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Modeling the Response of Electromagnetic
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Abstract—A general model to compute the response of an
Electromagnetic Induction (EMI) sensor to a magnetic soil, in
both time and frequency domains, is developed. The model
requires modest computational resources and can be applied to
arbitrary soil inhomogeneities and relief, and to arbitrary sensor
coil shapes, orientations and positions. Central to the model is
the concept of a head sensitivity map which can be used to
characterize the sensor head as a function of the shape, size
and position of the sensor coils. Two further concepts related
to the head sensitivity are presented, the zero equi-sensitivity
surface and the volume of influence. We demonstrate that these
concepts aid understanding of the detector behavior. The general
model is based on the Born approximation, which is valid if
the soil magnetic susceptibility is sufficiently small. A simpler
model which is only valid for homogeneous Half-Space (HS) soils
but does not require the Born approximation is also developed.
The responses predicted by both models are shown to be in
good agreement with each other and also with available analytic
solutions. Comparing the two models also enabled an expression
for the error incurred when using the Born approximation to be
established. We shown that, for most soils of relevance to mine
clearance, the corresponding error is negligible.
Index Terms—Born approximation, electromagnetic induction
(EMI), humanitarian demining, magnetic susceptibility, metal
detector (MD), reciprocity, sensitivity map.

I. I NTRODUCTION

M

ETAL Detectors (MDs) working on the principle of
EMI are widely used in mine action. Many factors
must be taken into account to understand the performance
of a MD including the detector characteristics, the target
response, the soil response and the effect of the soil on
the target response. Detector characteristics include factors
such as internal processing, geometry of the detector head
and transmit current. Many authors [1]–[8] have proposed
methods to assess the target response but the influence of
the soil has received less attention until recently. Nevertheless
it was known that the soil can significantly affect metal
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detectors and, as a result, manufacturers provide most highend MDs with soil compensation capabilities. Unfortunately,
due to competition among manufacturers, details of the soil
compensation techniques implemented are often proprietry,
although some information is available in patents [9].
The soil can effect the target response and it can provide
an additional contribution to the detector response [10]–[14].
Here we concentrate on the response of the soil in the absence
of target. This response is of prime importance as it can
be the source of false alarms or require the use of a lower
detector sensitivity setting which in turn will reduce the target
detectability.
The soil response is influenced by many factors such as
the current waveform in the Transmit (TX) coil, the detector
head geometry, the coil electrical characteristics, the detector
electronics and the soil electromagnetic properties. Some of
these factors have been studied [12], [14]–[18], but many
open questions still remain. For example, in many cases
analytic models have been used and, as a result, the analysis
was restricted to simple coil arrangements such as concentric
circular coils, and to homogeneous soils with a flat air-soil
interface. However, the shape and relative position of the
coils have a major impact on detector performance which is
indicated by the amount of different coil arrangements used
in practice [19]. The soil relief and soil inhomogeneities also
have a major impact on detector performance.
We show that the soil response can be expressed for general
head geometries and for general soil inhomogeneities and
reliefs by resorting to a general form of reciprocity and we
directly derive that reciprocity expression for the MagnetoQuasi-Static (MQS) regime relevant to MDs. The resulting
expression for the soil response includes the magnetic field
produced by the TX coil in the presence of soil. Computing
that field for a general soil and for a general head geometry
requires the use of computationally intensive numerical methods.
However, several publications [12], [17] suggest that for
most soils of interest the response is mainly due to the soil
magnetic susceptibility and therefore effects of soil conductivity may be neglected. Furthermore, the magnetic susceptibilities of most natural soils are quite low [20]–[26].
In this paper we show that for such soils, with negligible electric conductivity and low magnetic susceptibility,
major simplifications can be achieved by using the Born
approximation. This also allows more realistic scenarios to
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be studied efficiently and the effects of head geometry, soil
inhomogeneity and relief on MD performance to be taken into
account.
In addition to this general model, a second model based
on image theory is developed. That model is only valid
for a homogeneous HS but it does not require the Born
approximation. It is therefore also valid for soils with high
magnetic susceptibilities. The responses predicted by both
models are compared with each other and also with available
analytical solutions. The comparison shows good agreement
between the results and this provides a means of validation
for the models and their implementations. Comparing the two
models also allows us to establish an expression for the error
incurred when using the Born approximation. In the light
of susceptibility measurements of many soils found in the
literature it can be demonstrated that, for most soils of interest
to mine clearance, the corresponding error is negligible.
The models are developed in the frequency domain. It is
then shown that, under reasonable assumptions, the results can
efficiently be extended to the time domain.
The paper is organized as follows. Section II describes the
problem and Section III presents the notation and conventions
used. Both models to compute the soil response in the frequency domain are presented in Section IV-A. The first is
valid for arbitrary soil inhomogeneity and relief but relies on
the Born approximation whereas the second is only valid for
homogeneous HS configurations but does not require the Born
approximation. Section IV-A4 compares both models in order
to assess the accuracy of the Born approximation. Section IV-B
extends the models to apply to the time domain which is better
suited to analyze pulse induction detectors. Section V presents
some simple applications of the models, including the zero
equi-sensitivity surface and the volume of influence. Finally
Section VI concludes the paper and gives some perspectives
for more practical use of the proposed general model.
II. P ROBLEM DESCRIPTION
The problem considered is sketched in Fig. 1 (a). A MD
head is located at an arbitrary position and with an arbitrary
orientation above the soil. The head is in general composed
of a TX and a Receive (RX) coil, but a single coil can also
be used for both reception and transmission.
The soil is assumed to be non-conductive and has a magnetic susceptibility varying both with frequency and position.
The magnetic susceptibility is denoted χ(ω, r ), with ω the
angular frequency and r the position vector.
Consideration of magnetic susceptibility that varies spatially
allows us to take into account soils with arbitrary inhomogeneity and relief. In addition, we consider a magnetic susceptibility that varies with frequency because some naturally
occurring soils exhibit such behavior [24], [26] and it has been
shown [12], [17] that this frequency variation (also known as
viscous remanent magnetization, magnetic viscosity, magnetic
relaxation or magnetic after-effect) has a significant effect on
MDs.
The model can be used for an arbitrary head configuration
and fig. 2 presents commonly used [19] head configurations
which will be considered in this paper.

