigenvalues. This particularity is conserved whenL increases.
Moreover, for flat independent Rayleigh channels, when L
increases the diagonal terms tend to a non-centered Gaussian
law while the interference terms tend to a centered Gaussian
law.

B. System description

In our 4-transmit antenna system, we first apply Alamouti
OSTBC in order to keep the rate of our proposed scheme to
one. The Alamouti OSTBC is applied alternatively to antennas
1 and 2 and then to antennas 3 and 4. Thus, the symbols are
transmitted over the first group of transmit antennas 1 and
2, with a powerP/2 over two symbol durations, when the
other antennas are switched off. Then, the other symbols are
transmitted over the second group of transmit antennas 3 and4.

Therefore, as for the previous QOSTBC codes with 4 antennas,
the total transmit power per symbol duration is equal toP .

The corresponding OSTBC matrix representation for our
one-rate four antenna system with a diversity order of 2 is:

G2 =









s1 −s∗2 0 0
s2 s∗1 0 0
0 0 s3 −s∗4
0 0 s4 s∗3









(21)

The channel representation of the OSTBC codes gives the
equivalent channel coding matrixH of size4 × 4:

H =

[

H1 0
0 H2

]

(22)

At the reception side, in (4) we getΛ = Λ4 = H
H .H =

diag(λ1, λ1, λ2, λ2) where λ1 = |h1|
2 + |h2|

2 and λ2 =
|h3|

2 + |h4|
2 leading to a 2 channel diversity order. Before

this space-time code, we apply a linear precoding represented
by anL×L unitary matrix described in the previous section.

For L = 4 when applying the optimal coefficients, we
obtain:

Θ2 =
1

2

[

−1 − j −1 + j
1 + j −1 + j

]

(23)

and the global transmission and reception system is de-
scribed by:

A4 = Θ4.Λ4.Θ
H
4 (24)

A4 =
1

2









λ1 + λ2 0 λ1 − λ2 0
0 λ1 + λ2 0 λ1 − λ2

λ1 − λ2 0 λ1 + λ2 0
0 λ1 − λ2 0 λ1 + λ2









(25)

where the diagonal elements ofA4 are all equal to:

aii = 1
2

L=4
∑

l=1

|hl|
2 ∀i ∈ [1 . . . 4] (26)

Therefore, owing to linear precoding, the exploited channel
diversity order increases from 2 to 4. Moreover, interference
terms are either null or similar to:

aik = 1
2 (

2
∑

l=1

|hl|
2 −

4
∑

l=3

|hl|
2)

i, k ∈ [1 . . . L]i6=k

(27)

If we takeL = 4 with the Alamouti scheme and interleaving
we obtain the following diagonal channel matrix:

A4 = Θ4.Λ4.Θ
H
4 (28)

with Λ4 = diag(λ1, λ2, λ3, λ4).
Then, the resulting matrix becomes:

A4 =
1

4









a + b c + d a − b c − d
−c − d a + b −c + d a − b

a − b c − d a + b c + d
−c + d a − b −c − d a + b









(29)

with
a = λ1 + λ2 b = λ3 + λ4

c = λ1 − λ2 d = λ3 − λ4
(30)
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Fig. 2. Performance, without channel coding, of OSTBC with Hadamard
linear precoding forη=2bps/Hz and 4-transmit antennas
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Fig. 3. Performance, with duo-binary turbo channel coding,of OSTBC with
Hadamard linear precoding forη=2bps/Hz and 4-transmit antennas

We can note thata+b =
8
∑

i=1

|hi|
2 leading to a chi-square law

with 16 degrees of freedom with interleaving compared to a
chi-square law with 8 degrees of freedom without interleaving.

a − b =
4
∑

i=1

|hi|
2 −

8
∑

i=5

|hi|
2 is one of the interference terms

leading to a difference between chi-square laws with 8 degrees
of freedom, and the others components follow the same law.

V. BER SIMULATION RESULTS

We carried out simulations over flat independent Rayleigh
channels. Depending on the choice ofΘ2 matrix, simulations

have demonstrated that the best performance are obtained
when interference terms are either pure real or pure imaginary.
This conclusion leads to choice for instanceη = Π

4 , θ1 =
5Π
4 and θ2 = 3Π

4 . In addition, a Minimum Mean Square
Error (MMSE) equalizer was demonstrated to provide the best
performance for OSTBC decoding with linear precoding.

Applying the MMSE equalization, we get:

λ =

Nt
∑

i=1

|hi|
2

Nt
∑

i=1

|hi|2 + 1
γ

(31)

whereγ is the Signal to Noise Ratio at the receive antenna.
In Figures 2 and 3, we present BER performance obtained

respectively with or without channel coding. The simulated
systems implementNt = 4 transmit andNr = 1 receive
antennas, excepted for the reference2 × 1 Alamouti curve.

