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Abstract—Magnetometers and magnetic gradiometers are
commonly used to detect ferromagnetic targets. When the dis-
tance to the target is large compared to its size, the target can
be modeled as a dipolar source and can then be characterized
by a single vector: its magnetic moment. The estimation of
the magnetic moment of the target can be used to reduce the
false alarm rate. We consider a total-field three-axis gradiometer
which measures the gradient of the magnitude of the magnetic
field along three orthogonal axes. We show that for an ideal
gradiometer, the inversion problem separates into two linear
problems and can therefore be solved without any initial esti-
mation of the parameters. Moreover, the method can be applied
directly on the data gathered by the gradiometer, without any grid
interpolation and in real time. For the considered gradiometer, a
better estimation of the parameters can be obtained if the detailed
geometry of the gradiometer (location of the magnetometers) is
taken into account. We show that the method can be extended to
magnetometers, vertical total-field gradiometers, horizontal total-
field gradiometers and tensor gradiometers. Finally, we analyze
the effect of various survey parameters (gradiometer altitude,
inter-track distance and target magnetic moment) on the accuracy
of the estimated parameters in the presence of noise (magnetic
noise and error on the position of the gradiometer).

I. INTRODUCTION

Detecting and localizing magnetic targets is useful in a
large number of applications, such as unexploded ordnance
detection [1], [2], underwater buried mine hunting [3], [4],
underwater vessel detection [5], [6], archeologic survey [7],
geologic prospecting [8] or biomedical applications [9], [10],
[11]. When the distance between the target and the detector
is large compared to the size of the target, The target can
be modeled as a dipolar source characterized by its dipolar
moment. Estimating the magnetic dipolar moment of the
source makes it possible to classify the target [4] or to reduce
the false alarm rate in the fields of underwater mine-hunting
and unexploded ordnance cleanup [1], [2], [6]. In this work,
we are considering the detection of sea mines on the seafloor
or buried. Drifting mines or moored mines can be detected
by other techniques [12], [13] and there is no need to use
a gradiometer for those mines. For this reason, we focus on
bottom mines. Nevertheless, the method presented here is not
limited to this application.

Two main kinds of magnetic sensors are used to local-

ize ferromagnetic targets: magnetometers and gradiometers.
Magnetometers measure the local magnetic field. Some of
them only measure the magnitude of the magnetic field (total-
field magnetometers), other measure the field components
(vector magnetometers). Gradiometers measure the gradient of
the magnetic field and are therefore less sensitive to slowly
varying magnetic fields (geologic or geomagnetic noise) than
magnetometers. There exists two kinds of gradiometers: tensor
gradiometers that measure the gradient of the magnetic field
and total-field gradiometers that measure the gradient of the
magnitude of the magnetic field. Some total-field gradiometers
only measure one or two components of the gradient (verti-
cal or horizontal total-field gradiometers). In this paper, we
consider a three-axis total-field gradiometer, which measures
all the three components of the gradient. It is composed
of four total-field magnetometers separated by about 1 m.
Combining the measurements taken by the magnetometers, an
approximation of the gradient is obtained.

A common way to localize a magnetic target is to look at
the maxima of the magnitude of the magnetic field gradient
(sometimes called 3D analytic signal amplitude) [14], [15].
Most of the time, the maximum of this quantity is located
approximately above the target. The depth of the target can be
estimated from the width of the peak. However, this method
is not accurate and it suffers from interpolation artifacts.
Moreover, at low latitudes, up to four maxima can be observed
for only one target, which can lead to misinterpretation. A
more powerful technique to localize a dipolar source is the so-
called Euler deconvolution [16], [17]. Three-axis gradiometers
directly measure the quantities required for the Euler decon-
volution [18]. No grid interpolation is needed. This allows
one to estimate the target location directly from the raw data,
giving more accurate results. The Euler deconvolution is a
linear technique, it does not require any initial estimation of
the parameters and it is free of local minima.

In this paper, we show that once the localization is done
using the Euler deconvolution, the moment can be estimated
by solving a second linear system. For the gradiometer con-
sidered, the Euler deconvolution is inaccurate, because the
measurement is only an approximation of the gradient obtained
from a finite difference of the magnetometers measurements
and therefore a significant error appears on the estimated



position and in a second step, on the magnetic moment.
Therefore, a second step in our inversion method is introduced,
where the geometry of the gradiometer is taken into account.

We also study the influence of the principal survey pa-
rameters (gradiometer altitude and inter-track distance) on the
estimated parameters in the presence of noise. We consider
two sources of noise: the magnetic noise and the gradiometer
position error. The analysis is done considering different
magnetic moments covering a representative range for mines.