The coil overlap for the double-D head is chosen to obtain
zero coupling between the coils in the absence of soil. The
quad coil is composed of two RX half-circles connected in
opposition (i.e., the current flows in opposite directions in the
two circular segments and in the same direction in the two
straight segments).
III.

CONVENTIONS AND NOTATIONS

xk
Vectors and scalars are denoted x and x respectively. kx
x
is the magnitude of x and x̂ = kxx k is a unit vector. Volumes,
surfaces and contours are denoted Vx , Sx and Cx respectively.
V∞ is the whole space which is bounded by the infinite sphere
S∞ .
The volume, surface and contour elements are denoted by
S = n̂
dV , dS and dl respectively and dS
n̂dS and dll = l̂ˆlldl
are the corresponding vector quantities where the unit positive
normal and tangent are n̂ and ˆll̂ respectively.
The subscript ‘x’ is a label which identifies the volume,
surface or contour. When the same label is used for a volume
Vx and a surface Sx , the surface is defined as the boundary of
the volume and its positive normal points outside Vx . When
the same label is used for a (open) surface Sx and a (closed)
contour Cx , the contour is defined as the boundary of the
surface whereas the positive normal of Sx and the positive
tangent of Cx are related by the right-hand rule.
When presenting results, dimensionless quantities are used.
The dimensionless quantity corresponding to the scalar x and
vector x will be denoted x and x respectively.
Unless otherwise specified, harmonic sources and fields
are considered with an ejωt time variation assumed and
suppressed.
A source is identified by its label ‘s’ and the corresponding
current distribution is denoted J s . When such a source is
radiating in an environment defined as ‘env’ the corresponding
magnetic field is denoted by H (env)
. A similar notation is
s
and
used for the corresponding magnetic induction B (env)
s
.
When
reciprocity
is
used,
magnetic vector potential A (env)
s
(env)
states are denoted Σs
where ‘s’ is the source and ‘env’ the
environment characterizing these states.
IV. D EVELOPMENT OF S OIL EMI R ESPONSE M ODELS
A. Soil response in the frequency domain
In this section, we describe the development of a general
model valid for arbitrary soil relief and inhomogeneity. We
then describe our development of a simpler model that is only
applicable to HS homogeneous soils. Both models can be used
for a HS configuration and comparing their results allows the
accuracy of the Born approximation underlying the general
model to be assessed (see Section IV-A4).
1) Assumptions: Since we are considering the case of low
conductivity soils and that frequencies used in EMI detectors
are less than 100kHz the MQS approximation can be used
[27].
Let us consider a head composed of the ideal TX and RX
coils. An ideal TX coil is comprised of a single closed-loop
made of an infinitely thin wire where the current remains
constant because no charge is accumulated due to parasitic
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Fig. 1. MD composed of TX and RX coils (CTX and CRX ) of arbitrary shapes above magnetic soil. (a) general inhomogeneous soil exhibiting some relief
and (b) homogeneous HS with C d the mirror image of the TX coil, used to compute the soil response, and h the height of the head above the soil.
TX
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Fig. 2. Head configurations considered. TX — and RX – – coils for (a) circular, (b) concentric, (c) elliptic, (d) double-D and (e) quad heads. For circular
and elliptic heads, a single coil is used for RX and TX. L is the head characteristic length.

capacitance. Under these conditions the current distribution
J TX is fully defined by the closed curve CTX corresponding
to the shape of the coil and by the current ITX flowing through
any cross section.
Similarly, an ideal RX coil is defined by the closed curve
CRX and the induced voltage is equal to the derivative of the
magnetic flux through a surface SRX bound by the contour
CRX :
I
Z
(as)
A(as)
B
S
(1)
eRX = jω
TX · dll
TX · dS = −ω
SRX

(as)
B TX

(as)
A TX

CRX

Where
and
are the magnetic induction and the
magnetic vector potential produced by the source current
distribution J TX in the TX coil and the term ‘(as)’ indicates
that the environment is composed of air and soil.
In the case of a two-coil head, current may be induced in
the RX coil. This current should be considered as part of
the TX current J TX . As a result, J TX should be described
by two currents, one flowing on CTX and the other on CRX .
This generalization is straightforward and will therefore not
be discussed further.
In general, the TX current when the head is in the presence
of soil may be different to when it is in free space. We use the
TX current in the presence of soil in equation (1) and in the
rest of this paper unless explicitly stated. As this current varies
with soil properties, sensor height and orientation it should be
related to the free space TX current, which can be measured
and considered as a detector characteristic. For most cases this
distinction is not critical because the soil response is small and
will not significantly change the TX current. The TX current
in the presence of soil is further discussed in Appendix A.

2) General model: The voltage induced in the RX coil (1)
includes the following two contributions:
TX
• eRX resulting from the direct coupling between TX and
RX coils
soil
TX
• eRX , eRX − eRX resulting from the soil response
The direct coupling is often of little interest because it remains
constant1 and it is canceled by the detector electronics. If
required, it can be calculated using an expression similar to
(1):
I
(fs)
(2)
A TX · dll
eTX
=
jω
RX
CRX

where ‘(fs)’ indicates the free space environment. It can also
be expressed as eTX
RX = jωMTX,RX ITX where the mutual
induction coefficient MTX,RX between the TX and RX coils
can be measured directly. For single coil detectors, the direct
coupling becomes eTX
RX = jωLTX ITX where LTX is the TX
coil self-induction coefficient. For the single coil case, (2)
(fs)
can no longer be used because ATX becomes infinite on
the coil. This singularity is due to the filament assumption
and disappears if the current distribution across the coil
conductor is taken into account. Nevertheless, measuring LTX
is straightforward.
We define the voltage esoil
RX induced in the RX coil by the
soil as the soil response. To simplify the notation, it will be
denoted Vsoil given by:
Z
(fs)
Vsoil = jω
A soil · dll
(3)
CRX