In these figures are represented several curves:

• "without prec" corresponds to the reference Alamouti
OSTBC curve, applied without precoding technique for
Nt = 2 andNr = 1;

• "Jaf. ML" corresponds to the QOSTBC system imple-
menting Jafarkhani codes and needing a ML detector at
the reception side;

• "L = 4 ML" corresponds to our proposed scheme with
a ML decoder using precoding Hadamard matrix of size
4;

• "L = 4 LIN" corresponds to our proposed scheme
implementing a Linear decoder with Hadamard precoding
matrix of size 4;

• "L = 64 LIN" corresponds to our proposed scheme
implementing a Linear decoder with Hadamard precoding
matrix of size 64;

• "AWGN" is the curve obtained with only Additive White
Gaussian Noise.

Without channel coding, we observe that the specified
precoded system withL = 4 outperforms of 2 dB the sole
Alamouti scheme without precoding atBER = 10−3. In fact,

all diagonal terms12
4
∑

l=1

|hl|
2 follow a χ2

8 chi-square law while

the interference terms in12 (
2

∑

l=1

|hl|
2 −

4
∑

l=3

|hl|
2) follow a χ2

4

difference. We can notice that forL = 4, the penalty when
using linear detector instead of the ML detector is very small
(around 0.5 dB at BER=10−3) but the complexity of the linear
detector is quite lower than the ML detector. We remark that
both ML detectors give quasi-equal performance. However,
we observed that our proposed scheme outperforms all the
other when L increases (L = 64). This result is due to the
interference terms that decrease when L increases (cf. eq(20))
and that the diversity grows with L, following aχ2

2L law for
diagonal terms. In fact, forL = 64, the slope of the curve is
almost parallel to the gaussian curve.

With duo-binary turbo channel coding of half rate, we show
that the performance of the turbo code associated with a ML
space-time detector leads to worse performance than associ-
ated with a linear detector. We can explain this phenomena
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by the fact that at low Signal to Noise Ratio (SNR), the ML
detector, that provides hard decisions to the turbo decoder,
may also provides bad decisions to it; the latter being very
sensitive to the input values gives in this turn false decisions.
The systems with ML detector could be improved with the
use of soft decisions or of fiability values but at a price of an
additional complexity.

The best performance results are obtained when linear
detectors are implemented. In fact, with linear precoding and
orthogonal Almaouti STBC no hard decision is taken until duo
binary channel decoding. At a low SNR, corresponding to a
Bit Errror Rate of about5.10−2 without channel coding, we
notice that the performance of the linear detector systems are
very close. That’s why, the difference between performances
after channel turbo-decoding are very small between the 3
linear detectors. Our proposed schemes whith linear precoding,
(L = 4 or L = 64) have a0.5dB performance gain compared
to the simple2 × 1 Alamouti system. Moreover, the use of a
precoding matrix allows to achieve better performance even
with a very low value of precoding matrix owing to the
additional diversity brought to the turbo-decoding. We can
see that the conclusion about performance results obtained
with or without channel coding can be different. In fact, when
analysing results without channel coding, we have to compare
the different techniques by taking into account the activing
area of the channel decoder and to exploite efficiently all
availble diversities at the lowest price for complextity. The
linear precoding system can also be efficiently applied to other
antenna systems (2 or more) offering a large choice of global
system depending on the the channel characteristics.

VI. CONCLUSION

In this paper, we have proposed a new scheme relying on the
combination of OSTBC, issued on the Alamouti scheme, and
a linear precoding, based on Hadamard construction matrices.
This new scheme is applied to a 4 transmit antenna system
and leads to an efficient exploitation of space-time diversity.
In addition, as a linear detector is used at the reception side, the
complexity linearly increases with the precoding matrix size
but not exponentially compared to ML detectors often used in
such precoding systems. Like this, our system described with
4-transmit antennas may be applied to other OSTBC codes and
several antenna configurations. The performance results show
that a simple linear detector is sufficient when using an OS-
TBC combined with linear precoding. This conclusion remains
valuable since a turbo channel coding is used. In addition, we
have seen that the conclusions about systems can be different
when channel coding is applied or not, depending to the
activing channel detector area, i.e. at a BER of about5.10−2

before decoding. Our proposed scheme can be combined
to other OSTBC and can easily be fitted into multi-carrier
systems (OFDM or MC-CDMA). Therefore, these precoders
can be applied to various MISO or MIMO transmissions in
order to exploit spatial, temporal and frequency diversities. To
conclude, we can say that the use of the Alamouti scheme for
two transmit antennas or our proposed scheme for two or four
transmit antennas, are good choices of transmission chain for
future wireless communication systems.
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