II. PROBLEM FORMULATION

Our objective is to determine the position rg of a target
and its magnetic moment M given the position ry of the
gradiometer in the UTM reference frame, and the correspond-
ing magnitudes of the magnetic field [B|¢,,,., B}, IBlgown
and |B|th measured by the four magnetometers that com-
pose the gradiometer, with a € {1,..., N} the index of the
measurement. From the four magnetometers measurements, an
estimation of the gradient is obtained:
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The ~ symbol is introduced to make the difference between the
finite difference estimation of the gradient and its true value:

R is the rotation matrix to change from the reference frame
fixed to the gradiometer to the UTM reference frame. The
length Liyans, Liong and Lye.¢ are explicated in Fig. 1, as
well as the index “star”,“port”,“down” and “aft”.

Fig. 1.  Sketch of a three-axis total-field gradiometer showing the four
magnetometerts “starboard”, “port”, “down” and “after”. For the gradiometer
considered, Ltrans = 1.5 m, Ligng = 1.1 m and Lyert = 0.5 m

The total field B has two contributions: the earth magnetic
field B, and the field B$ due to the source target. If the dis-
tance between the target and the gradiometer is large compared
to the size of the target, the field BS can be expressed as:
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where (49 is the vacuum permeability and r = rj —r; is the

vector pointing from the target to the gradiometer.

III. THE LINEAR MODEL

A function f is called homogeneous of degree d in r if

FOr) = Xf(r)

for all A > 0. A remarkable property of such a function is that
it fulfills the Euler’s homogeneity equation, which reads [19]:

£ Vi) = d f(r)

Let define the magnetic anomaly T as:

T = |B|* — |B,| 3)

If |B,| << |Be|, A
T ~ BY - B, @)
where Be = ‘g—el is the unit vector in the direction of B..

According to (2), the components of B¢ are homogeneous
functions of degree -3 in r® . Therefore, according to (4), T®
is also a homogeneous function of degree -3 in r®. Under
these conditions, the Euler’s homogeneity equation is fulfilled
for 7. It reads:
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where the true gradient G»“ and can be approximated by the
measured gradient G»“. This system of equations was first
derived by Thompson [16]. It can be rewritten in a matrix
form:
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If N > 4, this forms an over-determined linear system of
equations for which the least mean square (LMS) solution is:

0= (XTx)1xTy 6)



Equation (5) provides an expression for the estimated target
position. Once this position is known, according to (2) and
(4), T becomes a linear function of M?. As the gradient is a
linear operator, the same holds for the gradient G*%. Indeed,
differentiating (4) leads to:
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This expression is linear in M?. It can therefore be estimated
by the linear least mean square method assuming that G =
GHe,

The motivation for using the gradient G* in stead of the
magnitude |B|* of the magnetic field is that we don’t know
|B.| with a sufficient accuracy. Using (3) and (4) leads to a
bad estimation of the parameters because 7' is the difference
between two nearly equal numbers. The problem disappears
when using (6) which only depends on the direction B..

IV. THE NONLINEAR REFINEMENT

In the previous section, we described a method to retrieve
the position and the magnetic moment of a target from a
gradiometer survey. It was based on three assumptions:

e The field due to the target is dipolar.

e The field due to the target is small compared to the
earth magnetic field.

e  The gradiometer gives a measure of the true gradient.

The two first assumptions are usually fulfilled in practice.
However, strictly speaking, the considered gradiometer only
provides an approximation of the gradient by measuring the
magnitude of the total magnetic field at four different locations.
This approximation is accurate if the distance to the target is
large compared to the size of the gradiometer. The size of
the gradiometer considered is about 1 m and the distance to
the target can be as small as 6 m. In those conditions, the
accuracy of the estimated parameters may be poor. Therefore,
to increase the estimation accuracy, we introduce a second
step in the parameter estimation. In that step, the detailed
gradiometer geometry is taken into account by solving the
system of equations (1). The position and the magnetic
moment are refined simultaneously, leading to a nonlinear
problem. This problem is solved by the Levenberg-Marquardt
algorithm, which requires initial values for the parameters rg
and M. These initial values are computed assuming that the
gradiometer measures the true gradient and by solving the two
successive linear methods described in section IIL

V. DISCUSSION

In this section, we compare the approach presented in
sections III and IV to more traditional map production. This
comparison in done using synthetic data. Fig.2 shows the

contour map of the gradient magnitude. It also shows the
real position of the target, the positions estimated with the
Euler method and the nonlinear method. The analysis of the
map gives inacurate results: due to the low latitude, several
maxima are visible. The Euler method gives better results.
However, as expected, the most accurate results are given by
the nonlinear method. This method has also the advantage over
map interpretation that it provides an estimation of the depth
and the magnetic moment of the target. Further, and contrary
to other approaches [2], [4], our method works regardless of
the latitude and of the dipole orientation and can be applied
in real-time.
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Fig. 2. Contour map of the gradient magnitude with the actual position of
the target (circle) and the position found with the Euler method (star) and the
nonlinear method (cross) described in sections III and IV. The map exhibits
several maxima for only one target, as a consequence of the low latitude. The
most accurate method is the nonlinear one.