1 Assuming that the soil does not significantly change I
TX (see Appendix A)
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(fs)
(as)
(fs)
with A soil = A TX − A TX which can be interpreted as the
magnetic vector potential produced by equivalent currents2
J soil in the soil volume. Indeed the soil, like any other
medium, can be substituted by equivalent currents flowing in
(fs)
free space [28], [29]. It should be noted that A soil is always
finite, making (3) valid for single coil detectors.
Equation (3) is computationally inefficient because of the
requirement to calculate the equivalent currents, use the
equivalent current distribution to calculate, by means of an
(fs)
integration on the soil volume, the vector potential A soil on
the RX where a line integration must be performed..
A more practical expression can be obtained by the use of
reciprocity to relate fields in two configurations (called states).
Various reciprocity relations can be found in the literature
[28]–[30] but the most generic expression, which takes into
account different media in both states, is seldom used [31],
[32]. The MQS expressions used in this paper could be
obtained by introducing3 the MQS approximations in [32,
Equ. 3]. Alternatively, Appendix B presents a direct derivation
of the general MQS reciprocity relation.
Applying reciprocity (Equ. B.3 of Appendix B) over V∞
(the whole space) with the two following states:
(as)
• ΣTX which is the state for which the current ITX flows
in the TX coil in presence of soil
(fs)
4
• ΣRX which is the state for which the current IRX flows
in the RX coil in absence of soil
yields:
Z 

(fs)
(fs)
(as)
A(as)
S =
TX × H RX − A RX × H TX · dS
S∞
Z n
(as)
(fs)
H TX · H RX +
(µTX − µRX )H
V∞
o
(as)
(fs)
J TX · A RX − J RX · A TX dV (4)

where µTX and µRX are the magnetic permeabilities for states
(fs)
(as)
ΣTX and ΣRX respectively.
The contrast µTX − µRX is zero except in the soil volume
Vs (see Fig. 1) where it is equal to µ0 χ where χ is the
magnetic susceptibility of the soil. The contribution of the
sources to the volume integral reduces to the sum of two
contour integrals, one on CTX and the other on CRX because
the sources are concentrated on those contours. By considering
that the integral on the infinite sphere S∞ vanishes according
to the far field behavior of fields and potentials, simplifying
(4) to:
I
Z
(fs)
(fs)
(as)
H TX · H RX dV = IRX
A soil · dll
(5)
µ0
χH
CRX

Vs

where the contour integral on CTX was replaced according to:
I
I
(fs)
(fs)
IRX
A TX · dll = ITX
A RX · dll
(6)
CRX

CTX

2 These currents do not exist physically because the soil was assumed nonconductive.
3 Replace E by −jωA
A , note that there is no electric charge and no magnetic
current in this case and take the limit as ω → 0.
4 As already mentioned, current may be induced in the RX coil by the TX
current. This induced current should not be confused with IRX which is a
fictitious current used to apply reciprocity.

which is obtained easily by applying reciprocity over the
(fs)
(fs)
whole space, while considering the states ΣTX and ΣRX
defined as above, but with the free space environment for both
states.
With (5), (3) becomes:
Z
(fs)
(as)
Vsoil = jωµ0 ITX
(7)
χȞ TX · Ȟ RX dV
Vs

(env)

(env)

with Ȟ coil = H coil /Icoil the magnetic field normalized
with respect to the corresponding coil current5 . Similar expressions have been obtained in the framework of nondestructive
testing. For example, in [33, Equ. 16b] Auld et al. present
an expression for the impedance variation △Z12 related to
the soil response by Vsoil = △Z12 ITX . Both expressions
were obtained following different lines of reasoning and are
identical under the MQS approximation, since the electric term
appearing in [33, Equ. 16b] is then zero.
Recalling that the voltage induced in the RX coil by a
magnetic dipole m is [34, Equ. 2.21 p. 23]:
(fs)

Vdip = jωµ0m · Ȟ RX

(8)

equation (7) can be physically interpreted as the sum of
contributions by elementary magnetic dipoles:
(as)

dm = χITXȞ TX dV

(9)

(as)
H TX

The computation of
for a general soil usually requires
numerical techniques which are computationally intensive.
(as)
However, for low susceptibilities, H TX can be approximated
(fs)
accurately by H TX , which is easier to compute. This is
the Born approximation [35, Equ. 8.10.1 p. 485] [33, Section 2.3.1.2]. In [36] the Born approximation is also used in
the scope of landmine detection to compute the response of a
dielectric mine. The accuracy of the Born approximation can
be evaluated for simple configurations, such as a homogeneous
HS, for which analytic solutions exist. This approximation is
further discussed in Section IV-A4 and it is shown to be quite
accurate for most soils of interest.
(fs)
(as)
Replacing Ȟ TX by Ȟ TX in (7) yields for the soil response:
Z
Vsoil = jωµ0 ITX
χS dV
(10)
Vs

where

(fs)

(fs)

S = Ȟ TX · Ȟ RX

(11)

is defined as the sensitivity of the head. The concept of
sensitivity map was first introduced in [37] to characterize
the response of a MD to a small sphere. According to (10), it
is also useful to compute the soil response. In [37], sensitivity
maps were computed for rectangular coil arrangements. In
Section V-A we present results for more complex heads.
In (11), only free space magnetic fields appear; for an
arbitrary coil geometry Ccoil , they can be computed by means
of the Biot-Savart law [29, Equ. 13 p. 230 and Equ. 11 p. 232]:
′
Z
1
l̂ × R ′
(fs)
Ȟ coil (rr ) =
dl
(12)
4π Ccoil R3
5 The

units of H and Ȟ are respectively [A/m] and [1/m].
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where Ccoil is the contour representing the coil, r a field point,
r ′ a source point, R = r − r ′ is the vector joining a source
′
R k is the magnitude of R and ˆl
point to a field point, R = kR
is the unit tangent to Ccoil at r ′ . The coils considered in this
paper (see Fig. 2) and most coils used in practice are composed
of circles, circular arcs and line segments. For such coils, the
(fs)
magnetic Ȟ coil can be computed analytically [38]. This is a
quite significant advantage because the magnetic fields must be
computed for a large number of points to accurately compute
(10).
3) HS model: Analytic solutions for concentric circular
coils above a homogeneous HS are well known [10]. In
general, they require the computation of Sommerfeld integrals.
Simpler solutions may be used under the MQS approximation.
They can be obtained from the general solution as in [11]. In
this section, we show that the same expression as in [11] can
be obtained directly by using the image theory. Furthermore,
this approach provides a better physical interpretation of the
results and can be generalized to arbitrary head configurations.
The image theory is often presented [29] as a method
to solve electro-static problems. Nevertheless, it is easily
transposed to the MQS framework.
The configuration considered is sketched in Fig. 1 (b). The
field in the upper HS is the sum of the field produced by
the TX coil in absence of soil and the field scattered by
the soil. According to image theory, the soil contribution is
assumed equal to the field produced by a fictitious current
αs ITX flowing through the image coil Cd , this current being
TX
the mirror image of the TX coil through the air-soil interface
and radiating in free space:
(as)
H TX (rr air )

=

(fs)
ITXȞ TX

+

(fs)
αs ITXȞ TX
d

(13)

where the argument r air has been introduced to emphasize the
fact that the expression is only valid in the upper HS. Similarly,
we assume that the field in the lower HS is equal to the one
produced by a current αt ITX flowing in the TX coil CTX and
radiating in infinite soil:
(fs)

(as)
H TX (rr soil ) = αt ITXȞ TX

(14)

where the argument r soil denotes that the expression is only
valid in the lower HS. We replaced the normalized magnetic
(soil)
field Ȟ TX produced by the TX current in an infinite space
(fs)
filled with soil by Ȟ TX , since both quantities are equal. The
fields appearing in (13) and (14) can be computed easily
by means of the Biot-Savart law (12) because all equivalent
currents are radiating in free space.
The coefficients are solved for by applying interface conditions (continuity of the tangential component of H ) and by
resorting to the symmetry relations (C.2). This yields:
2
2µ0
=
(15a)
αt =
µ0 + µs
2+χ
χ
µ − µ0
=
(15b)
αs = s
µs + µ0
2+χ
with µs = µ0 (1 + χ) the soil magnetic permeability.
In Section IV-A2, the soil response is defined as the
additional voltage induced by the field scattered by the soil.
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Therefore, according to (13), it is equal to the voltage induced
in the RX coil by a current αs ITX flowing through the
mirrored TX coil, both coils being in free space. This voltage
can be expressed as:
VHS = jωαs ITX MTX,RX
d

(16)

where Md , the mutual induction coefficient between the
TX,RX
RX coil and the mirrored TX coil, can be expressed as:
Z
(fs)
=
MTX,RX
(17)
Ǎ TX
d · dll
d
CRX

(fs)

(fs)

where Ǎ TX
d = A TX
d /ITX , the magnetic vector potential
produced by the mirrored TX coil and normalized by the
corresponding current, is related to its source [29, Equ. 8
p. 231 ] by the following expression:
Z
1 ′
µ0
(fs)
r
dll
(18)
(r
)
=
Ǎ d
TX
4π C R
d
TX

′

with dll the unit tangent to Cd at the source point and R the
TX
distance between source and field points. For coils composed
of circles, circular arcs and line segments, the magnetic
(fs)
potential ǍTX
d can be computed analytically [38]. In addition,
for coaxial circular coils, the following analytic expression can
be used to directly compute the mutual induction coefficient
[29, Equ. 7 p. 263 ]:
√ 


k2
2 ab
1−
K (k) − E (k)
(19)
MTX,RX
= µ0
d
k
2
where K , E are the complete elliptic integrals of first and
second kinds, k 2 = 4ab/[(a + b)2 + d2 ], with a and b the radii
of the coils and d the distance between the centres. Substitution
of (19) into (16) yields an expression for the soil response that
is identical to [11, Equ. 10]. However, our approach is more
general and can be applied to other head configurations.
4) Accuracy of the general model for HS soils: The expression for a general soil response (10) was obtained under
the Born approximation, which assumes that the soil does
(fs)
H (as)
not significantly change the TX field (H
TX ≃ H TX ). Such
an assumption was not required to develop the HS model
expression (16). Since both expressions can be used for a
HS soil, the comparison of the results allows us to quantify
the accuracy of the general expression (10) for that specific
configuration.
As shown in Appendix C, the mutual induction coefficient
appearing in (16) can be expressed as a volume integral on
the soil volume (C.5). Furthermore, for a homogeneous HS,
the magnetic susceptibility may be moved outside the integral
(10). As a consequence, both approaches yield a similar
expression for a uniform HS soil:
Z
i
VHS = βi jωµ0 ITX
S dV
(20)
VLHS

where VLHS is the lower HS volume z < 0, ‘i = g’ and ‘i =
HS’ respectively for the general and HS model. According
to (10) βg = χ while according to (16) and (C.5) βHS =
2χ/(2 + χ).
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The relative error due to the Born approximation is thus:
|

βHS − βg
|χ|
|=
βHS
2

(21)

In [39], soils are classified according to their magnetic
susceptibility as neutral, moderate, severe, and very severe
depending on their effect on MDs used in the framework of
mine clearance. Very severe soils have susceptibilities above
0.02. Many soils of interest indeed have susceptibilities below
0.02, as confirmed by many measurement campaigns [20]–
[26]. A noticeable exception is Playa Gorgana in Panama,
which is rich in pure magnetite and for which susceptibilities
close to 1 have been measured [24]. For a very severe soil
with a magnetic susceptibility of 0.02, the relative error is
0.01, which shows that the approximation is expected to be
quite good for most soils of interest in the framework of mine
clearance.
B. Soil response in the time domain
The time domain response can be obtained from the
frequency domain response by Fourier transform. This reω
quires one to compute the spectral representation ITX
(ω) =
t
t
F {ITX (t)} of the time domain TX current ITX (t) and to
repeat the computation of the soil response (10) for a number
of frequencies within the detector bandwidth.
The soil magnetic susceptibility is mainly due to ferrite
minerals—magnetite and maghaemite—and the susceptibility
frequency variation is dictated by the size and shape distribution of the magnetic domains of those ferrite minerals at
sub-microscopic level [17]. It is expected that for some soils,
this distribution remains identical everywhere in the soil and
that only the overall concentration of ferrite changes.
When this assumption is applicable, the frequency dependence of the soil magnetic susceptibility is independent of
the position, and a simpler and more efficient approach is
possible. The magnetic susceptibility can be separated into
a position-dependent factor and a frequency-dependent factor:
χ(rr , ω) = χr (rr )χω (ω). Furthermore the frequency-dependent
factor can be moved out of the integral (10) to yield:
Z
t
Vsoil (t) = v0 (t)
χr S dV
(22)
Vs