We considered here a three-axis gradiometer. However, the
linear method could also be applied to tensor gradiometers
survey since there exist relations linking the total-field gradient
to the magnetic gradient tensor. Indeed, taking the gradient of
both members of (4) yields to:
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This expression directly gives the total-field gradient compo-
nents G in terms of tensor gradient components g***. The
linear method could be applied to vertical gradiometers and
horizontal gradiometers as well, since there exist relations that
allow one to compute an approximation of the vertical gradient
in terms of horizontal ones and reciprocally [20]. However,
this means that some grid interpolation needs to be done. It is
then not possible to apply the algorithm in real time for these
sensors. Similarly, one can derive the horizontal gradients from
magnetometers survey, it is then possible to apply the linear
method to magnetometers data. In principle, the linear method
could help to find initial values before applying a refining
method adapted to the kind of sensor considered.

VI. EFFECT OF THE SURVEY PARAMETERS ON THE
ESTIMATED PARAMETERS

To assess the effect of survey parameters on the accuracy
of the estimated parameters, some numerical simulations were



performed for various scenarios. We first compare the linear
and the nonlinear method in the absence of noise for various
gradiometer altitudes. Then, we analyze the effect of the gra-
diometer altitude and the inter-track distance on the accuracy
of the estimated parameters for various magnetic moment of
the target in the presence of noise.

In Fig.3, the linear and the nonlinear methods are com-
pared for ideal conditions (no noise). The following scenario
is considered. The earth magnetic field magntitude is of
48769 nT, its delination is of —0.136° and its inclination is
of 66.579°. The gradiometer trajectory is a single south-north
track of 60 m above a target of magnetic moment M! =
M? = M3 = 5—% Am?2. The gradiometer speed is 2 kts and
the sampling rate is 1 Hz. This corresponds to a measurement
every 1 m approximately. For gradiometer altitudes between 4
to 22 m, we compare the estimation errors on the magnetic
moment and on the position for both linear and nonlinear
methods. More precisely, we define the relative position error
as m%rl and the relative moment error as W, with rg
the true position of the target, rs the estimated position of the
target, r> the altitude of the gradiometer, M the true magnetic
moment and M the estimated magnetic moment.

As expected, the nonlinear method gives perfect results
regardless of the altitude. In contrast, the linear method is
inaccurate, especially at low altitudes, because the gradiometer
only provides an inaccurate estimation of the gradient (GH* ~
G").
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Fig. 3. Relative position and moment error as a function of the altitude of
the gradiometer for the linear and the nonlinear methods in the absence of
noise.

In Fig.4, the effect of the gradiometer altitude and the
target magnetic moment on the accuracy of the estimated
parameters is investigated in the presence of noise for the
nonlinear method. Three sources of noise are considered:
the gradiometer position error, the geomagnetic noise and
the intrinsic noise of the magnetometers. The gradiometer
position error is modeled as an uncorrelated Gaussian noise
with a standard deviation of 0.2 m. The geomagnetic noise
is modeled as a correlated noise applied simultaneously on

each magnetometer. The amplitude spectral density of this
noise scales as f~°/* and has a mean of 0.03 nT Hz~/%at
1 Hz, as observed by Beard [21]. The intrinsic noise of the
magnetometers is modeled as an uncorrelated Gaussian noise
with a standard deviation of 0.01 nT. We don’t consider any
error on the orientation angles of the gradiometer because they
can be measured during the survey and because adding a noise
on these angles has a negligible influence on the estimated
parameters. We don’t consider any geologic noise in this paper
neither any swell induced magnetic noise. Each point is the
mean error calculated on 200 runs. Since only 200 runs were
performed, there subsists a noise on the error values, therefore,
we used Bézier curves as guides for the eye.
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Fig. 4. Relative position and moment error as a function of the gradiometer
altitude for the nonlinear method with magnetic noise and noise on the
gradiometer position. Two sources of magnetic noise are considered: the
intrinsic noise of the magnetometers and the geomagnetic noise. The results
are shown for four different values of the magnetic moment. The track passes
just above the target.