t
Vsoil
(t)

the time-domain soil response, v0 (t) =
dI t (t)
⊗ χt (t) where ⊗
F
= µ0 TX
dt
denotes a convolution and χt (t) = F −1 {χω (ω)} is the
normalized impulse response of the magnetic material present
in the soil6 .
Expression (22) has a form similar to its frequency-domain
counterpart (10). It shows that v0 (t) completely defines the
t
shape of the time domain response Vsoil
(t), only influenced
t
by the shape of the TX current ITX (t) and by the signature
of the magnetic material χω (ω) present in the soil. Hence, if
χ is a separable function of space and frequency, the shape
of the time domain response is independent of soil relief,
concentration of magnetic material χr (rr ), head position and
with

−1

ω
{jωµ0 ITX
(ω)χω (ω)}

6 The

unit of χt (t) and v0 (t) are respectively [s−1 ] and [V/m].

orientation. Those parameters only affect the magnitude of the
response.
With those numerical optimizations, the sensitivity mesh
corresponding to a given head is computed in a few minutes on
a standard desktop computer and the response of an arbitrary
soil can then be computed in a few seconds.
V. A PPLICATIONS
The general model (10) allows one to efficiently compute
the response of magnetic soils with low susceptibility with
arbitrary relief and inhomogeneity, for an arbitrary head shape
in an arbitrary position and orientation above the soil.
As this paper focuses on the model development and its
validation, only simple applications are presented. In future
publications, we will consider representative soil reliefs and
inhomogeneities, which allows one to better understand the
head behavior in real soils.
Section V-A illustrates the sensitivity maps for a double-D
head configuration. To validate the two models and to assess
the accuracy of their numerical implementations, Section V-B
compares, for a HS configuration, the soil response obtained
by the general model (10) and by the HS model (16). An
additional validation is performed for the concentric head, for
which an analytic solution exists. Finally, Section V-C presents
the zero equi-sensitivity surface and and Section V-D presents
the volume of influence; both are important characteristics of
a given detector head.
A. Sensitivity maps
As an illustration of the concept of sensitivity map, Figs.
3 and 4 present vertical and horizontal cuts of the sensitivity
(11) for the double-D head presented in Fig. 2 (d). For both
cuts, the projections of the TX (—) and RX (– –) coils are
drawn and the depths of the horizontal cuts are indicated in
Fig. 3 by dot-dashed lines (− · −). For the vertical cuts, the
absolute value of the sensitivity is represented in dB to capture
the large dynamic range resulting from the very fast decrease
of the sensitivity with depth. For the horizontal cuts, a linear
scale is used and the sensitivity is first divided by a factor α to
allow a common colormap to be used for all cuts. This factor
is indicated above the cut and also represented graphically
by the size of the horizontal bar appearing at the top of the
images.
To obtain results that are valid for any head dimensions,
normalized quantities are used. Horizontal (x,y) and vertical
(z) dimensions as well as the head height (h) are normalized
with respect to the head characteristic length L (see Fig. 2).
The normalized quantities are denoted x, y, z and h respectively. In addition, the normalized sensitivity S = SL2 is
presented. All those normalized quantities are dimensionless
and one can easily check by appropriate change of variables
in the integrals (11) and (12) that S is indeed independent of
the head characteristic length L. The normalized head height
used is h = 0.05.
The sensitivity map allows us to better understand how the
double-D head compensates the soil response. The sensitivity
is integrated over the soil volume and the negative and positive
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Fig. 4. Horizontal XY cuts of normalized sensitivity (S) for double-D head at h = 0.05. Sensitivity scaling factor (α) and cut depth (z) are indicated above
each cut. α is further represented by length of horizontal bar above in the image. TX (—) and RX (– –) coils as well as zero equi-sensitivity contour (—)
are shown.
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Fig. 3.
Vertical XZ (left) and YZ (right) cuts of normalized absolute
sensitivity (|S|) in dB for double-D head at h = 0.05. TX (—) and RX
(– –) coils, depths of horizontal cuts (− · −) as well as zero equi-sensitivity
contour (—) are shown.

parts of the volume compensate each other to produce a
smaller signal in the receiver. The sensitivity is negative in a
volume, shaped as two connected washbowls, close to the head
and positive elsewhere. The positive and negative volumes
are directly apparent in Fig. 4. On the contrary, in Fig. 3,
the sign of the sensitivity is not seen directly because, in
order to capture the large dynamic, the absolute value of the
sensitivity is represented using a logarithm scale. However,
the positive and negative volumes can be deduced from the
sign reversal contour on which very strong negative values
induced by the logarithmic scale appear. For clarity reasons,
this contour has further been superimposed on the figures. The
zero equi-sensitivity surface is also represented in Fig. 5 (b).
According to (16), the compensation of a uniform HS
response is perfect if the distance between the mirrored TX
coil and the RX coil is equal to the distance between the TX
and RX coils7 . This only occurs at a unique height. For other
head heights, the soil response is still significantly attenuated
but the compensation is not perfect. The sensitivity map also
shows that the volume in which the sensitivity is negative is
relatively small and exhibits high sensitivity values. Therefore,
the soil properties in that volume have a strong impact on the
soil response. The compensation is significantly reduced for a
soil exhibiting a strong inhomogeneity or a large hole in the
negative sensitivity volume.

7 If, as we assumed, the coil overlap has been chosen to ensure a zero
coupling between the coils in free space

B. HS response and implementation validation
The HS response can be computed using the general expression (10) or the simpler expression (16) valid only for a HS
g
HS
configuration. According to (20), VHS
/χ and VHS
(2 + χ)/χ
are independent of χ and should be equal.
Both expressions are computed using two different numerical algorithms. Indeed, according to (10), the general
expression requires a volume integral on the soil volume,
whereas according to (16), the HS expression requires a line
integral on the RX coil. Comparing both results yields a crosscheck and an indication on the accuracy of the numerical
algorithms.
Furthermore, the general expression involves the magnetic
fields produced by the coils while the HS expression involves
the magnetic vector potential produced by the coils. Both are
computed using the analytic solution for straight and circular
segments. Comparing both solutions also yields a validation
of the analytic expressions used and of their implementations.
To quantify the difference between the two results, the
VHS (2+χ)−Vg
relative error ǫ = HSVHS (2+χ) HS is used.
HS
It is worth emphasizing that this error, independent of χ, is
used to cross-check the numerical implementations and cannot
be used to assess the accuracy of the Born approximation. For
this, (21), which does not require any numerical computation,
should be used instead.
The χ-normalized response computed with both models,
together with the corresponding error (ǫ), is presented in
Table I for various heads and for a normalized head height
h = 0.05.
To avoid any dependence on the frequency, on the TX
current or on the head dimension L, the dimensionless soil
response VHS = VHS /(jωµ0 LITX ) is used. It is easy to check
by appropriate changes of variables in the integrals (10) and
(12) that VHS is indeed independent of the head dimension L.
The HS response is much smaller for the double-D head
than for other heads, except for the quad head for which the
response is null, as expected, due to the anti-symmetry of the
head. As explained above, for the double-D head, the response
is null only for a reference height different from the height
used in Table I.
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Circular
Concentric
Elliptic
Double-D
Quad

g

HS
VHS
(2+χ)
χ

VHS
χ

0.4285
0.2113
0.2716
-0.0007
0

0.4285
0.2112
0.2717
-0.0007
0

ǫ
0
0.0005
0.0001
0.0035
na

TABLE I
χ- NORMALIZED DIMENSIONLESS HS RESPONSE COMPUTED WITH
g
HS ) EXPRESSIONS TOGETHER WITH
GENERAL (VHS ) AND HS (VHS
CORRESPONDING RELATIVE ERROR (ǫ) FOR NORMALIZED HEAD HEIGHT
h = 0.05.

In the case of a quad detector, the error ǫ cannot be
computed because the corresponding HS response is null.
For other heads, the error is quite small, which yields a
good check of the numerical implementations. However, the
error is the biggest for the double-D detector because the HS
response is small due to a significant compensation between
the positive and negative contributions in the integral (10).
Such a compensation between large positive and negative
contributions requires both contributions to be computed with
a high accuracy in order to reach a small relative error.
For the concentric head, an additional validation has been
HS
performed by comparing VHS
based on a numerical integration
(17) and on the analytic solution (19) to calculate the mutual
induction coefficient. The relative error was better than 10−15 ,
which provides a good validation of the implementation of
(17).
C. Zero equi-sensitivity surface
As already discussed, the sign of the sensitivity can change
and the volume of negative sensitivity can cause a total or
partial compensation of the soil response. Therefore, visualizing the zero equi-sensitivity surface helps us to understand
the compensation mechanism. This compensation is the most
efficient in the case of a uniform soil and will be significantly
reduced if the soil exhibits a large hole or marked inhomogeneity in the negative sensitivity volume.
For single coil heads, according to (11), the sensitivity is
always positive and there is no zero equi-sensitivity surface.
For the quad head, by symmetry, the zero equi-sensitivity
surface is the yz plane. The zero equi-sensitivity for the other
heads (concentric and double-D) are presented in Fig. 5.
For the concentric head, the zero equi-sensitivity surface
looks like a circular gutter while, for the double-D head,
it looks like two connected washbowls. For both heads, the
negative sensitivity volume is rather small and, in that volume,
the magnitude of the sensitivity is large. Therefore, holes
or inhomogeneities in the negative sensitivity volume may
significantly affect the soil compensation. This effect is most
critical for the double-D head which exhibits a very good
intrinsic compensation for homogeneous and flat soils.

response. The knowledge of this volume makes it possible
to define objectively the sampling locations for magnetic
susceptibility measurements. It also helps us to understand the
detector behavior.
More specifically, the response of a uniform HS is taken as
reference and the volume of influence is defined as the smallest
part of that HS that produces 99% of the reference response.
For this purpose, both the HS and the volume of influence
are filled with a uniform soil of sufficiently weak magnetic
susceptibility for the Born approximation to be valid. This
definition is only valid for single coil heads because for twocoil heads, the half-space response may be null8 . Therefore,
the previous definition is further extended by considering only
the volume in which the sensitivity is positive (V + ). The
volume of influence is then defined as the smallest part of
V + yielding 99% of the total contribution of V + .
In the above definition, we considered the smallest volume
of influence. The requirement to be the smallest is mandatory
to yield a unique volume. Other definitions are possible but
will not be considered in this paper. It is easy to show that
the smallest volume of influence is bound partly by an equisensitivity surface and partly by the horizontal plane z = 0.
The value of the sensitivity to take into account for the equisensitivity surface can be found by calculating the response as
a function of that sensitivity and then by finding the value for
which the response is 99% of the total (positive) response.
Figure 6 shows the volume of influence for the concentric
and quad heads. For the concentric head, the volume of
influence is bound by an internal surface which is very similar
to the zero equi-sensitivity surface presented in Fig. (5), by
the horizontal plane z = 0 and by an oval external surface.
The internal surface is an artifact resulting from our definition
of the volume of influence and, in practice, the oval external
surface is sufficient to characterize the volume of influence.
Furthermore, the shape of this external surface is similar for
all head configurations considered with the exception of the
quad head. This is due to the fact that the external surface is
far away from the coils and a dipolar approximation can be
used for the magnetic field emitted by the coils; the shape of
the coils then becomes irrelevant. This is not true for the quad
head because the dipolar moment of the RX coil is null and
the quadrupole moment must be taken into account.
As the shape of the volume of influence is similar for all
heads (except for the quad head), it can be efficiently characterized by the dimensionless normalized distances from the
inf
origin to the external surface along the axes: Rinf
x = Rx /L,
inf
inf
Ry and Rz . Those quantities are presented in Table II.