At small altitudes, gradiometer position error induces er-
rors on the estimated parameters regardless of the magnetic
moment. Actually, without magnetic noise, the closer the
gradiometer is to the dipolar source, the greater the error on
the estimated parameters is. At high altitudes, the magnetic
noise induces errors on the estimated parameters. Indeed, the
signal to noise ratio decreases because the signal from the
dipolar source decreases with the distance to the source. At
high altitudes, the error on the estimated parameters decreases
with increasing magnetic moment. This is expected because the
signal to noise ratio increases with the magnetic moment. To
get an optimal parameter estimation, an altitude between 6 m
and 10 m should be chosen for the scenario considered. This
guaranties that the magnetic moment relative error remains
below 20 % and that the corresponding mean absolute position
error is smaller than 0.5 m for all the magnetic moment values.

Finally, the effect of the inter-track distance on the ac-
curacy of the estimated parameters is investigated in Fig.5.
In practice, the target can be located anywhere between the
tracks, we therefore consider the worst case, where the target
is located in the middle of two tracks. In other words, we
consider one single track and we fix the horizontal distance



between the track and the target to L/2, where L is the inter-
track distance. We fix the gradiometer altitude to 6 m, since
we have seen that this is the minimal acceptable altitude to
guarantee that the relatve moment error remains below 20 %.
By fixing the altitude to 6 m, we are sure that the gradiometer
remains at a sufficient altitude even if it passes above the
target. Fig. 5 shows the effect of the inter-track distance on the
estimated position and magnetic moment errors in the presence
of noise and for different values of the magnetic moment. The
characteristics of the noise are the same as for Fig. 4.
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Fig. 5. Relative position and moment error as a function of the inter-
track distance for the nonlinear method with magnetic noise and noise on
the gradiometer position. Two sources of magnetic noise are considered: the
intrinsic noise of the magnetometers and the geomagnetic noise. The results
are shown for four different values of the magnetic moment.

To optimize the survey time, the inter-track distance should
be chosen as large as possible for a given requirement on the
estimated parameter accuracy. If a maximal error of 20 % on
the magnetic moment is accepted, an inter-track distance up
to 16 m can be chosen for targets of magnetic moments as
small as 5 Am? and for the noise parameters considered. This
corresponds to a mean absolute position error of 0.8 m.

VII. CONCLUSION

A new inversion method allowing the estimation of target
position, depth and magnetic moment from a gradiometer
survey is presented. The method has been implemented and
tested for three-axis gradiometers but generalization to other
magnetic sensor types (magnetometers, vertical and horizontal
total-field gradiometers, tensor gradiometers) is possible. The
estimation can be done using measurements on a single track
and does not rely on grid interpolation. This avoids artifacts
that impair other methods using map generation. Moreover,
the presented method works regardless of the latitude and of
the magnetic moment orientation.

The inversion is performed in two steps: a linear inversion
followed by a nonlinear refinement. In the first step, the target
position and depth are retrieved using Euler deconvolution.
Then, the target magnetic moment is estimated by solving a

linear system. The Euler deconvolution is based on the assump-
tion that the sensor measures the true gradients. However, the
sensor actually computes an estimation of the gradient from
a finite difference of two magnetometer measurements and
the assumption underlying Euler deconvolution is therefore
only accurate when the distance to the target is large when
compared to the distance between two magnetometers. This is
not the case for the marine underwater buried sea mine hunting
scenario considered.

As explained, the first step is linear. It is therefore fast,
doesn’t require any initial parameter estimation and is free
of local minima. The accuracy of the estimated parameters is
however limited because the underlying assumption is not very
justified. We therefore introduce a second step in which the
gradiometer true geometry is taken into account. This requires
a non-linear estimation for which the output of the first step
is used as initial values for the parameters. We show that the
second nonlinear step significantly improves the accuracy of
the estimated parameters.

To support the definition of operational procedures, the ac-
curacy of the estimated parameters was evaluated as a function
of two major survey parameters: the sensor altitude and the
inter-track distance. This was done on synthetic data, taking
into account the noise on the gradiometer position as well
as two important sources of magnetic noise: the geomagnetic
noise and the intrinsic noise of the magnetometers. It appeared
that, for the scenario considered (sensor altitude: 6 m, target
magnetic moment of 5 Am?, maximum target moment error
of 20 % and for a track above the mine), the optimal sensor
altitude is between 6 m and 10 m. Once the optimal altitude
has been chosen, the inter-track distance should be optimized
since it has a large impact on the survey duration. For the
scenario considered, the optimal inter-track distance was found
to be 16 m. Obviously, the optimal survey parameters are
functions of the specificities of a given mission. The approach
presented allows to objectively define the survey parameters
and this may significantly improve the mission efficiency.
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