Circular
Concentric
Elliptic
Double-D

Rinf
y
1.423
1.421
1.189
2.693

Rinf
z
1.634
1.677
1.287
3.299

TABLE II
V OLUME OF INFLUENCE CHARACTERISTICS

D. Volume of influence
Obviously, only a limited soil volume below the head, which
we call the volume of influence, significantly influences the soil

Rinf
x
1.423
1.421
1.073
2.713

8 This

will be the case for any differential design such as the quad detector.
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(a)
Fig. 5.

(b)

Zero equi-sensitivity for (a) concentric and (b) double-D head. TX (—) and RX (– –) coils are shown.

(a)
Fig. 6.
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(b)

Volume of influence for (a) concentric and (b) quad head. TX (—) and RX (– –) coils are shown.

One can notice that the volume of influence is significantly
larger for the double-D head than for other heads which
indicates that for a double-D head, the soil compensation will
only be efficient if the soil is homogeneous in a large volume.
VI. C ONCLUSIONS

AND PERSPECTIVES

This paper has shown that under realistic conditions—
negligible conductivity, low magnetic susceptibility—the soil
response can be expressed as an integral on the soil volume of
the magnetic susceptibility multiplied by the head sensitivity.
Therefore, the sensitivity map helps to understand the soil
response. As an illustration, the sensitivity map of a doubleD head was presented and used to explain the partial soil
compensation inherent to such a head design and to understand
the limitations of that compensation.
This approach is both general and efficient. Indeed, when
compared to available analytic solutions, it is much more
general as it makes it possible to consider any coil shape
and relative position, any soil inhomogeneity and relief and
any head position and orientation. Further, when compared
with generic numerical methods, our approach is much more
efficient and makes it possible to compute the soil response for
many different configurations within a reasonable time. The
computation speed is further improved for heads which can be
represented by line and circular segments for which the field
can be calculated analytically. Additional efficiency is obtained
by the introduction of dimensionless quantities which makes it
possible to analyze an head design without having to specify
its size. The head size only appears in the expressions relating
the dimensionless quantities to their dimensional counterparts.

Those expressions make it possible to assess efficiently the
effect of head scaling.
In addition to the general expression, valid for any soil
relief and inhomogeneity, we have also developed a simpler
expression which is only valid for a homogeneous HS but
which does not require the Born approximation. Comparing
both approaches on a HS configuration made it possible to
establish an analytic expression for the error introduced by
the Born approximation as a function of the soil magnetic
susceptibility. In the light of susceptibility measurements of
many soils found in the literature, this expression showed
that for most soils of interest within the framework of mine
clearance, the corresponding error is negligible.
Comparing numerical results obtained with the two models
on a HS configuration also provided a cross-check for the
validity of those models and their implementations. An additional validation was obtained in the case of concentric circular
loops by comparing the numerical results with the available
analytic solution.
As applications of the general model, we defined the zero
equi-sensitivity surface and the volume of influence which
are two important characteristics of the head. Visualizing
those volumes and surfaces can be very helpful in practice
to understand the detector behavior. This was illustrated for
representative heads designs.
As this paper focuses on the model development and validation, only simple applications have been considered. More
complex scenarios including soil inhomogeneity and relief are
deferred to future publications. Such scenarios are of prime
interest from a practical point of view as they make it possible
to compare various head designs as far as their inherent soil
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compensation capabilities for realistic soils are concerned and
are not limited to theoretical homogeneous and flat soils as it
is often the case.
A PPENDIX A
TX

CURRENT IN PRESENCE OF SOIL

The TX current may be different in free space and in
presence of soil. This effect is dependent on the TX coil
driver circuit. For an ideal current source, the TX current
is unaffected by the presence of the soil. However, for other
sources, the TX current varies with the soil properties as well
as with the sensor height and orientation. It is then necessary
to relate the TX current in presence of soil to its free space
counterpart, which can be measured and used as a detector
characteristic.
In the core of the paper, we could use ITX to denote the TX
current without ambiguity because it was always the current
in presence of soil that was meant. We will now denote the
TX current in presence of soil and its free space counterpart
by ITX(as) and ITX(fs) , respectively.
To compute the TX current, let us consider that the electronics can be modeled by its Thevenin equivalent circuit composed of an ideal voltage source VTX and a series impedance
el
ZTX
which can both be estimated by simple measurements on
the detector. The coil can also be represented by its Thevenin
equivalent circuit composed of an ideal voltage source esoil
TX and
coil
coil
a series impedance ZTX
. ZTX
can be estimated by simple
measurements on the coil and esoil
TX , which is the voltage
induced by the soil in the TX coil9 , can be computed using
(10). For this purpose, the monostatic sensitivity must be used;
it can be obtained by replacing RX by TX in (11).
Note that ITX(as) , which is still to be determined, appears in
(10). We therefore first compute the normalized soil response
soil
ěsoil
TX = eTX /ITX(as) . We also define the total TX impedance
el
coil
ZTX = ZTX
+ ZTX
.
According to the Thevenin equivalent circuit, we have:
ITX(as) =

VTX − ěsoil
TX ITX(as)
ZTX

(A.1)

which immediately gives the following TX current:
ITX(as) =

VTX
ZTX + ěsoil
TX

(A.2)

In practice, ěsoil
TX is often much smaller than ZTX and
ITX(as) ⋍ ITX(fs) = VTX /ZTX . In case of doubt, (A.2) can be
used to check whether, for a given soil and detector, ITX(as)
can be replaced accurately by ITX(fs) in (10) to compute the
soil response.

H i and magnetic vector potential A i where ‘i=1,2’ corresponds
to the first and second states respectively. Further, the medium
does not need to be homogeneous. The magnetic permeability
may vary with the position and even exhibit discontinuities,
typically at the interface between two media. It may also be
different in the two states.
First we note that:
A1 × H 2 ) = ∇ × A 1 · H 2 − ∇ × H 2 · A 1
∇ · (A
= B 1 · H 2 − A1 · J 2

where we used the fact that, under the MQS approximation,
the Ampere law becomes ∇ × H = J .
Integrating on volume Vr and applying the Gauss theorem
yields:
Z
Z
A
H
S
B 1 · H 2 − A1 · J 2 )dV (B.2)
(A 1 × 2 ) · dS =
(B
Sr

Vr

where, according to our conventions (Section III), the surface
Sr is the boundary of the volume Vr and the positive normal
points outside.
Proceeding similarly with A 2 × H 1 and subtracting from
(B.2) yields:
Z
A1 × H 2 − A 2 × H 1 ) · dS
S
(A
Sr
Z
H 1 · H 2 + J 1 · A 2 − J 2 · A 1 }dV (B.3)
=
{(µ1 − µ2 )H
Vr

which is the searched for general MQS reciprocity expression.

M UTUAL

A PPENDIX C
INDUCTION COEFFICIENT

Here, we relate the mutual induction coefficient between the
c coil (the mirror of the TX coil) and the RX coil to the
TX
head sensitivity.
For this purpose, we first apply reciprocity (B.3) to the HS
configuration illustrated in Fig. 1 (b) in the air volume Va with
the two following states:
(fs)
• Σd for which the mirrored TX coil is carrying current
TX
ITX in free space
(fs)
• ΣRX for which the RX coil is carrying current IRX in
free space
This yields:
Z 

(fs)
(fs)
(fs)
(fs)
S
A d × H RX − A RX × H d · dS
TX
TX
Sas
Z
ˆll̂ · A (fs) dl (C.1)
= IRX
RX
d
CRX

A PPENDIX B
MQS RECIPROCITY
Here, we derive the general MQS reciprocity expression.
For this purpose, we consider two states defined by the
magnetic permeability µi , current density J i , magnetic field
9 For a two-coil head, the Thevenin equivalent of the RX coil as well as
the coupling between the TX and RX coils must be taken into account. As
this generalization is straightforward, it will not be further discussed.

(B.1)

TX

where Sas is the air-soil interface for which the positive normal
has been defined upwards. The Right-Hand Side (RHS) of
the above equation was obtained from the RHS of (B.3)
by noting that the first term of the volume integral is null
because the permeability is the same for both states, the
(fs)
second term is null because in the first state (Σd ) there is no
TX
current in the volume considered (the upper HS) and the last
term degenerates in a contour integral because the current is
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localized on CRX . A direct application of reciprocity yields a
surface integral on Sair instead of Sas and an opposite sign for
the RHS term. The above equation can then be obtained by
noting that only Sas contributes to the surface integral and that
the positive normal of Sas and Sair are in opposite directions
on that surface.
By symmetry, the currents, fields and potentials of the
mirrored coil are related to the original one as follows:
J TX (x, y, −z)
J TX
d (x, y, z) = ±J

ATX (x, y, −z)
A TX
d (x, y, z) = ±A

(C.2)

H TX (x, y, −z)
H TX
d (x, y, z) = ∓H
where the upper sign is valid for x and y coordinates and the
lower sign is valid for the z coordinate.
(fs)
Therefore, on Sas where z = 0 and n̂ = ẑ , A d × n̂ =
TX

(fs)
(fs)
H (fs)
A TX × n̂ and H d × n̂ = −H
TX × n̂ and (C.1) becomes:
TX

Z



(fs)
(fs)
(fs)
(fs)
S
A TX × H RX + A RX × H TX · dS
Sas
Z
(fs)
= IRX
A d · dll
CRX

TX

(C.3)

The first term of the Left-Hand Side (LHS) can be further
developed by applying again reciprocity in the soil volume
Vsoil between the following states:
•

•

(fs)

ΣTX for which the TX coil is carrying a current ITX and
is in free space and
(0)
ΣRX for which the RX coil is carrying a current IRX in
a fictitious medium for which µ = 0. For that medium,
(0)
(fs)
(0)
H RX = H RX and A RX = 0.

This yields
Z
Z
(fs)
(fs)
S = µ0
A TX × H RX · dS
Sas

Vsoil

(fs)
(fs)
H TX · H RX dV

(C.4)

where we used the fact that only Sas contributes to the surface
integral on Ssoil and that the positive normal of Sas and Ssoil
are identical on that surface.
The second term of the LHS of (C.3) can be obtained
as the first one by interchanging ‘RX’ and ‘TX’. Therefore,
according to (C.4), both terms are equal. According to (17),
the RHS of (C.3) is equal to ITX IRX Md
where Md
TX,RX
TX,RX
is the mutual induction coefficient between the mirrored TX
coil and the RX coil.
One finally gets the following expression for the mutual
induction coefficient:
Z
MTX,RX
=
2µ
S dV
(C.5)
0
d
Vs

with S defined in (11).
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the Université catholique de Louvain (UCL). From
1994 to 1999, he was a teaching assistant at UCL
and carried out research on the radar signature of the
sea surface perturbed by rain, in collaboration with
the Rain-sea interaction facility of NASA, Wallops
Island (VA) and with the European Space Agency.
From 1999 to 2001, he stayed as a post-doc researcher at the Eindhoven
University of Technology, at the Netherlands Institute for Research in Astronomy and at the University of Massachusetts. His post-doctoral research
concerned wideband array analysis, in the framework of the Square Kilometer
Array radio telescope project. Since 2002, he is an Associate Professor at the
Université catholique de Louvain. His research interests are finite antenna
arrays, multiple antenna systems, numerical methods for fields in periodic
media, small antennas and microwave detection. He participates to the COST
IC0603 Action on Antennas for Sensor applications. He currently is an
Associate Editor of the IEEE Transactions on Antennas and Propagation.

Marc Acheroy received the engineering degree
in mechanics from the Royal Military Academy
(RMA), Brussels, Belgium, in 1971, the engineering
degree in control and automation in 1981 and the
Ph.D. degree in applied sciences in 1983, both
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